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Abstract

The graphical approach is applied to the autoregressive conditional heteroskedasticity time series models.
After transformation, it is shown that the coefficients of GARCH model are the conditional correlation
coefficients conditioned on the other components of the time series, then a new method is proposed to test the
significance of the coefficients of GARCH model.
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1. Introduction

Financial economists are concerned with modelling dependence in asset returns. Observations in return
series of financial assets observed at daily are uncorrelated or nearly uncorrelated, the series contain higher-
order dependence. The models of autoregressive conditional heteroskedasticity (ARCH)[1] form the most
popular way of parameterizing this dependence. Its generalization, the Generalized ARCH (GARCH) model[2]
IS a more parsimonious model of the conditional variance than a high-order ARCH model, most users prefer
it to the simpler ARCH alternative.

Graphical models have become an important method for the analyzing multivariate data[3-6]. Recently
they have been introduced to model dependence structures among multivariate time series[7-11]. Graphs to
describe multivariate time series can be classified basically into the time series chain graph, partial correlation
graph and Granger causality graph.

In this paper, we express the autoregressive conditional heteroskedasticity models as time chain graphical
models. In time series chain models, each vertex in a graph represents a separate variable at fixed time, and an
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edge between two vertices denotes that the two variables have causal relations or dependence. The direction
of an edge between two vertices is determined by both time and partial correlation. We show that the
coefficient of GARCH model deformation is the partial correlation coefficient after removing the linear
effects of the other components of the time series. A new procedure with graphical approach is proposed to
test the coefficients of GARCH model.

2. Time series chain graph and garch model

We introduce a time series chain graph (TSC-graph) by firstly giving the definition of a graph over a finite
and nonempty set V . Let G=(V,E), elements in V are called vertices, and E is a set of directed or

undirected edges denoted as a —b,a—b. a —b is called directed edges, while a—b is called the
undirected edge.

Suppose that X = (X, (t), X, (t),---, X, (t))is a d-dimensional stationary time series. The TSC-graph
of the stationary process X is the graph G = (Vig, Efg) where Vg =V xZ with V ={12,---,d}and
Z being an integer set, and the edge set E satisfies

1) (at-u)—>Dt)gE <u<0 or X (t—u) L X, ()| X{O)\{X,({t-u)}

2 (@t-u)-(O,)gEg < u=0or X, (1) L X, 01X, €) H{X\op O}
where X, (t) ={X (), s <t} denotes the past of the subprocess X, ={X,(t)} at timet . Here it

involves conditional orthogonality. For random vectors X ,Y and Z , we call X and Y to be conditionally
orthogonal given Z , denoted by X LY |Z , if X and Y are uncorrelated after the linear effects of

Z have been removed.
For stationary ARCH(qg) model

X, =0
g (2.1)
2 2
Oy =& +Zaixt—i
i=1
where {&,} isi.i.d. Normal random with mean zero and variance 1 and &, >0,¢;, 20(i =1,-++,Q).
Simple transformation is given as follows:
q
2 2
X =oy+ Zai X+, (2.2)
i=1
where 77, = Gtz (gt2 —1) is uncorrelated time series with mean zero and variance A, .
Let Y, = X7, then
q
Y, =, + Zozthfi +1, (2.3)
i=1
In order to verify the auto-regressive conditional heteroskedasticity, we need to test

Hy:o, =0(i=1---,q) via H, :3¢; # 0. So we test the significance of the coefficients for AR(q) model.
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Since we only deal with univariate time series, Vi in TSC-graph G5 =(Vis,E() is
Z={--,-10,1--}, each vertex represents one component of Y, at some time. As an illustration, Fig. 1
presents @ TSC graph G, for ARCH(2) time series Y, where t —2 —> t denotes that Y, , is causal for Y,
and an absent edge between t—1and t implies that there does not exist a causal relation between Y, , and

Yt . The test of coefficients based on graphical approach for AR model has been discussed in detail[12].
t—20——»0t
t-1 o

Fig. 1 The graph for ARCH(2)

For stationary GARCH(p,q) model
X, =0.¢,

q p
o’ =a, +leaixf_i +leﬂiaf_i
= =
where {&} is iid.  Normal random with mean zero, variance 1 and
a, >0,0{i,,8j >0(=1---,9,)=L1---,p).
o+ £,1<i<min(p,q)
Let Y, = X2, @ =<a;,p<i<q
p.g<i<p
Simple transformation is given as follows:

m p
Y, = +Z¢th—i _Zﬂint—i +1, (2.5)
i-1 i=1

where m =max(p,q), 7, = o7 (&> —1) is uncorrelated time series with mean zero and variance A, . The
most popular GARCH model in applications has been the GARCH(1,1) model. For stationary GARCH(1,1)

X, =04
2 2 2 (2.6)
oy =+ X+ foy,
Simple transformation is given as follows:
Yo =+ @Yy — B+, (2.7)
where ¢, = + 3,.

(24)

Let ¥, =Y,, Y, =7,.Fig. 2 presents a TSC graph G for model(2.7),Vertex I inV represents time
series Y; ,, while vertex (i,t —u) in TSC-graph Vo5 =V x Z denotes the component Y, ,_, .We know from
the definition of the TSC-graph that (1,t —1) — (1,t) denotes that Y, ; is causal for Y, and an absent edge
between (2,t—1) and (1,t) implies that 77, ; is noncausal for Y,.
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(Lt—1) o—>O(1Lt)
2,t-1) o

Fig. 2 The graph for GARCH(1,1)

To verify the conditional heteroskedasticity, we need to test H, : ¢ =0 for GARCH(p,q) model. So we
need to test the significance of the coefficients for model (2.5).

3. I11. parametric tests by graphical models

Let 7 ={u+alU + BV | 1,a, f € R} be a linear subspace spanned by random variables U and V .
The best linear predictor, denoted by Proj_X ,of X on U and V is defined as

E(X —Proj_X)? :TJQE(X —u—olJ— ) (3.1)

Proj_X is called the linear projector of X on 7 .The linear property holds for Proj_X .

Proposition 3.1
Proj_(aX +bY)=aProj_X +bProj Y (3.2)
The definition of the linear projector PrOjﬁX can be generalized to a general linear subspace 7z spanned
by random variables X, X,,--+, X, . With Proj_X, we readily define the partial covariance as follows:
Cov, (X,Y | 7)=E(X —Proj_X)(Y —Proj_Y)
Theorem 3.1 For model (2.5)
1)QLt-k)>ALt)eE <kef{l,---,m}and ¢, #0. (3.3)
2)(2,t-k) > @Qt)eE; < ke{l---, p}and g =0. (3.4)
1) Proof. We know from the definition of the TSC-graph that
Lt-k) > @A) eEs <Y LY L
which is equivalent to Cov, (Y, .Y, | 7%™)=0, where 7®™ is a linear subspace spanned by
{Z,,s <t}—{Y,  Jwith Z, =(Y,,7,)". As Proj ,_,,7, =0,it follows from (3.2) and the linear property

m p
of Proj,Y that Proj . Y, => @Y, ;=D Bin_; + ¢ -Proj o oY,
1% =
Then we have
1,k
Yzt = Cov (Y, |7T( ))

=E(Y, = Proj oY )(Yex —Proj oY)

=E{(a (Yo — PI’Oj”(L,k,thk) +17)(Yew — Proj,,(l,—k)thk )}

= o E{(Y — Proj,ru,—wYt—k )’}

=pVar(Y,_ | 7%™) (3.5)
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Then (3.3) follows from (3.5) directly.
2) Proof. We know from the definition of the TSC-graph that

(2t=K) > (A1) £ Erg 77, LY, [ 7279
which is equivalent to Cov, (17_,,Y, | 7% ™) =0, where 7

s <—{m.}-

Then we have
Vigwenr = COVL (1, Y, | 7%79)
= E(Y, —Proj_.,Y)(#_ —Proj ..o )
= E{(B(Proj e =) + 1) (Yo = Proj_e0Yo0)}
=~BE{7 —Proj .07}

=—BVar(n_ | 7%™) (3.6)
Then (3.4) follows from (3.6) directly.
Theorem 3.1 shows us that Y, , is noncausal for Y,, if and only if ¢, =0 .Therefore if we want to test

(279 s a linear subspace spanned by

@ =0, we need only test if there exists a directed edge (1L, t—1) — (1,t), based on which a parametric test
is proposed. We know 77, , is causal for Y,, if and only if /3 # O .Therefore if we want to test 5, =0, we
need only test if there exists a directed edge (2,t—1) — (4,1).

Based on sample Yl,Yz,m,Yn from model (2.5), we only take into account the observed part of the past.

Then the estimates of Y 00 and Y 20 is given as follows:

- A —k

Pgpan = COV (Y, Y, 1 7,47) (3.7)

]’/\klﬂ(Z.fk) = C:(jVL (nufk ’Yu | Eu(z’_k)) (38)
where ﬂu(l'_k) and ﬂu(z'_k) is a subspace spanned respectively by {Z(m+1),---,Z(u -1} —{Y, .} and

{Z(m+1),---,Z(u-)}—{r, .} for somefixed U .

Discussion of asymptotic properties and computation of LK) and ]/klﬂ(z‘,k) for a general GARCH(p,q)

k|
model are complicated. Next, as an illustration, we consider stationary GARCH(1,1) model. We need to test

Hy:oq+ B, =0viaH; :¢ >0 and H,: 5 =0via H,: 8 >0.
For some fixed U > 2, we first compute
1,-1
Yy =Cov, (Y, .Y, | 7,*™) (3.9)
2’_
Vypen =CoV (17,0, Y, | 7,%77) (3.10)
It is easily shown that
Vg = =" 311



76 Testing Coefficients of Autoregressive Conditional Heteroskedasticity Models by Graphical Approach

=y 7 7;0 (3.12)
0

where ./ =Cov(Y,,Y, ), 7" =Cov(Y,, 7)., k=0,1.
Then we know from (3.11) and (3.12) that Vijzaen and V20 €AN be estimated by

TER

7;]4,,@,—1) = 7;1y _7>1y177 (3.13)
SIS L
S ~ Y7
Vpern =717 == s (3.14)
7o
where

Z(Y V) VAT =2 Z(Hk V)~ ) w'thY—nZl A==

[ re)
Let
@ 0 0 - 00 1
A={1 0 O0(B=| 0 0 0,C=|0
0O 1 0 0 0O 0
and Y (Yt, tl, ) .Then the state space representation of model (2.7) is as follows:
Yt = AYt_1 + B77t_1 +Cn, (3.15)

Theorem 3.2 For model(2.7) with Y, =C'Y. , suppose that En =0,En’ =0,Enp’ =0’ <o ,
En' <o and p(A® A+c*B®B) <1. Thenas N —> oo, it holds that

17—y 027~ p)) L5 N(O, 7).
where o7 = lim nE(y’ —7:')2, k=0,1.

97— R ) — NG, )
where oy = IIm nEY” —y)")? k =0,1.

3)n 2(7;””(1,—1) _7”,T<1,—1>)—> N(0,0';')
where o5 = @W @ with W = limnE(7 —»)(7 —»)’,

where 7 = (7/y S/ ”),y=(yoy,7ly,75'",ny’”)-
and 8 =(0,1,0, 1) :

4) n% (7;”,42,—1) =V ypteen )——N(, 0-3?)

where 07 = WG, and § = (¢, &0 G0 ) with
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__7’/\1y'7’/\g'77 __7;1%’7 __?;1y =1
4/1_ Ay é/z_ Ty 4/3_ ~y §4— :
() 7o 7o
Theorem 3.2 can be directly proved by Shao[13] and Liu[14]. So we omit it here. Denote
n%j}ll”(lﬁl)
Tl‘n =
0,

We know that under Hj:oq =/ =0, Yyptn =0 .Hence it follows from Theorem 3.2 that

T,,—~>N(0,1) as n — oo.Therefore we reject H et = 3, =0 when T, , > ®™*(1— ) . Denote

B n 2714,,(2,—1)

2,n
O3

We know that under H,:f, =0, Vypen = 0 Hence it follows from Theorem 3.2 that
T,,—2>N(0,1), as n —> oo.Therefore we reject H,: B =0 when T, <-0'(1-a).

We have to calculate 7/””(1,,1) and 7]4”(2‘,1) which involves calculating 77,, 7, can be estimated by firstly
estimating parameters ¢, and ,Bl, then recursively by
Step 1. Regress Y, on Y, ;,t =2,3,-+-,n and obtain &,,d,, and residuals

e=Y,—8,—-4Y, ,,t=23,--,n.
Step 2. Regress €,_;, on Y, ,,t=2,3,--,n and obtain 60, 51 and residuals

v,=e_ —b,—bY_,t=34,--n
Step 3. 7;147%2”1’ is given by

A 1 3
Vo oy =—— ) BV,
172D n_3§ tVt

4. Conclusion

The new test method based on the graphical approach for the conditional heteroskedasticity model is
proposed in the paper. For an illustration, GARCH(1,1) is expressed the time series chain graphs and the test
of the significance of the coefficients is given. Compared to the traditional test method, our methods are
intuitive and very simple in computations. The new method will have important implication in the financial
market.
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