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Abstract

In order to represent complex graph drawing in the course of 3-dimensional dynamic simulating flexible
objects such as fabric. garment. rope. netting yarn and rubber band, we designed a new mathematic model
named operator cube. Any graph formed on the basis of the point information. In a word, if each point has
enough geometry information, the graph can be drawn and rendered. Operator cube model came into being
just because of that idea. The paper mainly discussed the theory of operator cube model. The model can
transform a complex graph into a simple representation effectively and in real time, especially in the course of
topology structure varying flexible object simulation. What’s more, the model can accurately express the
simulation results. The model converted between the world coordinate system space and device coordinate
system space. And the model and the conversion involved some profound mathematic theorems and our
conclusions which were proved strictly.
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1. Introduction

Such as fabric and garment flexible materials simulation of pattern of deformation had attracted many
researchers in the area of computer graphics from the middle to late eighties as computer technologies
progressed, so all kinds of modelling technologies came into being[1]. The modelling method can be mainly
classified into four categories which were the geometrical and the mechanical approach, their mixed approach
and other methods [2-6]. Simulation of draping and buckling of a fabric which was mainly woven has
received much attention in recent years in literature; the results have paved the way for development of a
computer software which can model how the clothes made of fabric appear on, for instance, cloth draping on
mannequins[7-11]. And there were also some simulation about large deformations occurring at any place in
the cloth, such as folds and wrinkles [12-13]. However, these methods had given up to compromises among
real-time performance. accuracy. robustness and stability. Little work of simulations of flexible objects like
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fabric and so on has been concerned with negotiation of real-time performance. accuracy. robustness and
stability in literature[14]. It is a more difficult task to do that. To solve that problem, we first constructed a
mathematic model named operator cube to give the problem theoretical solution and experimental results.

2. Preliminaries

Definition 1. An n-tuple of numbers (X, X,,...,x,) is called an n-dimensional vector, individual numbers
X1,Xa,...,X, are called the components of the vector. Vectors in geometry can be viewed as particular cases of
n=2,3. When n>3 the n-dimensional vectors no longer have geometric senses. In the paper we take n=3.

Definition 2. The set of all real and n-dimensional vectors is denoted by R". We call R" an n-dimensional
vector space or n-dimensional real linear space. That is to say, these vectors can be added and multiplied by
numbers, and the following properties are satisfied:

@) a+p=+a;

(b) a+(B+y)=(a+p)+y;
) a+0=a;

(d) Let a=(
€ le=c;
() k(a+p)=ka+ks;

Q) (k +k,)a=ka+ka;

(h) (kk,)e =k (ka)-

Where ¢, g,y are n-dimensional vectors, Ky, k,, are numbers.

Definition 3. Consider vectors g a,a,,--a, » If there exist m numbers 7 4.1 .such that

e, and let a=(-aya,) .Thenw(fa):o;

m

B = Ay, + Ao, +--+ A, then the vector /3 is called a linear combination of the vectors 4 ... .We say
also the vector | can be linearly expressed by the vectors ,, 4 .4 -

Definition 4. Let o ,a,,--, o, D& M vectors. We say that they are linearly dependent if there exist m
numbers Ky, kz ... km not all equal to O such that , ,, ;i o ...k o —o- If sUCh numbers do not exist, then we say
that ,, o, ... are linearly independent.

Definition 5. Suppose V is the linear space defined on number field K, If there exist n linear independent
VeCtors o g, -a,, SUCh that s_ s, 26 v g TON ypey, then {%az‘...‘am}is a group of base of V, V is

called m-dimension linear space, if m—«, V is called infinite dimensional linear space.
Definition 6. A norm on a vector space X is a function lof: X = R :=[0,a0); x| x| that satisfies, for all

xyeXandgeF,
@) HxH:oif and only if x=0;
©) oo -
©) byt
A semi norm on X is a function p: X — R*that satisfies (b) and (c) above.
Definition 7. Suppose A as real number field or complex number field, X and Y are linear spaces defined

on field A, D is the subspace of X, T is a mapping from D to Y, for x<p, the x image of mapping T denotes
as Tx Of T(x), if for vy yepand number , ;_,, there is T (ax+ By) = aTx+ BTy then T is a linear operator, D is

the domain of T and denotes as D(T) is the range of T and denotes as R(T).

' TD={Tx|xe D}
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3. Operator cube model
3.1. Homogeneous Coordinates

Homogeneous coordinates are ubiquitous in computer graphics because they solve the problem of
representing a transformation such as translation. projection. rotation. scaling and shear as a matrix
operation. Homogeneous coordinates allow all affine transformations to be represented by a matrix operation.
A translation in R (x,y) = (x+a,y+b)can be represented as

1 0 aj(x X+a

~ @
0 1 b|ly|=|y+b
0 0 1|\1 1

Where column vectors are the homogeneous coordinates of the two points.
3.2. Common 3D transformations

® Translation
Going from point p to p’ is by displacing by a distance d; p and p’ are points in 3-dimension vector
space, here p :(x, y,z,l), p'=(x,y,2'1) d =(ax,ay,a1,1) so we easily obtain the following formula

— p'=Tp, T isatranslation matrix, and it can be written as:

p'=p+

N

X

+d=

0

0 «a, (2)
1

0

R

T=

o O -

R

zZ

0
1
0
0

[EE

0
® Scaling
Suppose ; 5 respectively as x-direction. y-direction and z-direction scaling factors relative to a

fixed point of the origin. So there is p'=Sp, here S can be written as:

B, 0 0 0

S- 0 8 00 3)
0 0 5 0

0 0 01

® Rotation
Suppose R.(6).R,(6).R,(9) respectively revolve ¢ angle around x-axis. y-axis and z-axis rotation
matrix with a fixed point at the origin. So there is p'—R pand . _ Rypand p'=R p, here

R.(0).R,(0),R,(#) can be written as:

Ty

L0 0 0 cosd 0 sing 0 cos¢ —sin¢g 0 0
i 0 1 0 0 sind cosd 0 0

( ): 0 cos@ -sind 0 R (9)= . RZ(Q): ()
! 0 sind cosd 0 —sind 0 cosd 0 0 0 10
0 0 0 1 0 0 0 1 0 0 01
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® Shear
y Y Y
A
(x, ¥) (x', y')
o -——0
W < g : _’/’
e —— X E ,/’/
/ / e \0
be” X
r4 2
Fig. 1 Shear in the x-axis direction
As the diagram indicated above, we can conclude
X'=Xx+ycotd
y’ =y ®)
'=1
S0 we can express it in matrix form, that is to say, p=Spr here s can be written as:
[1 coté 0 O
0 1 00
H = (6)
0 0 10
0 0 01
If the shear happens in the y-axis or z-axis direction, we can obtain the following conclusions in the same
reason.
10 0 O 1 000
by |0 1 coto 0 |0 100 @)
loo 1 0 * |cotd 0 1 0
00 0 1 0 001
® Projection
Suppose p =(x,y,z) is a point in the three-dimensional space,the p'=(x,y,0)and p"=(x,0,0)is the
point P projection onto the xy-plane and x-axis, set p'= nypand p"=P.p, here pxyand p,can be
written as:
1000 1 000
0 00O
b 0100 p - (8)
Y10 000 0 00O
0001 0 001
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3.3. Operator Cube
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Fig. 2. Operator cube

To solve the problem of deformation in the simulation of flexible objects, we constructed a model named
operator cube to represent the information of topological structure. Whether the topological structure varied or
not, we use the model to convert the change of points on the object into operator on or inside the operator cube
and we obtained sequence of operators. Then we added time perturbation to sequence of operator system and
we inversely transformed the sequence of operator system to the simulation result. We can control the process
of simulation to avoid the unexpected such as super-elasticity and misconvergence by using the model.

Operator cube is 4-dimensional cube. And it is composed of time operator and a solid cube whose elements
are consisted of operators. Operators on the surface and inside the operator cube have different properties.
What’s more, the edge and vertex of the operator cube are made of different operators. The idea of operator
cube model arose from three-dimensional orthogonality of flexible objects. The following is about the theory
of operator cube.

® Operators on the faces
Each face of the operator cube is regarded as normalized operator space X. Each matrix is regarded as
an operator, so the six faces are on the base of translation operator T. scaling operator SG. rotation
operator R. shear operator S and projection operator P. Because these five operators are linearly
independent, they are a group of base of X. thus each operator on the face can be linearly expressed
by the group of base. Each operator O on the face is written as

O:(X1T+X25G+X3R+X4S+X5P)AT (9)

Here X=(Xy, X5, X3, X4, Xs) is the operator coefficient and is the time of physical parameters and mesh
spatial relationship[15-16]. A flexible object may have many physical parameters, we made use of
grey system and neural network to gain optimal parameters and mesh spatial relationship depended on
what kind of flexible objects were simulated. AT is a time operator which controlled time step. when
AT is unit operator, the modelling is based on geometrical approach.

The cube has six faces which locate in the left. in the right. in the front. in the back. ontop. on
bottom. These faces correspond to real flexible cubic object’s faces, so each of T. SG. R. S, P
needed to be expressed as six operators which were Ties~ Trignts Ttronts Toacks Ttops T bottoms SGiefi
SGright\ SGfront\ SGback‘ SGtop\ SGbottom\ Rleﬂ\ Rright\ Rfront\ Rback‘ Rtop\ Rbottom‘ Sleﬂ\ Sright\

Sfront\ Sback\ Stop‘ Sbottom\ F)Ieﬂ\ F)right‘ Pfront\ F)back\ Ptop\ Pbottom-
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Operators on the edges

Suppose O,and O, are operators on the different faces of the cube, because real flexible objects are
isotropic materials, the cube was symmetric. And an edge is the intersection of the two different faces,
and then the operator O on an edge was calculated by

0=(0,+0,)/2 (10)

Operators on the vertices

Suppose O;~ O, and O; are operators on the different edges of the cube; because real flexible objects
are isotropic materials, the cube was symmetric. And a vertex is the intersection of the three different
edges, and then the operator O on an edge was calculated by

0=(0,+0,+0;)/3 (11)

Operators inside the cube

Because our operator cube was regarded as micro-unit cube on the Euclidean Space, each operator
inside the cube was similar to a point inside the unit cube on the Euclidean Space. We could make an
operator inside the cube project to three different edges sharing the same vertex, thus we could get an
operator’s orthogonal decomposition. Considered an O operator inside the cube, and suppose O;-
0,. O3 were O operator’s projections on the edges sharing the same vertex, then the operator O could
be written as

0=0,+0,+0; (12)

Time operator

Different time step has great influence on simulation when taken in a mechanical approach, so it was
a big problem to take optimal time step. We used to have different tests to find suitable time step, and
we adopted a self-adaptive way to control simulation through time operator. Thus we could use
absolute error to control simulation. Time operator was related to numerical method, and different
numerical methods were endowed with different time operators.

4. Example and experiment

When the flexible objects deformed in the course of simulation, if the object topological structure didn’t

change, we can represent deformation by deformation gradient. And deformation gradient is generally matrix
of a linear transformation, what’ more, it contains geometric information in the process of deformation. It is
obvious that we can decompose deformation gradient into operators inside or on the operator cube; in other
words, operator cube can describe the information which the deformation gradient contains. If the object
topological structure changed in the course of simulation, for example fracture, we can represent deformation
by generalized deformation gradient and operator cube can describe the information which the generalized
deformation gradient by using the theory of operator decomposition and operator approximation. To test our
model, we translated our ideas into computer code and gained the following experiment result as shown in the
picture below.
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Fig. 3. Fabric drape

Fig. 4. Fabric suspension
5. Conclussion and discussion

This paper described a new mathematic model named cube operator. And this model was a good
approximation of simulation method. The model successfully represented uniform theory of geometrical and
mechanical approach and also mixed approach. Actually we could gain expected simulation results through
this model only if we could find appropriate operator sequence and physical parameters. But our model is not
perfect, because this model could only characterize the isotropic material simulation. How to characterize the
anisotropic material and multilayer structure simulation is a big problem, and how to blend texture and other
information into cube operator model also is a problem, we will aim to solve these work in the future.
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