=

|
| Modern Education
and Computer Science

PRESS

1L.J. Engineering and Manufacturing, 2011, 6, 64-71
Published Online December 2011 in MECS (http://www.mecs-press.net)
DOLI: 10.5815/ijem.2011.06.10

Available online at http://www.mecs-press.net/ijem

An Alternating Direction Implicit Method for Solving Projected
Generalized Continuous-Time Sylvester Equations

Yigin Lin?, Liang Bao®

4Department of Mathematics and Computational Science Hunan University of of Science and Engineering
Yongzhou 425100, P. R. China
®Department of Mathematics East China University of Science and Technology Shanghai, 200237, P. R. China

Abstract

In this paper we propose a low-rank alternating direction implicit (ADI) method to solve projected generalized
continuous-time Sylvester equations with low-rank right-hand sides. Such equations arise in control theory

including the computation of inner products and H, norms, and the model reduction based on balanced
truncation for descriptor systems. The requirements of this method are moderate with respect to both
computational cost and memory. Numerical experiments presented in this paper show the effectiveness of the
proposed method.

Index Terms: Projected generalized Sylvester equations; Alternating direction implicit method; Low-rank
approximate solution; C-stable

© 2011 Published by MECS Publisher. Selection and/or peer review under responsibility of the Research
Association of Modern Education and Computer Science.

1. Introduction

In this paper we consider the projected generalized continuous-time Sylvester equation of the form

AXC +DXB+R,EP,, =0,
X = Pr,IXPI,Z’
where ADell™, B,Cell™™ Eell™, and X €[l ™ is the sought-after solution. Here, P, and

)

Pr,z are the spectral projectors onto the right deflating subspaces corresponding to the finite eigenvalues of the
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pencils AD— A and AC —B, respectively, Q ;=1 —PF,;and Q , =1—PB , are the spectral projectors
onto the right deflating subspaces corresponding to the eigenvalue at infinity. The spectral projectors onto the

left deflating subspaces corresponding to the finite eigenvalues of AD — A and AC — B are denoted by B,

and B ,, respectively, while Q; =1—-R, and Q, =1—R, are the spectral projectors onto the left
deflating subspaces corresponding to the eigenvalue at infinity. We assume that the matrices C and D are
singular, but the pencils AD— A and AC — B are regular, i.e., det(AD — A) and det(AC —B) are not
identically zero. Under the assumption, the pencils AD — A and AC — B have the Weierstrass canonical
forms [1]: there exist nonsingular Nx N matrices W, T, and M X M matrices W,, T, such that

Il 0 | J® 0

D:W1_0 N(A)_Tl, A=W, 0 ITl, @)
1 0 ] J® 0

czwz_0 N(B)_Tz, B=W, 0 IT2, 3)

where J®, J® N®™ and N® are block diagonal matrices with each diagonal block being a Jordan
block. The eigenvalues of J™ and J® are the finite eigenvalues of the pencils AD — A and AC — B,
respectively. N (A and N® correspond to the eigenvalue at infinity. The index ¥ of nilpotency of N (A i

called the index of the pencil AD — A . Using (2) and 3), R;, B ,, B, and P, , can be expressed as

I O I 0|,
I:)|,1 :W1 00 W1 > PI,Z =W2 00 Wz > 4)
a0 I 0 _1 I O
Pr,l =T1 0 0 Tl’ Pr,Z :Tz 0 0 Tz- ®)

- T =D . . . . .
As M=n B=A , and C=D, (1) is referred to as the projected generalized continuous-time
Lyapunov equation, which arises in stability analysis and control design problems for descriptor systems
including the characterization of controllability and observability properties, balanced truncation model order

reduction, determining the minimal and balanced realizations as well as computing = 2 and Hankel norms; see

[2,3,4,5] and the references therein. If the pencil AD-A is c-stable, i.e., all its finite eigenvalues have

negative real part, then the projected generalized Lyapunov equation has a unique solution for each E, and if,

additionally, E is symmetric and positive semidefinite, then the solution X s symmetric and positive
semidefinite, see, e.g., [6] for details. Recently, several numerical methods have been proposed in the literature
for solving the projected generalized Lyapunov equation. In [7], two direct methods, the generalized Bartels-
Stewart method and the generalized Hammarling method, were proposed for the projected generalized Lyapunov
equation. The generalized Hammarling method is designed to obtain the Cholesky factor of the solution. These



66 An Alternating Direction Implicit Method for Solving Projected Generalized
Continuous-Time Sylvester Equations

3
two methods are based on the generalized real Schur form of the pencil AD - A, and require o(n’) flops

2
and O(n%) memory. Iterative methods to solve the projected generalized Lyapunov equation have also been
proposed. Stykel [8] extended the ADI method to the projected equation. Another iterative method for the
projected generalized Lyapunov equation is the modified generalized matrix sign function method [9]. Unlike
the classical generalized matrix sign function method, the variant converges quadratically independent of the
index of the underlying matrix pencil, see [9] for more details.

The projected generalized continuous-time Sylvester equation (1) arises in some applications including the

computation of inner products and H2 norms, and the balanced truncation model reduction based on Sylvester

equation for descriptor systems. It has been shown in [10] that the pencils AD-A and AC-B are c-stable,
(1) has a unique solution.

In this paper, we propose a low-rank ADI method for solving the projected generalized Sylvester equation (1).
This work presented here is an extension of [8]. Numerical experiments show the effectiveness of the proposed
method.

Throughout this paper, we adopt the following notations. The square identity and zero matrices are denoted

by | and 0 , respectively. The spaces of MXN rea]l matrices are denoted by 0™ The 2 -norm and the

Frobenius matrix norm are denoted by ””2 and ””F, respectively. The superscript LT denotes the

— +
transposition of a vector or a matrix. The open left and right half-plane are denoted by C and c
respectively. We shall also adopt MATLAB-like convention to access the entries of vectors and matrices. For a

X

X, i Xogi 1. X
matrix X , D g X g @, J) th entry; X s submatrices (kbij) 7kl apg TTGED consist of

k I k I

intersections of row X to row ! and column ! to column J , row ™ to row ', and column I to column J ,
respectively.

The remainder of the paper is organized as follows. In Section 2, we propose a low-rank alternating direction
implicit method for the solution of equation (1). Section 3 is devoted to some numerical tests. Conclusion is

given in the last section.
2. Alternating direction implicit method

We always assume that the pencils AD-A and AC-B are c-stable, i.e., all their finite eigenvalues have

negative real part. Hence, the matrices A and B are nonsingular. Multiplying the first equation in (1) on the
left by AT and on the right by Bil’ we get the following projected standard Sylvester equation

(A'D)X + X (CB™) + Ale’l’lEPr,zB*l =0, 0

X =B ,XR,.

The iterates Xk of the ADI iteration for (7) are usually generated by the alternating solution of two linear

systems with multiple right-hand sides
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(A'D- )X, , =X, ,(CB™+ 1)+ A"REP B,

where onO and the shift parameters
Xk(CB’1+akI):(A’lD—akI)Xk_l—A’lPl’lEPr’zB’l,

{Oti}:;1 and {ﬂi}:ll are elements of C™ and C™, respectively. These two equations are equivalent to the
following single iteration step:

X, =(A"D-BDN (A D- )X,
«(CB+ B, 1)(CB  +, 1)
+H(B o )(AD-A 1)
x AP EP B(CB1+a, ).
About the ADI iteration, we have the following result.
Theorem IL.1. For all K > 0, the matrix X, defined by the ADI iteration satisfies the second equation in (7),

®)

ie.,
X, =P X,
Proof. The result follows directly from
I:)r,1(A_lD — Al )_1 = (A_lD — Al )_1 Pr,l’
I:)r,1(A_lD —al)= (A_lD —al )Pr,p
(CB +e 1) R.=R., (CB +a 1),
(CB™+B1R,=R,(CB +41).

We can rewrite the iteration (8) as

X, =(D-BA(D-aA)X,,
x(C+BB)(C+aB)™ ©
+(B % )(D-F AR EP ,(C+e B)™

Note that “ K is explicitly computed by the ADI iteration (9), so the storage requirement is O(mn) . One
should notice that in many cases the storage requirement is the limiting factor rather than the amount of
computation. We note that low-rank schemes are the only existing methods that can effectively solve large-scale

Lyapunov/Sylvester equations. Assume that the low-rank right-hand side E has the factored form E = FG
X rxm

with F el i and Gel . Instead of explicitly forming the solution X , the low-rank method compute

and store approximate solutions in low-rank factored form. If the numerical rank I of X is much smaller than

min{m, n}’i_e_ I min{m,n} O(mn) ., O(ml) __O(nl)

, then the storage is reduced from

The key idea in the low-rank version of the ADI iteration is to rewrite the iteration * X in (9) as an outer
product:

X, =YH,Z,.
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This is always possible since starting with the initial guess XO =Opm . The low-rank alternating direction

implicit (LR-ADI) method is based on (9). Replacing X with YeaHiaZ

terms of the low-rank factors as

k-1 (9) can be reformulated in

X, =Y HZ,

where

Y, =[(D-BA)*R,F (D-BA(D-aA)N,,].

(B, —a )]
H, = (B —en) } From the fact that Y,, H, and Z are all zero
kal
7 - GP.,(C+¢B)™
“ |Z,(C+BB)(C+a,B)?|

matrices, it can be seen that Y, is Nxkr, H, is Krxkr and Z, is Krxm . Thus the rank of X, is no
more than Kr . Since the order of the ADI parameters {o ¥, and {3}, is not important, the ordering of
{a}, and {8}, can be reversed. As shown in [8], we have the following iterative scheme

Y, :[Yﬂ) YO ... Y(k)}
Y®=(D-AA)'R,F,

where - i

Y =(D-B, A (D-aAY?, i=12,---,k-1,
and

z, :[Z“) 70 ... z<k>},

where

ZY =GP, (C+aB)™,

{Z(iﬂ) =Z(i)(C +3B)(C +0‘i+1B)_1’ i=12,---,k-1.

So we have

X =Y H.Z,
with H, = diag((ﬂ1 —a)l,, (B —a),).
The agorithm is summarized as follows.
Agorithm IL1. LR-ADI method for (1) with E = FG .

Input: ADe]™ B,Cecl™, Fell™ and Gell™ with AD—A and AC —B are c-stable.
The number of ADI steps K and the ADI shifts {c, @, -, } and {3, 5, -, B }-
Output: Y, H, and Z such that X =YHZ is an approximate solution of the projected generalized

Sylvester equation (1) with E = FG .
1. Set
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Y(:,l:r) = (D _ﬂlA)71 I:)|,1F7
@r,) = GPr,z (C+ 0‘15)711
H(:I;r,l:r) = (ﬂl - al) I r

2. Fori=12,---
Y(:,ir+1:(i+1)r) =(D- ﬂnlA)_l(D —q, A)Y(:,(i—l)r+:l;ir) >
Z(ir+l-(i+1)r,:) = Z((i—l)r+1:ir,:) (C+4B)(C+ ai+lB)_1a
H(ir+];(i+1)r,ir+]_~(i+l)r) =(Ba—a.)l,
End For

Since the computation of the Weierstrass canonical form is sensitive under small perturbations, we should
make use of the generalized real Schur factorization to compute the spectral projectors, see, for example, [7,11].
For large-scale problems, the computation of the spectral projectors by the generalized real Schur factorization
may be very expensive. However, in some applications the spectral projectors can be expressed in explicit form
by using the special block structure of the matrices A, D, B and C, see numerical examples in this paper or

the reference [9].
If the number of shift parameters K is smaller than the number of iterations required to obtain a prescribed

tolerance, then we reuse these parameters in a cyclic manner. For the computation of shift parameters, we refer
to [8].

3. Numerical experiments

In this section, we present a numerical example to illustrate the performance of the LR-ADI method for the
projected generalized Sylvester equation (1). In the following example, we compare the numerical behavior of
LR-ADI with MGSIGN [10] with respect to the number of iterations (ITER), CPU time (CPU) and the relative

residuals IR e /1R le (RES).
All numerical experiments are performed on a PC with the usual double precision, where the floating point

-16
relative accuracy is 2.22x1077
The stopping criterion for both methods is
IR le _IIAX,C+ DX, B+R,EP, ||

IR, I IPLEP 5 [l

We consider the 2D instationary Stokes equation that describes the flow of an incompressible fluid in a
domain. The spatial discretization of this equation by the finite difference method on a uniform staggered grid
leads to the descriptor systems

Dx(t) = Ax(t) + Fu(t),
y(t) = Gx(t),

and

<107%

(15)

Cx(t) = Bx(t) + Fu(t),
y(t) = Gx(t).
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The matrix coefficients in (15) is given by
D {' O}e R™ A:{Aﬂ Az}e R™.
00 : A, 0
These matrices are sparse and have a special block structure. Using this structure, the projectors PLl and Pnl
onto the left and right deflating subspaces of the pencil AD — A can be computed as

P = I _HAHAJ.Z(AZlAIZ)_l
"o 0 ’

I1 0
ra= TAAIT O
—(AuA2) " AsA
where [T=1-A, (A21A12)_1 A, is the orthogonal projector onto the kernel of A,, along the image of A,,
see [8,12]. The matrices A, and A,, have full rank and the pencil AD — A is of index 2. Analogously, we

can get the projectors Pl,z and Pr,z of the pencil AB —C . In our experiment the state space dimensions of the

problems are N =2295 and M =1975 respectively. The matrix E in (1) is E = FG with F e[] #®¢

and G € 77
The results in Table 2 clearly indicate that the LR-ADI method is more efficient than MGSIGN for this
example according to the CPU time.

TABLE |
ITER CPU RES
LR-ADI 30 10.68 8.9x107%
MGSIGN 15 296.57 7.4%x1078

4. Conclusion

In this paper, we have proposed the generalized low-rank alternating direction implicit method to solve the
projected generalized Sylvester equations. Numerical experiments presented in this paper show the effectiveness
of the proposed method.
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