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Abstract

This paper expands the field of complex number to general plural. Discussion on the forth power general
plural is emphasized, then creates the four fundamental operations of arithmetic and calculus which can be
applied to the project.
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1. Introduction

Extended number field shall fall across plenty of problem, for example:definition of general plural;four
fundamental operations of general plural;function’s calculous in general plural field;norm axiom’s problem in
general plural field;Fourier transform in general plural field;engineering application’s problem after extended
number field.In order to expand number’s extension,we can define i"=-1 (n=2k, keN").Using this
definition,we can find some theoretics of general plural to expand number’s extension.For example:when
n=2,that is plural we defined before.This paper emphasizes the argumentation on circs when n=4,and calls it
quartic general plural,then strikes up four fundamental and calculous operations;morover probes deeply into
the matter on this circs'"’.

Definiens for quartic general plural:

i‘=—1, i*=j; oncemore j>=-1.
Underside,we attempt to establish some basic operations.

2. Discussion in four fundamental operations of forth power general plural

Considering the geometry significance of general plural first considers circs when n=4, generic form is:
z=r+ai+bj+cij (reR,aeRbeR,ceR,ij=ix])
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Defining:several conjugate of z:
Z =r—ai+bj+cij, z;=r+ai-bj+cij,
Z; =r+ai+bj—cij, z;=r—ai-bj+cij,
Z; =r—ai+bj—cij, z;;=r+ai-bj—cij,
Z+7; =2r+2bj,

zx7Z; =(r* +2ac—b*)+(2rb—a’+c?)j .
We can prove formula below from this definition:

N

3. Investigation on the derivation of forth power general plural

Defining: suppose function @ = f(z) is defined in domain D. z,is one point in domain D, point

z,+Az doesn’t exceed domain D. If limit lim 12, +42) - 1 (z,)

exists,well then,it is said that f(z) is

Az—0 AZ
derivable at z, ,the Ilimit is intituled differential coefficient of f(z) at z, ,it is marked:
f'(ZO) :d_W = lim f(Z+ZO)_ f(ZO) N

7 - Az—0 AZ

Because the differential coefficient of function of complex variable is formally same as function of real

variable,and the algorithm is same too,thus the function of real variable derivation’s rule can apply to the
function of complex variable,for example:

@  (c)'=0, ciscomplex constant thereinto.
@  (z")'=nz"", nis positive integer thereinto.
® [f@x9@=1(2)+g(2).

@ [f@9@]=1(@2)9@)*f(2)9'().

Lemma 1(forth power general plural’s spread Cauchy-Riemann conditions)

da_ob _oc_od b _oc_od  da

X oy v ow X oy v ow

oc_od_ ca_ob od_oca_ b dc

X oy N ow X oy N ow

Thereinto

f(2) =a(x,y,v,w)+ib(x, y,v,W) + jc(X, y,V,W) +ijd (X, ¥,V,W) ; Z=X+iy+ jv+ijw
Attestation:if

f(z) =a(x,y,v,w)+ib(x, y,v,w) + jc(X, y,v,w) +ijd(x, y,v,w) is differentiable at z=x+iy+ jv+ijw ,
furthermore if

lim 28 ) @)
AZ = AX+I1AY + JAV +ijAW ;

Af(X)=f(z+Az)— f(z) =Aa+iAb+ JAC+IiJAd ;

Aa=a(X+Ax, y+Ay,V+Av,W+Aw) —a(X, y,V, W) ;

Ab =Db(X+ AX, y +Ay,v+Av, W+ Aw) —b(X, y,V, W) ;
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AC =c(X+AX, y +Ay,V+ Av,W+AwW) —c(X, Y,V,W) ;
Ad =d(X+AX, Y+ Ay,V+ AV, W+ AW) —d (X, y,V,W) ;
Acquirability from formula 3.1
lim Aa+!Ab+ !Ac+_|!Ad — () (3.2)
Ax—0,Ay—0,Av—0,Aw—0 AX + |Ay + JAV + UAW
Because formula 3.2 is always existed no matter what direction Az = AX+iAy+ jAv-+ijAw goes to zero,so
first suppose Ay =Av=Aw=0,Ax—>0, namely z+Az goes to point z along parallelism axis x, here

formula 3.2 becomes:

lim e+ im s + im e +ilim o = (2)
A ax M A T M A T M AX

oa ob oc od

And then —,—,—,— really exists,
OX OX OX OX
furthermore, @+i@+ j@+ijﬁ =f'(2) (3.2.1)
oX  OX OX OX

Acquirability from same principle:

6—b+i@+j@—ij@:f’(z) (3.2.2)
oy oy "oy "oy

@H@—j@—ija—b:f’(z) (3.2.3)

N OV oV oV
od .oa .ob ..coc
i ii= =1z 324
5 Wl vl (2) (3.2.4)

Lemma 1 can be achieved from formula 3.2.1 to 3.2.4.
Theorem 1(forth power general plural’s differentiable necessary and sufficient condition in domain D)
Suppose function
f(2) =a(x,y,v,w)+ib(x, y,v,w) + jc(X, y,v,w) +ijd(x, y,v,w) has definition in domain D,then f(z) ’s
differentiable necessary and sufficient condition in domain D at point z = x+iy+ jv+ijw is®""
(1) quaternion function
a(x, y,v,w),b(x, y,v,w),c(x, y,v,w),d(x, y,v,w) is differentiable at point z;
(2) a(x, y,v,w),b(x, y,v,w),c(x, y,v,w),d (X, y,v,w) satisfy spread Cauchy-Riemann conditions.
Thereinto one expressions is f'(z) = a +1i P + ] o +ij o
OX OX “OX ~ox
Attestation:necessary condition:

Af (2) = f'(2)Az + 0(Az) ,thereinto suppose
f'(@)=a+ip+jy+ijn
Af (2) = Aa+iAb+ jJAc+ijAd =
(a+iB+ jy+ijn)(AX+iAy + JAV+ijAw) + p(Az)Az
Thereinto p(Az) = o, +ip, + jo; +iip,, lime(Az) =0, Az = AX+iAY + jJAV+ijAW.

Az—0

Expand formula (3.3),compare both sides of the equation,we can get
Aa = aAX—nAYy — yAV — SAW+ p AX — p,AY — p,AV — p,AW
Ab = SAX+ oAy — DAV — AW+ p,AX + pAY — p,AV — p;AW
AC = yAX + BAY + aAV — AW+ p,AX + p,AY + p AV — p, AW

(3.3)
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Ad =nAX+ yAY + LAV + AW + p,AX + p;AY + p,AV + p AW

Describe it to matrix form

Aa| |a -n -y =B AX| |p —py =Py =P || AX

Ab _ B a -n -yl + P P Py P || AY

Ac| |y B a —n|A| |p P P P AV

Ad| [n v B alldw| [pp P P A AW

Oowingto |imp(Az)=0.,50 |ime =0+ [imP, =0 |imPs=0- limp.=0.

Az—0 Az—0 Az—0 Az—0 Az—0
Following the differentiable definition of quaternion function,we can know

a(x, y,v,w),b(x, y,v,w),c(x, y,v,w),d(x,y,v,w) is differentiable at point z, furthermore
g-B_ob & _ o
X oy v ow

~ob _oc_od  oa
"o o ow
_x_d_aa_
Tx Ty W ow

~ad_ oa_ ob_ dc
T“x Ty v ow
sufficient condition:
From condition (1) ,we can get:
Aa = AX+a Ay +a AV +a,Aw

> >

+PAX = p,AY — pAV — p, AW

Ab =D AX + DAy +bjAV + b, AW + p,AX + o AY — p,AV — p,AW
AC = CLAX+CLAY + CLAV +CL AW+ o, AX + 0, AY + p AV — p, AW
Ad = d{AX+d; Ay +dJAV +d] AW+ p, AX + p,AY + 0, AV + p AW
Thereinto |imo, =0 |im2, =0 |imP: =0 [imp, =0.

Az—0 Az—0 Az—>0 Az—0
From condition (2) ,we can get:
a=a =b =c =d,; p=b=c, =d;=-a,;
y=c=dy=-a,=-b,: n=d,=-a,=-h =—,
Put equation above to
Af (X)=f(z+Az)— f(z) =Aa+iAb+ jJAc+ijAd ,we can get:
Af(X)= f(z+Az)- f(z) =Aa+iAb+ jAc+ijAd =
(a+if+ jy+ijn)(AX+1AY + jJAV+ijAW) +
(0 +ip, + [Py +ii P, )(AX+iAY + JAV +ijAW)

Af (X) o . L

T=a+lﬁ+Jy+lm+p1+lpz+1p3+ljp4
Af (X . L.

Iim—( ):a+lﬂ+17+lm

Az—0 AZ

Namely: f'(X)=a+i8+ jy+ijn
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4. Investigation on Cauchy type integral of forth power general plural

Theorem 2 if f(z)=a(x,y,v,w)+ib(x,y,v,w)+ jc(x,y,v,w)+ijd(x,y,v,w) is continuous along curve
C,then f(z)is integrable along curve C

| f(2)dz = [ (adx—ddy —cdv —bdw) +i_(bdx+ady — ddv — cdw)

+j L (cdx + bdy + adv — ddw) + L(ddx +cdy +bdv + adw)
X=X =M Y —Yea =AY Vi Vi =Av,, W —-wW_, =Aw ., f(&)=a +ib + jc, +ijd,

we can get:

s, = Z FENZ ~7,1) =

Attestation:if z, = x, +iy, + jv, +ijw,

Z(ak +ib, + jc, +1jd, )(AX, +iAy, + JAV, +ijAw,)
k=1

n
=D (A% —d Ay, —C AV, —bAW,) +

k=1

n
iy (bAX, +aAy, —d AV, —C AW, )+
k=1

n
i (c A% +b Ay, +a A, —d, AW, )+
k=1

n
ij " (d AX, +C Ay, +b AV, +a,Aw,)
k=1
In the condition of the theorem, a(x,y,v,w),b(x, y,v,w),c(X, y,v,w),d(X, y,v,w) is continuous along curve
C,then this curvilinear integral is existent,so j f (z)dz is existent, then theorem is proved.

c
From the integral’s definition,we can detrude nether character of Cauchy type integral of general
plural,they resemble function of real variable’s integral character:

@® L f(Z)dZ=—L? f (z)dz
® ka(z)dz:k J'cf(z)dz (K ASHEE)
® [[f(@)+9(@)ldz=] f(2)dz+][ g(z)dz

5. Sum-up

Use the definition of forth power general plural to resolve several equations "'*':

@ x*+1=0 the solution of is: X, =i; X, =—i; X, =ixj; X, =—ixj;
@ x*+2xx?+4xx+2=0 the solution of is: x =i+ j .

So the equation which is not solvable has its solution in the extended number field,this hidden solution has
its use in some calculation, it can provide some new avenue to solve problem.The author is trying to use forth
power general plural in engineering.
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