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Abstract

Green functions for sub-Laplacian on the domains in the Heisenberg group are derived, which can be used to
solve partial differential equations subject to specific initial conditions or boundary conditions. Then the
integral formulas for sub-Laplace equation on characteristic and non-characteristic half spaces are given,
respectively.
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1. Introduction

Green functions play an important role in the study of partial differential equations. 1t&[1] studied the Green
type kernels on the half space in 0 ". Wong [2] gave a formula of the Green function of a degenerate elliptic

operator on [ related to Heisenberg group. The aim of this paper is to discuss the Green functions for
sub-Laplacian on non-characteristic and characteristic half spaces of Heisenberg group, and deduce the integral
formulas for the Dirichlet problems of the sub-Laplace equations.

We recall some notations and known results about the Heisenberg group H". The group H"is a two step

2n+1
nilponent Lie group (77

with group law given by

gol=(x Yo% 9.0 = (x+ % y+§t+T+2(X-y—x-§))
in 02" where £=(z,t)=(x,y,t), &=(2,f)=(x9,0)
e x.y denote the usual inner product in[] " .

The sub-Laplace operator in H "is
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An =.%1(Xi2+Yi2) ,

where X, =0/0x +2y,-0/0t,Y, =0/dy,—2x -0/ot (for i=1,..n), T=0/ot. The generalized gradient
on H"is Vi = (X XY, Y,) H" allows to a family of dilations {o,:1>0} defined by
3,(&)=(1z,4’t) , A>0. The Jacobi determinant of &, is A%, where Q=2n+2 is the homogeneous
dimension of H".

It is well known that the fundamental solution of sub-Laplace operator Ay at the origin is

T(§) =cy /d(£)%, @
where C, >0 is a suitable constant, d(¢) = (|z[* +t*)**

(see [3]). If EeH", then &*'=-& bythe group law. Let d(&,&)=d(E™"<&) denote the distance between

& and £ in H" (see [4]). By translation and (1), the fundamental solution of —A,. With pole at £ can
be written as

T &) =T o) =co/d(E08)%7, 2)
It is easy to know that
VI(§,8) =~(Q-2)c,d(§ o) 2 -Vd(E o). @3)

In general, we let Q, =5 eH"[d() <r} and

0Q, ={e H”|d(§)=r} denote the Heisenberg ball and sphere centered at the origin with radius r,
respectively.
Note that H" is a non-abelian Lie group, whose stratification such that there exist characteristic points

on the boundary of the smooth domain of H". Thus it is difficult for the Dirichlet problem of sub-Laplace
equation to have good regularity and we have to introduce non- characteristic domain in the following.

Let d(z,t) be the boundary function in QcH" . If |Van>(z,t)|¢0, then Q is called the

non-characteristic domain in H". If there exist some points on the boundary such that |VanD(z,t)| =0,

then Q s called the characteristic domain and these points are named characteristic points. In this paper,
by simple calculation we know that

I =& = (% Xy Yooy You ) € H 3 > 0}
(by taking @ =x,) and
Iy = (&= (X% X Yoo, Yoo t) €H [t > 0)
(by taking @ =t) are non-characteristic half space and characteristic half space in H", respectively.
The paper is organized as follows: In Section II, we give the Green function of sub-Laplacian on the
general domain of H " In Section III and Section IV, we give the Green functions of sub-Laplacian on the

non-characteristic half space and characteristic half space of H ! by the results in Section 1I, respectively. We
also show the integral formulas for solutions of the Dirichlet problem of sub-Laplacian. By the discussion in
this paper, we can see that the Green functions in these two half spaces are different in nature.

2. Green function on general domain
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By [5], one has A, =div(AV), where

I, 0 2y
A= 0 I, -2x
2y —2X 4|z|2
and 1 denotes the identity matrix inJ ". The usual gradient in [ *"* is denoted by V =(0/0x,6/dy,0/éet)" .

Let 2 < H" be a domain with smooth boundary. By [5], for veCr(HY) ,
IQ(UAHnV—VAHnU)dé=LQ(UAVV-ﬁ—VAVU~ﬁ)dH2n,(4) where i denotes the unit outward normal vector of
oQ, dH,, denotes the 2n -dimensional Hausdorff measure in 0. Assume that ueC”(Q)and let
Q. (7) = Q be the Heisenberg ball centered at 7 with radius r. Letting v=1 in (4), we have
[ Aude=] AVu-fidH,, . (5)
We substitute v with (& 0&) in Q\Q,,
Lm, TA,udE=T[ AVu-fidH,, +FLQ, AVU - fidH,,, —[ UAVT-fidH,, —jmr UAVT -fidH,, . (6

Note that fi=vd/|Vd| on &Q and fi=-Vd/|Vd| on 6Q,.By (2.25) , (2.26) in[5], we get
lim|_ uAvVT-fidH,, =-u(n)
r—0* v

and
limI"|_ Avu-fdH,, =0.
mr

r—0*

Thus, let r— 0" in (6) and then
u(n) = jn (UAVT -fi—TAVU-f)dH,,

+J'QFAHnud§ neQ. )
In particular, if A ,u=0 in Q,thenwe have the following basic integration formulas,
uy) = LQ (UAVT -fi—TAVU-f)dH,, Q)

Let h(£,7,) belongto C*(Q) withrespectto &and satisfies —A ,h(&)=0 in Q.For u(¢)eC*(Q),
we take V=N in (4), then

[ (UAVh-fi—hAVU-)dH,, + [ hA,udé=0. ©)
Let us add (8) and (9) and  set

G(&,m) =T (™" o &) +h(&,m) (10)
and G=0on oQ,then h(&,n)=-T(n" &), so

u(n) = jmu(g)Avc;.ﬁdH2n . (11)

We say that G =G(&,77) is the Green functionon Q.

3. Green function on non-characteristic half space
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We consider the Dirichlet problem of sub —Laplace equation on the non-characteristic half space IT, inH":

A U(E) =0, £eTl;

u@ =oe&"1), Sef{x =0} (12)
limu(&) =0,

lel—=

where &= (X, Y,t) = (X, X, Yoo o5 Yoo 1) = (X, E41)
f':(xzf'"xnvyl""iyn)-

Let Enell, it is easy to know  that the symmetric point of
n= 9.0 =& X R, Yo 9, 1) = (R, ' £)
is " =(=%,7n',t). Selecting h(&,n)=-T((n")" &) in (10), the Green function on half space is

G(&m) =T (" 2&)~T((n)" &)
Because of 7" 11, h(&,n) satisfies —A ,,h = Owith respectto £eI1,. When & isover II,, we have
G(&m)=T(n" &) ~T((7) " &) =0.

Therefore, by (10), forany neIl,, n=(%,7t), % >0, it follows

u(n)= J‘Xlzo(p(g',t)AVGoﬁdH;n . (13)
Next, we will calculate AVG-1i . To do this, we note that for &, eI1,,
d(&m)=d(n &)

:{[(xl—f(l)erZ X — % +Z

i=2

+t-f+2) %y, —2inyi)2}“;
i=1 i=1

L =144 ) (% R Y 06K 2 049125 -2%)+

20t-f+22° %y, — 2> % 9.)(-29: ¥ -0
i=1 i=1

AR EEDNCES IS NN B

+(t—f+22)A(iyi _zzxiyi)yl}
i=1 i=2
0-M,/d'(¢, 77)3'

ad(&,nm)
ot

2(t— t+22x Y, — Zny)

X =

=0 _4d(§ "
124/ ) -+ 23 %y, -2 %5

O M, /d'(&n)*;
d(&n)=d((n) &)



40 Green Functions for Sub-Laplacian on Half Spaces of the Heisenberg Group

S (CREARD TR RO

+Ht- t—2><1y1+22><y. 2Z><y.) ¥ ad(;xl”)

Z(Xi _)zi)z +Z(yi _9i)2]'(2X1+2)A(1)+

1 ; )
= 2
%=0 4d((.f,77*)3l [(X1+X1) +

2t—f—2)?1yl + ZZ )/Zi Yi _22 X )7i (_291)} % =0

i=2 i=1

n

=)+ (%R ) D () TR (2%, 42D Ry -2 %))
0N E )

S14d(E 7 )2 20— - 2Ry, + 23 %y, ~ 2> %90 o
= =
12077 ) - - 2%y, + 2D %y, -2 %9) O N, 1d'(E 7Y,
= =
where M, ={[&’ Jrzn:(xi -%) +Zn:(y
= =
+(t—'f+2i221:>ﬂ<iyi _ngiyi)yl}’
S+ 20650+ 30 - 90 1A
—(t—f—Z&YﬁZZXiyi —2inyi)yl,

M, =1/2(t-f+2> %y, -2> % ¥,),
i=1 i=2
N, =1/2(t -t 2%y, +2D>_ Ry, 2D _x¥,),
i=2 i=2
d'(&,m)and d'(&,77) denotes d(&,;)and d(&,n°) at x =0, respectively.
By the expression
AVd—(— soy @ 50 Hy 5, 4|z|2@) and (3), we get
at'ey a7 ax oy

(AVG)-1i|, , =[AVI(£,7)— AVT ()]
A7 J°AVAE 7 Yo
= Q- 2l € (T 2, ad(jt'”)) —d'(m*)“?(ad(jx’i”)+ /R

L (Q=2)c,[d (&) (M - e 2y, ——*
(Q-2)eld (61} (e i) 16 g B )

xo0 =—~(Q=2)c(d'(&,m) ° AVd(&,7)

% =0
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=(Q-2)c,[d"(&,m) " ° (M, ~2y,M,)

+d'(&,77) (N, +2y,N,)].
Substituting it into (13), yields
Theorem 1. Forany 7 eI1, , the integral formula of solutions for Dirichlet problem (12) is

u(n)=(Q-2)c,- Lﬁ)co(é',t)[d'(é,n)’z’Q(Ml*2y1M2)+d’(§,77*)’2’°(N1+2y1N2)]d§’dt, where  M;,M,,N,,N, are
defined as above.

4. Green function on characteristic half space
Consider the Dirichlet problemon TII, in H":

A, U(E)=0, EeTly;

u@)=e(&). Se{t=0} (14
li 0,
(80 =
where &= (X, X, Y, ¥, t) =(£,1) . The symmetric point of 1 =(%,9,{) =@ ) ell, is 7 =@ ,-f).
Let ustake h(&,n7)=-T((7")"<&) in (10), the Green function on half space is given by

G(&m =T &) ~T((7)" &)
Because 7" ¢I1,, h(&,7) is sub-harmonic with respect to & e IT,. When ¢ is over the hyper-plane t=0,
we have

G(&,m) =T (" &) ~-T((n)" &) =0.
Hence, by (10), forany »=(',t) eT1,, £ >0, we get

u(m) = [ o(&)AVG - fidH;, . (15)

We will calculate AVG-ii. For &,77 €I1;,, we have
d€n)=d(n &) =

X0 -8+ 20— 90T + €T+ 23 Ry, -2 x9)F*, ad (@)l ox, =
L4d(En) 2K -5+ 0090 20~ %o

=4 TN -8+ 00 - 9T (K -} PO - R )T = 1
ﬁd(é mloy, =

4d(§ e {[Z(X -%)° +Z(y. 9.)°1-2(y; = 9} o

:d’(é:a’])ia{[Z(Xi _)zi)2 +Z(yi _yi)z]'(yi —-¥)} 0 P(y, —9i)/d'(§,77)3y i=1--n;

ad(éln)l
o 4d(§)

- t+2zxy, zzxy.)}|to
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=1/2d"(&,n) 3 (- + Zi Y — Zi xY:)
0M'/d'(&,7);
d&7)=d((7)" &)=

—d'(&,n ) CAVd (£, 7 )] 1],
=—(Q-2)c{d'(&m) -

L@, &, L, e )
@y =P -2x = a2 R

LY 05 -%) + 2% -9
+(t+tA+ZZn:>‘<iyi —2Zn:xiyi)2}ﬂ4.

Therefore
ad (§ n)lox =

el ORI AR B O L ICRR (0O IR Y UR AR KR

4d(§

0 P(Xi_xi)/d(gvn) , 1=1-n;

8d(§ n)l oy, =

4d(§ { [Z((X %)+ (Y= %) )]'z(yi_yi)}|t:0
=d'(§vﬂ*)73{[2(xi—x Z —9.) (Y -9 )

0 P(y; —=9:)/d'(&, 77*) L

o (5,77*)|

4d(¢f 5 2(t+t+22xyI ZZXV.)}Lo—l/Zd (&,7°) (t+22xy, 22xy,

ON'/d"E 7).

where M'zl/2(—f+2_i)“(iyi—2_zn:xiyi),
N'=1/2(+23 Ry, ~%9,))
P=i((xi_ki)2+(yi_yi)z);

d'(§,7),d'(&,n7) denotes d(&,7),d(&,n7) at t=0,

respectively. By (3),
(AVG)-fi| o = [AVI'(&,7) = AVI(&,7)]- ]

=—(Q-2)c,[d"(&,n) C AVd(&,7)
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Q2 () 13y E) g R,

40 )
+4 |Z |T ]t}O
— Q-2 [d'E) T (PY (2% 5, ~2y8) + 42 M)+

Q=26 [d' (&Y (PY (2% 5, ~2y,8) +4[2f N
Using (14), we have -
Theorem 2. For any 7 €11, , the integral formula for Dirichlet problem (14) on II, is
u(m) =—(Q-2)cy-
(PZH:(inf/i—2yi>'<i)+4\z\2M’) (Pznl:(inyi—2yi>?i)+4\z\2N’)

AYARE - . de', where M/, N’, P are defined as above.
Y T

5. Conclusion

We obtain several kinds of Green functions in different domains of the Heisenberg group, which extend
some results in the Euclidean space to the more general case. Theses results are new and very important in the
study of partial differential equations.
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