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Abstract

In this paper, we study the two-point boundary value problems for systems of nonlinear third-order dierential
equations .Under some conditions, we show the existence and multiplicity of positive solutions of the above
problem by applying the fixed point theorems in cones.
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1. Introduction

Recently, there is much attention paid to the existence of positive solutions for third-order nonlinear
boundary value problems(see [1-5] and references cited therein)

In [6] Moustafa El-shahed discussed the existences of positive solutions for the following boundary value
problem:

U™ (t) + Aa(t) f (u(t)) =0, (1.1)
u(0)=u'(0)=0, au'(l)+Au")=0.

By using a Krasnosel'skii' _xed-point theorem, the existence of solutions of the problem (1.1)is obtained in
the case when, either f is superlinear, or f is sublinear. Zhi-Lin Yang [7] etal.considered the existence and
multiplicity of positive solutions for boundary value problems
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—u"'= f(t,v),

-v''=g(t,u), (1.2)
u(0) =u(),

v(0) =v(0) =0.

Motived by the works of [6] and [7], this paper is concerned with the existence of positivesolution for
boundary value problem

—u'"'= f(t,v),

—Vv'"'=g(t,u), (1.3)
u(0) =u'(0) =0, au'()+pu"@ =0,

v(0) =v'(0) =0, ')+ '@ =0.

where f,geC[01]xR*,R"),a>0,3>0.

The arguments for establishing the existence of solutions of BVP (1.3) involve properties of Green's
functions that play a key role in the de_nition of cones. A _xed point theorem due to krasnosel'skii [11] is
applied to yield the existence of posi-tive solutions of BVP (1.3). Another fixed point theorem about
multiplicity is applied to obtain the multiplicity of positive sol-utions of BVP (1.3).

This paper is organized as follows. In the next section, we present some notation and preliminaries. The main
results, existence and multiplicity of positive solutions of BVP (1.3)

are given in section 3. Some examples to illustrate our main results appear also in section 3.

2. Preliminaries

Obviously (u,v) e C3[0,1] x C*[0,] is the solution of BVP (1.3) if and only if it satisfies the system of
integral equations

| u(d) = [ G(r.5) £ (s. M(s))ds.

|v(0) = [ G, )z (s uls)ds,
M) =|, @.1)

where G(t; s) is the Green's function de_ned by

322(1*;;+2(ﬂtﬂ), O<t<s<i
Glt.s) = o+ a+
R S ) B S ) 0<s<t<1

20a+pB) 2(a+p) 2

Integral equations (2.1) can be transferred to the nonlinear int-egral equation
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w(®) = [ G(t.5) f((s. [ Gls. D) g (r.u(D))d T))ds.

Lemma 1. The Green's function G(t,s) satisfies.
0] G(t,s) >q(t)G(L,s), for0<t,s<1],

0] G(t,s) > 0,and G(t,s) < G(L,s),

0<t,s<L  where
Proof. Ift < s, then

2 .
Gts) a5 s ey _agt W=+ 4t
G(]-' 5) a{i/} (1;5) +2 1- aofﬁ
> % paog L
a+pf

If t>s, then

G(t,s) —t’G(Ls)

_1 [atz(l—s) s
_E a+f

R i
1

s +(1—s)2)]
> (tzs2 —2t’s—s% + 2ts)

:%@a_onpwa+opzo
so that

G(t,s) St2> B 2
G(Ls)

T a+p

The result of (ii) is obvious. The proof is complete

Let E=C[0,1]. For u € E, define HUH = max\u(t)\.
Then (E,

O<t<1
o||) is a Banach space. Denote

P = {u e E[u(t) > 0,u(t) > q(®)|u

te[o1])

It is obvious that P is a positive cone in E. Define

q(t) =

a+pf

2.2)
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Au(t) = |‘:G(r,s) fl(s. | G(s,7)g(7,u(0))dt ))ds,.u e P.
2.3)

Lemma 2. If the operator A is defined in (2.3), the A:P — P is completely continuous.
Proof. From the continuity of f and g, we know Au e E for each u e P. It follows from Lemma 1 that for

ueP

Au(t) = [ G(t9)F (s, [ G(s.0)g(z.u(z))dr)ds
=) [[G(t.9)f (s, [ G(s,)g(r.u(x))d2)ds
=q(t)|Au ueP.

Therefore A:P — P. Since G(t,s), f(t,v) and g(t,u) are continuous, it is easy to show that A:P —> P is
completely continuous. The proof is complete.
Lemma 3. [11] Let (E, ||||) be a Banach space, and P E acone in E. Assume that ¢ and ¢, are open

subset of E such thatpe 0,0, c 0, - If
APNEQ,\Q) P
is a completely continuous operator such that either

,ue PNoQ,,or
LuePNoQ,.

,uePNoQ,,and||Au = |u
lLuePNoQ,,and||Aul < |u

@ [Au<]u
Qi) [Au|=|u

then A has a fixed pointin pn @, \0,)
Lemma 4. [9,10] Let (E, ||||) be a Banach space, and P — E acone in E. Assume that o ., and o_ are open

subset of Esuchthat pc 0, 0, c0,,0, co, If
A:PN(Q\Q) > P

is a completely continuous operator such that

[Aul=|ul,  uePnoQy;
|Aul<|ul,  Auzu,  YuePNoQ,;
|Aul=|ul,  VuePNeQ,, and|Au| < ul,uePNow,.

then A has at least two fixed point x- x~ in pn (@, \q,) and furthermore * c pN(@,\ Q). x" c PN(Q,\Q,) -

3. Main results

First we give the following assumptions:
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(A) lim sup ——= ft.u) =0, lim sup ——— 9(t.u) =0

u—0"tqo1] U u—0"te0] U

(A)lim inf f(t YW o, lim inf 9GW _

u—o tef0,1] u—o0 tef0,1] u

f (t u) g(t u) _
lim inf lim inf
(A) u|—>o+ tle[O 1] =% u|—>0* tle[O 1
(A)lim sup ——= ftu) =0, limsup 1G] =0
U-otero1] U U-oteo1] U

(Ag) (t,u), g(t,u)
are increasing functions with respect to u and there is a number N>0 such that
1
f(t,%jog(s,N)ds)< 2N vt e[04],s €[04]
Theorem 1 If (A)and (A,) are satisfied, then BVP (1.3) has at least one positive solution
(u,v) e C*([0,1],R") x C*([0,1],R")

Satisfying u(t) > 0, v(t) > 0.
Proof. From (A)) there is a number H, < (0,1), such that for each (u,v) € [0,1]x (0, H,) , one has

f(t,u)<nu g(t,u) <nu,

where 7 > 0.
satisfies ,7]01(3(1, s)ds<1
For every u < Pand |y| _H

note that

[[6(s. 99 uE)dr <n[ G u()dr <y :% <H,
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thus

AU < [G@9) F(s, [GW)g(z,ux)dr)ds

<?ul[6@ s)[G@ o)deds

< ul

Leto —{ue E:HUH<%}
then

[Az| = [l vYue P eQ,

On the other hand, from (A,) there exist four positive numbers
M,M’,C, and C, such that

f(t,uy>Mu-C, V(t,u)e[01]xR"

gt,uy>Mu-C, V(t,u)e[0lxR"
and
1 1
MjOG(l,s)q(s)ds >2, M ’jOG(l, s)q(s)ds >1.
By direct computation, for ueP

Au(l) = j:G @,9)f(s, j:G(s, 2)g(z,u(z))d7)ds
> [6a, s)[M [G(s. g u@)dr - Cl}ds
> M [G(1,5)[G(s. 7)[Mu(r) - C,Jdrds - C, [ (1 s)ds

> MM '[G(1,5)a(s)ds [ G(L 7)d7 - Cy(0)
where

C,(1) = MC, j: G@s) j:G(s,z)d zds+clj:<3(1,s)ds

<MC, j: G s)q(s)ds j: G 7)dr+C, j:G(l, s)ds
=C,

83

(3.1)
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Therefore
Au(1) = M [G(L 9)q(s)dsM’ [ G (L r)u(e)dz — C, = 2u] -C,

from which if follows that |Au|> Au() >

u

,as|u] — oo
Let 0 ={ueE |l < H,}.Thenfor ueP and lul=H,>0 sufficient large, we have

||Au|

> ||u|| Yue P éQ, (3.2)

Thus, from (3.1), (3.2) and Lemma 3, we know that the operator A has a fixed pointin pn(Q,\q,)- The

proof is complete.
Theorem 2 If (A,) and (A,) are satisfied, then BVP (1.3) has at least one positive solution

(u,v) e C3([01],R")x C*([0,1], R*) satisfying u(t) >0, v(t) > 0.
Proof. From (A,) there is a number H, < (0,1), such that for each (t,u) € [0,1]x (0, H,) , one has

f(t,u)>Au g(t,u)> A,
where 4, A’ > 0satisfies
1 1
zjoc;(l,s)q(s)ds >1 ﬂ’J;G(Ls)ds >1

Forevery uep and |y|=H,.

Au®) =[G s)f(s, [ G(s,2)g(r,u())de)ds
2269 a6)6A g u(r)dxds
> 2[ q(s)6@s)A'[[G(L.7)u(r)dxds
> z\\uuj:q(s)e(l, s)dsA’ j:G(l, )z
> u]

Let O, ={ueE:|u|<H,}, We have

”Au

>

11”_. Yue P(Q;, (3.3)

On the other hand, we know from(A,) that there exist three
positive numbers 7’,C,and C, such that for every (t,u) e [0,1]x R
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f(t,u)<nu+C, g(t,u) <n'u+C,,
where
’ 1 1
n L G(L,9)ds < >
Thus we have

Au(t) = [G(t,9) f (s, [G(s, 2)g(z,u(@)d)ds
<[ s)f[n' [6@o)g( u)dr + CA]ds
< n'jole(l, s)dsEG(l, O[n'u(z) +CoJdr +04j:e(1, s)ds

< %HUH +C,
where
C. =Cyr'[[6(1,9)ds[ 6L r)dr +C, [ G(1,5)ds

from which it follow

Au < |uf,as|u| >« LetQ, ={u e E:|u| < H,}

u

For each yeP and lul=H, >0 large enough, we have

HAZ[” < ||uH__ Yu e P(6Q), (3.4)

From (3.3) and (3.4}) and Lemma 3, we know that the operator A has a fixed point in pn(Q, \Q,) - The proof

is complete.
Theorem 3 If (A,),(A,) and (A,) are satisfied, then BVP (1.3) has at least two distinct positive solution

(u,v,) (u,v,) e C*([01],R")x C*([0,4], R") satisfying u,(t) >0, v, (t) > 0, (i=1,2).
Proof. Note that G(t.s) <Ll Let$p —{ue E:|u] < N}- Then from (A,), forevery yepnoB,, tefoa], We have
2

Au(t) = j:G(t,s) (s, j:G(s,r)g(r,u(r))dr)ds
S%Ef(s,f:%g(f, N)dr)ds

ﬁEZN =N
2
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Thus

] <]

2

., YuePNdB, (3.5)
And from (A,) and (A,) we have

||Au” > HIIH Yu e P00, (3.6)

|Au| =) VuePNoQ, (3.7)

We can choose H,,H, and N such that H, < N < H,and (3.5),(3.6),(3.7) are satisfied. From Lemma 4, A
has at least two fixed points in pn (@, \B,) and pn (B, \Q,), respectively. The proof is complete.

Examples. Some examples are given to illustrate our main results.
(1) Let f(t,v) =Vv®+Vv? ,g(t,u) =u®, then conditions of Theorem 1 are satisfied. From Theorem 1, BVP (1.3)

has at least one positive solution.

(2) Let f(t,v) = v ,g(t,u) = u®, then conditions of Theorem 2 are satisfied. From Theorem 2, BVP (1.3) has
at least one positive solution.

(3) Let f(t,v)=1(v: +v® ,g(t,u) = 2(u’ +u®). Thus N=1 and

f(t, 596, N)ds): (€2=1@ +2)<2

so conditions of Theorem 3 are satisfied. From Theorem 3, BVP (1.3) has at least two positive solution.
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