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Abstract 

Green functions for sub-Laplacian on the  domains in the Heisenberg group are derived, which can be used to 

solve partial differential equations subject to specific initial conditions or boundary conditions. Then the 

integral formulas for sub-Laplace equation on characteristic and non-characteristic half spaces are given, 

respectively. 
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1. Introduction 

Green functions play an important role in the study of partial differential equations. Itô [1] studied the Green 

type kernels on the half  space in n . Wong [2] gave a formula of the Green function of a degenerate elliptic 

operator on 2  related to Heisenberg group. The aim of this paper is to discuss the Green functions for 

sub-Laplacian on non-characteristic and characteristic half spaces of Heisenberg group, and deduce the integral 

formulas for the Dirichlet problems of the sub-Laplace equations. 

We recall some notations and known results about the Heisenberg group
nH . The group 

nH is a two step 

nilponent Lie group 
2 1( , )n

 with group law given by  

( , , ) ( , , )x y t x y t    ( , , 2( ))x x y y t t x y x y        

in 2 1n , where ( , ) ( , , )z t x y t   , ( , ) ( , , )z t x y t    
2 1n , x y  denote the usual inner product in n . 

The sub-Laplace operator in 
nH is 
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2 2( )
1

n
X Yi inH i

  


, 

where / 2 / ,i i iX x y t      / 2 /i i iY y x t       (for 1,...,i n ), /T t   . The generalized gradient 

on nH is 
1 1( , , , , , )n n nH

X X Y Y  . nH allows to a family of dilations { : 0}    defined by 

2( ) ( , )z t    , 0.   The Jacobi determinant of 
 is

Q , where 2 2Q n   is the homogeneous 

dimension of nH .  

It is well known that the fundamental solution of sub-Laplace operator nH


 at the origin is 

2( ) / ( )Q

Qc d    ,                                                                  (1) 

where 0Qc   is a suitable constant, 
4 2 1 4( ) ( )d z t    

(see [3]). If nH  , then 1     by the group law. Let 1( , ) ( )d d     denote the distance between 

  and   in nH  (see [4]). By translation and (1), the fundamental solution of nH
  with pole at   can 

be written as  

1 1 2( , ) ( ) / ( )Q

Qc d           .                                                  (2) 

It is easy to know that 

1 1 1( , ) ( 2) ( ) ( )Q

QQ c d d            .                                           (3) 

In general,  we let 
{ ( ) }n

r H d r    
 and 

{ ( ) }n

r H d r      denote the Heisenberg ball and sphere centered at the origin with radius r , 

respectively. 

Note that nH  is a non-abelian Lie group, whose stratification such that there exist characteristic points 

on the boundary of the smooth domain of nH . Thus it is difficult for the Dirichlet problem of sub-Laplace 

equation to have good regularity and we have to introduce non- characteristic domain in the following. 

Let ( , )z t  be the boundary function in nH . If  , 0nH
z t   , then   is called the 

non-characteristic domain in nH .  If there exist some points  on the boundary such that ( , ) 0nH
z t   , 

then    is called the characteristic domain and these points are named characteristic points.  In this paper, 

by simple calculation we know that 

1 1 1 1{ ( , , , , , , ) 0}n

n nx x y y t H x      

(by taking 
1x  ) and 

0 1 1( ( , , , , , , ) 0)n

n nx x y y t H t      

(by taking t  ) are non-characteristic half space and characteristic half space in nH , respectively. 

The paper is organized as follows: In Section Ⅱ, we give the Green function of sub-Laplacian on the 

general domain of 
nH . In Section Ⅲ and Section Ⅳ, we give the Green functions of sub-Laplacian on the 

non-characteristic half space and characteristic half space of 
nH by the results in Section Ⅱ, respectively. We 

also show the integral formulas for solutions of the Dirichlet problem of sub-Laplacian. By the discussion in 

this paper, we can see that the Green functions in these two half spaces are different in nature. 

2. Green function on general domain 
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By [5], one has ( )nH
div A   , where 

2

0 2

0 2

2 2 4

n

n

I y

A I x

y x z

 
 

  
 
  

 

and 
nI denotes the identity matrix in n . The usual gradient in 2 1n  is denoted by ( / , / , / )Tx y t        . 

Let
nH be a domain with smooth boundary. By [5], for 

( )nv C H
, 

2( ) ( ) ,(4)n n nH H
u v v u d uA v n vA u n dH

 
          where n  denotes the unit outward normal vector of 

 , 
2ndH  denotes the 2n -dimensional Hausdorff measure in 2 1n . Assume that ( )u C  and let 

( )r    be the Heisenberg ball centered at   with radius r .  Letting 1v   in (4), we have 

2n nH
ud A u ndH

 
     .                                                          (5) 

We substitute v  with 1( )   in \ r  , 

2 2
\

n

r r
n nH

ud A u ndH A u ndH
   

                
2 2 .

r
n nuA ndH uA ndH

 
     ( 6 ) 

Note that /n d d    on   and /n d d    on 
r . By（2.25）,（2.26） in [5], we get 

2
0

lim ( )
r

n
r

uA ndH u 
 

     

and 

2
0

lim 0
r

n
r

A u ndH
 
    . 

Thus, let 0r   in (6) and then 

2( ) ( ) nu uA n A u n dH


      

nH
ud


    .                                                                 (7) 

In particular, if 0nH
u   in  , then we have the following basic integration formulas, 

2( ) ( ) nu uA n A u n dH


                                                         (8) 

Let ( , )h    belong to ( )C   with respect to  and satisfies ( ) 0nH
h    in  . For ( ) ( )u C   , 

we take v h  in (4), then 

  2 0nn H
uA h n hA u n dH h ud

 
         .                                           (9) 

Let us add (8) and (9) and  set  

1( , ) ( ) ( , )G h                                                                  (10) 

and 0G  on  , then 1( , ) ( )h      , so  

2( ) ( ) nu u A G ndH 


   .                                                          (11) 

We say that ( , )G G    is the Green function on  . 

3. Green function on non-characteristic half space 
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We consider the Dirichlet problem of sub –Laplace equation on the non-characteristic half space 
1  in nH :  

1

1

( ) 0, ;

( ) ( , ), { 0};

lim ( ) 0

nH
u

u t x

u


 

   




   


  
 


，

                                                        (12) 

where 
1 1 1( , , ) ( , , , , , , ) ( , , )n nx y t x x y y t x t    , 

2 1( , , , , , )n nx x y y  . 

Let 
1,  , it is easy to know that the symmetric point of 

1 2 1 1
ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( , , ) ( , , , , , , , ) ( , , )n nx y t x x x y y t x t     

is *

1
ˆˆ( , , )x t   . Selecting * 1( , ) (( ) )h       in (10), the Green function on half space is 

1 * 1( , ) ( ) (( ) )G          . 

Because of *

1  , ( , )h   satisfies 0nH
h  with respect to 

1  .  When   is over 
1 , we have 

1 * 1( , ) ( ) (( ) ) 0G           . 

Therefore, by (10), for any 
1 , 

1
ˆˆ( , , )x t  , 

1̂ 0x  , it follows 

   
1

2
0

, n
x

u t A G ndH  


    .                                                     (13) 

Next, we will calculate A G n   . To do this, we note that for 
1,  , 

1( , ) ( )d d     

           
2 2 22

1 1

2 1

ˆ ˆ ˆ{[ ]
n n

i i i i

i i

x x x x y y
 

         

         
2 1 / 4

1 1

ˆ ˆ ˆ( 2 2 ) }
n n

i i i i

i i

t t x y x y
 

     ; 

 
1

23

0 1 1

1

( , )
ˆ1/ 4 ( , ) {2[x

d
d x x

x

 
  




 


                

2 2

1 1

2 1

ˆ ˆ ˆ( ) ( ) ] (2 2 )
n n

i i i i

i i

x x y y x x
 

           

 
11 0

1 1

ˆ ˆ ˆ ˆ2( 2 2 ) 2 }
n n

i i i i x

i i

t t x y x y y 

 

      

3 2 2 2

1 1

2 1

ˆ ˆ ˆ ˆ( , ) {[ ( ) ( ) ]
n n

i i i i

i i

d x x x y y x  

 

          

1

1 2

ˆ ˆ ˆ ˆ( 2 2 ) }
n n

i i i i

i i

t t x y x y y
 

      

3

1 / ( , )M d   ; 

1 0

( , )
x

d

t

 




 1 03
1 1

1
ˆ ˆ ˆ2( 2 2 )

4 ( , )

n n

i i i i x

i i

t t x y x y
d  



 

       

3

1 2

ˆ ˆ ˆ1/ 2 ( , ) ( 2 2 )
n n

i i i i

i i

d t t x y x y  

 

      

3

2 / ( , )M d   ; 
* * 1( , ) (( ) )d d     
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2 2 2 2

1 1

2 1

ˆ ˆ ˆ{[ ]
n n

i i i i

i i

x x x x y y
 

         

2 1 4

1 1

2 1

ˆ ˆ ˆ ˆ( 2 2 2 ) }
n n

i i i i

i i

t t x y x y x y
 

      ,  
1

*
2

0 1 1* 3

1

( , ) 1
ˆ{2[

4 ( , )
x

d
x x

x d

 

 



  


 

2 2

1 1

2 1

ˆ ˆ ˆ( ) ( ) ] (2 2 )
n n

i i i i

i i

x x y y x x
 

        

 
11 1 1 0

2 1

ˆ ˆ ˆ ˆ ˆ2 2 2 2 2 }
n n

i i i i x

i i

t t x y x y x y y 

 

       

   
2 2* 3 2

1 1

2 1

ˆ ˆ ˆ ˆ( , ) {[ ]
n n

i i i i

i i

d x x x y y x  

 

        1 1 1

2 2

ˆ ˆ ˆ ˆ ˆ( 2 2 2 ) }
n n

i i i i

i i

t t x y x y x y y
 

      

* 3

1 / ( , )N d   ; 

1

*

0( ( , ) / ) xd t       

1

* 3

1 1 0

2 1

ˆ ˆ ˆ ˆ1/ 4 ( , ) 2( 2 2 2 )
n n

i i i i x

i i

d t t x y x y x y  



 

        

* 3

1 1

2 2

ˆ ˆ ˆ ˆ1/ 2 ( , ) ( 2 2 2 )
n n

i i i i

i i

d t t x y x y x y  

 

      * 3

2 / ( , )N d   , 

where    
2 22

1 1 1

2 1

ˆ ˆ ˆ ˆ{[ ]
n n

i i i i

i i

M x x x y y x
 

         

1

1 2

ˆ ˆ ˆ ˆ( 2 2 ) }
n n

i i i i

i i

t t x y x y y
 

     , 

2 2 2

1 1 1

2 1

ˆ ˆ ˆ ˆ[ ( ) ( ) ]
n n

i i i i

i i

N x x x y y x
 

         

1 1 1

2 2

ˆ ˆ ˆ ˆ ˆ( 2 2 2 )
n n

i i i i

i i

t t x y x y x y y
 

      , 

2

1 2

ˆ ˆ ˆ1/ 2( 2 2 )
n n

i i i i

i i

M t t x y x y
 

     , 

2 1 1

2 2

ˆ ˆ ˆ ˆ1/ 2( 2 2 2 )
n n

i i i i

i i

N t t x y x y x y
 

      , 

( , )d   and *( , )d   denotes ( , )d   and *( , )d    at 
1 0x  , respectively.  

By the expression  

2
( 2 , 2 ,2 2 4 )Td d d d d d d

A d y x y x z
x t y t x y t

      
     

      
and (3), we get 

1 1

*

0 0( ) [ ( , ) ( , )]x xA G n A A n           1( 2) ( ( , ) ( , )Q

QQ c d A d         

  
1

* 1 *

0( , ) ( , ) )Q

xd A d n   


    

1

1

1

( , ) ( , )
( 2) [ ( , ) ( 2 )Q

Q

d d
Q c d y

x t

   
    
   

 
 

1

* *
* 1

1 0

1

( , ) ( , )
( , ) ( 2 )]Q

x

d d
d y

x t

   
  



 
 

 
 

   
1 1 2

13 3
2 [ , ( 2 )

( , ) ( , )

Q

Q

M M
Q c d y

d d
 

   

 
   

 
 

* 1 1 2

1* 3 3
( , ) ( 2 )]

( , ) ( , *)

Q N N
d y

d d
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2

1 1 2( 2) [ ( , ) ( 2 )Q

QQ c d M y M       

* 2

1 1 2( , ) ( 2 )]Qd N y N     . 

Substituting it into (13), yields 

Theorem 1. For any 
1 , the integral formula of solutions for Dirichlet problem (12) is  

   2
Q

u Q c     
1

2 * 2

1 1 2 1 1 2
0

, [ ( , ) ( 2 ) ( , ) ( 2 )] ,Q Q

x
t d M y M d N y N d dt         


      where 

1 2 1 2, , ,M M N N  are 

defined as above. 

4. Green function on characteristic half space 

Consider the Dirichlet problem on 
0  in nH : 

0( ) 0, ;

( ) ( ), { 0};

lim ( ) 0,

nH
u

u t

u


 

   




   


  
 


                                                          (14) 

where 
1 1( , , , , , , ) ( , )n nx x y y t t   . The symmetric point of

0
ˆ ˆˆ ˆ( , , ) ( , )x y t t     is * ˆ( , )t   . 

Let us take * 1( , ) (( ) )h       in (10), the Green function on half space is given by 

1 * 1( , ) ( ) (( ) )G          . 

Because *

0  , ( , )h    is sub-harmonic with respect to
0  . When   is over the hyper-plane 0t  , 

we have 
1 * 1( , ) ( ) (( ) ) 0G           . 

Hence, by (10), for any 
0

ˆ( , )t   , ˆ 0t  , we get 

2
0

( ) ( ) n
t

u A G ndH  


    .                                                        (15) 

We will calculate A G n  . For
0,  , we have 

1( , ) ( )d d      

2 2 2 2 1 4

1 1 1 1

ˆˆ ˆ ˆ ˆ{[ ( ) ( ) ] ( 2 2 ) } ,
n n n n

i i i i i i i i

i i i i

x x y y t t x y x y
   

          ( , ) / id x     

3 2 2

0

1 1

ˆ ˆ ˆ1/ 4 ( , ) {2 ( ) ( ) 2( )}
n n

i i i i i i t

i i

d x x y y x x  



 

       

3 2 2

1 1

ˆ ˆ ˆ( , ) {[ ( ) ( ) ] ( )}
n n

i i i i i i

i i

d x x y y x x  

 

       3ˆ( ) / ( , )i iP x x d   , 1, ,i n ; 

( , ) / id y     

2 2

03
1 1

1
ˆ ˆ ˆ{2[ ( ) ( ) ] 2( )}

4 ( , )

n n

i i i i i i t

i i

x x y y y y
d  



 

       

3 2 2

1 1

ˆ ˆ ˆ( , ) {[ ( ) ( ) ] ( )}
n n

i i i i i i

i i

d x x y y y y  

 

       3ˆ( ) / ( , )i iP y y d   , 1, ,i n ; 

 
0

,
t

d

t

 






3

1 1

1
ˆ ˆ ˆ{2( 2 2 )}

4 ( , )

n n

i i i i

i i

t t x y x y
d    

    0t  



42 Green Functions for Sub-Laplacian on Half Spaces of the Heisenberg Group  

3

1 1

ˆ ˆ ˆ1/ 2 ( , ) ( 2 2 )
n n

i i i i

i i

d t x y x y  

 

       

3/ ( , )M d    ; 

* * 1( , ) (( ) )d d      

* 1 *

0( , ) ( , )]Q

td A d n   


    

1( 2) { ( , ) Q

QQ c d        

2

0

1

( , ) ( , ) ( , )
[ (2 2 ) 4 | | ]}

n

i i t

i i i

d d d
y x z

x y t

     




  
 

  
  

   
2 2 2

1 1

ˆ ˆ{[ ]
n n

i i i i

i i

x x y y
 

     

2 1 4

1 1

ˆ ˆ ˆ( 2 2 ) }
n n

i i i i

i i

t t x y x y
 

     . 

Therefore 
*( , ) / id x     

2 2

0* 3
1 1

1
ˆ ˆ ˆ{2[ ( ) ( ) ] 2( )}

4 ( , )

n n

i i i i i i t

i i

x x y y x x
d  



 

       * 3 2 2

1 1

ˆ ˆ ˆ( , ) {[ ( ) ( ) ] ( )}
n n

i i i i i i

i i

d x x y y y y  

 

        

* 3ˆ( ) / ( , )i iP x x d   , 1, ,i n ; 

*( , ) / id y     

2 2

0* 3
1

1
ˆ ˆ ˆ{2[ (( ) ( ) )] 2( )}

4 ( , )

n

i i i i i i t

i

x x y y y y
d  





      

     
2 2* 3

1 1

ˆ ˆ ˆ( , ) {[ ] }
n n

i i i i i i

i i

d x x y y y y  

 

        

* 3ˆ( ) / ( , )i iP y y d   , 1, ,i n ; 

*

0 0* 3
1 1

( , ) 1
ˆ ˆ ˆ{2( 2 2 )}

4 ( , )

n n

t i i i i t

i i

d
t t x y x y

t d

 

 
 

 


   


 

* 3

1 1

ˆ ˆ ˆ1/ 2 ( , ) ( 2 2 )
n n

i i i i

i i

d t x y x y  

 

     

* 3/ ( , )N d    . 

where 
1 2

ˆ ˆ ˆ1/ 2( 2 2 )
n n

i i i i

i i

M t x y x y
 

      , 

1

ˆ ˆ ˆ1/ 2( 2 ( ))
n

i i i i

i

N t x y x y


    , 

2 2

1

ˆ ˆ(( ) ( ) )
n

i i i i

i

P x x y y


    ; 

( , )d   , *( , )d    denotes ( , )d   , *( , )d    at 0t  ,  

respectively. By (3), 
*

0 0( ) [ ( , ) ( , )]t tA G n A A n            

1( 2) [ ( , ) ( , )Q

QQ c d A d        
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* *
* 1

1

( , ) ( , )
( 2) { ( , ) [ (2 2 )

n
Q

Q i i

i i i

d d
Q c d y x

x y

   
  



 
   

 
  

  
*

2

0

( , )
4 | | ] }t

d
z

t

 






 

22

1

ˆ ˆ( 2) [ ( , ) ( (2 2 ) 4 )]
n

Q

Q i i i i

i

Q c d P x y y x z M   



         

2* 2

1

ˆ ˆ( 2) [ ( , ) ( (2 2 ) 4 )].
n

Q

Q i i i i

i

Q c d P x y y x z N   



      

Using (14), we have 

Theorem 2. For any 
0 , the integral formula for Dirichlet problem (14) on 

0  is  

( )u  ( 2) QQ c     

 

2 2

1 1

2 * 20

ˆ ˆ ˆ ˆ( (2 2 ) 4 ) ( (2 2 ) 4 )

( ) ',
( , ) ( , )

n n

i i i i i i i i

i i

Q Qt

P x y y x z M P x y y x z N

d
d d

  
   

 

 

    

 
 

 
  where , ,M N P   are defined as above. 

5. Conclusion 

We obtain several kinds of Green functions in different domains of the Heisenberg group, which extend 

some results in the Euclidean space to the more general case. Theses results are new and very important in the 

study of partial differential equations. 
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