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Abstract

In Social Graph, a set of entities or nodes or vertices interact with each other in a complicated manner that can
form multiple types of relationships that depend on time and types of complications. Such graphs include
multiple subsystems and layers of connectivity. So it is important to take such multi-layer features into account
to make easier of understanding of such complex systems. In this paper, the author focuses on a Social Graph
to represent in a multi-layer graph based on its characteristics lies in each node or vertex or entity. For this, the
author proposes a general model related to Social Graph. For this model, the author proposes an algorithm,
SoGraM for representation of Social Graph with multi-layer features using Graph Mining Techniques. Further,
the author tries to prove the proposed algorithm with three examples of Social Graph namely Author Graph,
Email Graph, and Telephone Graph.

Index Terms: Adjacency Matrix, Base-Layer, Multi-Layer Graph, Social Graph, Sub-Layer.
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1. Introduction

Multi-layer networks exist when there is more than one source of connectivity information for a group of
users. In the context of the social network, the communication link between the users is relational information.
So there is a possibility of deriving behavioral relationships based on user actions or interests [9].

In social networks, edges are categorized based on the nature of the relationships or actions that they
represent are proposed by [6, 13]. In the social networks, the edge is categorized by its type are called multiplex
networks by [4] or multi-relational networks proposed by [6]. In the computer science and computational
linear-algebra communities, tensor-decomposition methods proposed by [3, 5] and multi-way data analysis by
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[1] were used to study various types of multi-layer networks. These types of methods are based on representing
multi-layer networks as adjacency tensors of order higher than two.

Networked systems that cannot be represented as traditional graphs were studied from a data mining point of
view. Heterogeneous (information) networks were developed as a general framework to take into account
multiple types of nodes and edges can be seen in [2, 12, 14]. A multiple layers of a social network which
perform tasks such as inference, clustering, and anomaly detection proposed by [7]. Often social networks
include different types of nodes i.e. males and females or hierarchical structures i.e. individuals are considered
as organizations, were studied using multi-level networks, multiple layers, and networks of networks by [4].
The extraction of information from a large multi-layer social network is proposed by [8]. A multi-layer social
network model which combines all the detected social network while encounters with other social networks are
proposed by [11]. These multi-layer social networks are investigated through relationship.

A social network is defined as a complex graph, and each unit is an individual, village, household, country,
etc. So the social network may be defined as set nodes or vertices V = {V1, V,, ....., V,} and between the nodes
or vertices there is a set of links or connectivity or edges E = {Ej, E»,...., E,} proposed by [9]. In this paper, the
author proposes an algorithm which represents a social graph as a multi-layer graph using graph mining
techniques. For this, the authors represent three types of social graph examples namely Authors Graph, Email
Graph, and Telephone Graph that consist of multi-layer graphs where the base-layer or principal layer include
different type of interactions between entities or nodes or vertices. An algorithm which represents telephone
call duration graph as a multi-layer graph is proposed by [10]. Based on [10]’s algorithm, the author proposes a
general algorithm for representation of the social graph as a multi-layer graph having each level is associated
with a particular characteristic.

2. Multi-layer Network

In the real world, more than one kind of connections can exist between any pair of individuals. As a matter
of fact, for this type of social networks, it can be termed as the multi-layer network, multi-relational network,
multidimensional network, and multiplex network.

A social network layer L is a weighted graph G(V, E) with vertex set V corresponding to users on the social
network and edge set E < VXV corresponding to social links between users.

A multi-layer social network MLSN = (L,, Ly,....... , Ly) is a tuple where L; = Gy(V, Ey), i € 1, 2,......,n are
social network layers.
A multi-layer network G = (V, E) consists of vertices V = {V;,....... , Vn}, common to all layers, and edges E

= (Eqyeneene , Em) in m layers, where Ey is the edge set for layer k, and E, = {e¥; V;, V; € V}. Each edge is
considered as directed or undirected depending on its characteristics. The definition of multi-layer network can
be seen in [8].

3. Proposed Algorithm for Representation of Social Graph as Multi-layer Graph

The proposed algorithm, SoGraM has only one procedure called Show(MLAM). The algorithm reads the
data from the dataset file called “Node Dataset. Txt” which comprises a number of layers, total number of
nodes, and all node Ids. The first and second data from the dataset file are considered as the number of layers
and the total number of nodes, which is assigned to the variables NL and n respectively. Then from third data
onwards are considered as the node IDs. It starts reading one ID at a time and assigned to the variable Node_Id.
Finally, the variable Node Id is assigned to the row header and column header of the MLAM] ][ ][ ]’s principal
layer or base-layer. After the complete reading of all node IDs, the initial form of the multi-dimension array,
MLAMI ][ 1[ ] is formed successfully.

Then the second dataset file called “Edge Dataset. Txt” which comprises all edges ID in the forms of two
column headers ‘From Node Ids’ and ‘To Node Ids’. Then it starts reading at a time a pair of node IDs and
assigned to the variables From Node and To Node respectively. So the particular social graph’s edge data is
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assigned successfully on the first layer of the multi-dimension array, MLAMI ][ ][ ]. Hence it is the indication
of the formation of the principal layer or base-layer of the social graph. By using the multi-dimension array,
MLAMI ][ 1[ ] which has a principal layer at the topmost layer, the required number of layers i.e. (NL-1)
numbers are formed starting from 2nd layer to (NL-1) layer based on the criteria. So finally, the multi-
dimension array, MLAMI ][ ][ ] with all layers assigned with the proper edge values i.e. either 1s or 0s.

Finally, the procedure Show(MLAM) passes the multi-dimension array, MLAM[ ][ ][ ] and displays the
multi-dimension array, Matrix with a number of layers, b numbers of rows, and ¢ numbers of columns
respectively.

i. Algorithm SoGraM()

n: Number of nodes in the social graph.
NL: Number of layers.
MLAMINL][n+1][n+1]: Multi-dimension adjacency matrix to store the social graphs multi-layers edge data.
Node_Dataset. Txt: Text files to contain number of layers, total number of nodes, and node Ids.
Edge_Dataset. Txt: Text files to contain ‘From Node Ids’ and ‘To Node Ids’ where the actual edge is present.
{
I/ creation of adjacency matrix of social graph

open(“Node Dataset. Txt”);

read(NL, n); // to read number of layers and number of nodes

for i:=2 to (n+1) do

Read(Node_Id); //to read node ID
MLAMI[1][il:=MLAM][i][1]:=Node_lId;

close(“Node_ Dataset. Txt”);
open(“Edge Dataset. Txt”);
while(Not EOF())

{

read(From_Node, To Node); // to read ‘from node id’ and ‘to node id’
fori:=2to (n+1) do {

if(MLAM[1][i][1]=From_Node) then break; // to detect the row node id }
forj:=2to (n+1) do {

if(MLAMI1][1][j]=To_Node) then break; // to detect the column node id }
MLAMI][i][j]:=1; // to assign edge value 1 at i row and " column in MLAM[1][][]

close(“Edge Dataset. Txt”);
I/ creation of 2™ layer to NL layers
for i:=2 to NL do

forj:=1tondo
fork:=1tondo

if(Criteria of i™ layer on MLAM[1][j][k] is TRUE) then
MLAMII][j][K]:==MLAM[1][][K];

}
Show(MLAM);
}
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ii. Procedure to Display Multi-layer Graphs Adjacency Matrix

Procedure Show(Matrix[a][b][c])
a: Number of Layers.

b: Number of Rows.

¢: Number of Columns.

fori:=1toado

display(“Layer-7, 1);
forj:=1tobdo {
fork:=1tocdo {

display(Matrix[i][i][K]); } }

4. Examples of Proposed Algorithm

The author has considered three social graphs namely Author Graph, Email Graph, and Telephone Graph to
represent as multi-layer graphs. For Author Graph, the total numbers of author nodes are 22 having with node
id ranging from 1 to 22. It is to represent with three numbers of layers having considered the 1% layer as the
base-layer (Layer-1) followed by two layers namely Layer-2 and Layer-3 respectively. The second social graph
example is the Email Graph. This graph has total numbers of email ids are 22 having with node id ranging from
1 to 22. The author is to represent the email graph with four numbers of layers having considered the 1 layer
as the base-layer (Layer-1) followed by three layers namely Layer-2, Layer-3, and Layer-4 respectively. Finally,
the author is to represent Telephone Graph as a multi-layer graph having with 22 telephone node ids ranging
from 11 to 17, 22 to 27, and 33 to 38 respectively. In node id, 1 represents service provider 1, 2 represents
service provider 2, and 3 represents service provider 3 respectively. This graph is to represent with five
numbers of layers having considered Layer-1 is the base-layer and followed by four numbers of layers namely
Layer-2, Layer-3, Layer-4, and Layer-5 respectively.

i. Representation of Author Graph as Multi-layer Graph

The author has considered the first example as Author Graph is a social graph example which has twenty-
two number of author nodes ranging from 1 to 22. This authors graph is a directed graph since there is a kind of
participation of authors in the publication of a paper and depicted in “Fig. 1”. The actual author graph is
represented on the 1% layer is the principal or base-layer. Then the required two numbers of subsequent layers
are to be generated from base-layer based on some criteria. The 2™ layer is generated where the criteria is a
publication of paper jointly. So a sub-graph is generated on the 2" layer which is considered as a joint-authors
publication sub-graph. To detect those authors joint participation in the publication of a paper is the bi-
directional edge between the nodes in the base or 1st layer’s graph and such detected nodes edges are shown in
the 2" layer as a sub-graph. Similarly, the 3rd layer is generated where the criteria are the publication of paper
as the first author. So a sub-graph is generated on the 3™ layer is the publication of paper as the first author. To
detect those nodes in the 1% layer graph, the node has no out-degree but only an in-degree and such detected
nodes edges are shown in the 3™ layer as a sub-graph. So in the 3" layer’s sub-graph, the black filled nodes 6, 8,
18, and 22 are considered as the first author of the publication of a paper.
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Fig.1. Author Multi-layer Graph
ii. Representation of Email Graph as Multi-layer Graph

The author has considered the second example as Email Graph is one of the social graph examples. It has
twenty-two numbers of email nodes ranging from 1 to 22. This email graph is also a directed graph since there
is a kind of participation of email users in the sending of emails for a period of time and depicted in “Fig. 2”.
The actual email graph is represented on the 1st layer is considered as the principal or base-layer. Then the
required three numbers of subsequent layers are to be generated from base-layer based on some criteria which
are suited for the email graph. The 2" layer is generated where the criteria are the mutual communication
between the email users. So a sub-graph is generated on the 2" layer which is considered as mutual
communicator sub-graph. To detect those email nodes from the base or 1% layer email graph, there must be a
bi-directional edge between the email nodes and such email nodes edges are shown in the 2™ layer as a sub-
graph. Similarly, the 3" layer is generated where the criteria is a one-way communication between the email
users. So a sub-graph is generated on the 3" layer which is considered as a one-way communicator between the
emails nodes. To detect those email nodes from the base or 1% layer email graph, there must be the only
unidirectional edge which is pointing away to other email nodes i.e. the email node is having only out-degree
and such nodes edges are shown in the 3" layer as a sub-graph. Then the 4™ and final layer is generated where
the criteria are the no communication is sent from the email nodes among other email nodes in the email graph.
So a sub-graph is generated on the 4™ layer which is considered as dead-communicator sub-graph. To detect
those email nodes from the base or 1% layer email graph, there must be only edges pointing to the email node
from other email nodes i.e. the email node has no out-degree and such nodes edges are shown in the 4" layer as
sub-graph. However, the nodes with only in-degree but no out-degree are considered as dead communicators
for a period of time. In “Fig. 2”, the black filled nodes 8, 17, and 22 are considered as the dead communicators.
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Fig.2. Email Multi-layer Graph

Fig.3. Telephone Multi-layer Graph
iii. Representation of Telephone Graph as Multi-layer Graph

The third example of the social graph is the Telephone Graph. It consists of twenty-two numbers of
telephone number nodes ranging from 11 to 17, 22 to 27, and 33 to 38 respectively. It is a directed graph and
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the indication of directed edge is the participation of a telephone number node calling to other telephone
number node in the telephone graph and depicted in “Fig. 3”. The 1* digit of node ID refers to the service
provider codes. Therefore, there are three service providers having service provider codes 1, 2, and 3
respectively. The actual telephone graph is represented on the 1% layer is considered as the principal or base-
layer. The author needs to generate four numbers of layers based on some criteria. The 2™ layer is generated
where the criteria are of dissimilar service provider’s calling made by the telephone user in the telephone graph.
So a sub-graph is generated on the 2™ layer where the calls are made between dissimilar service providers and
the sub-graph is considered as dissimilar service provider’s sub-graph. To detect those nodes from the base or
principal layer telephone graph, there must be an edge between two nodes from different service providers and
such telephone nodes edges are shown in the 2nd layer as a sub-graph. Then the 3", 4", and 5" layers for
generation of the same service provider’s sub-graphs since the telephone graph have three types of service
providers. Based on the criteria these service providers nodes are detected from the base or principal layer
telephone graph and corresponding nodes are shown in the layers 3™, 4™ and 5™ respectively as sub-graphs.
Therefore, these sub-graphs are considered as 1 service provider sub-graph, 2" service provider graph, and 3™
service provider graph respectively.

5. Experimental results

The author has considered three examples of social graphs namely Author Graph, Email Graph, and
Telephone Graph. To implement the algorithm for the above three graphs, the author has created three sets of
datasets namely {Anode.Txt, Aedge.Txt} for Author Graph, {Enode.Txt, Eedge.Txt} for Email Graph, and
{Tnode.Txt, Tedge.Txt} for Telephone Graph respectively.
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Fig.4. Dataset of Author Graph
i. Example-1

The Author Multi-Layer graph has twenty-two numbers of author nodes and three layers of graphs based on
their characteristics depicted in “Fig. 1”. To run the proposed algorithm, the author has created two datasets
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namely “Anode.Txt” and “Aedge.Txt” depicted in “Fig. 4”. The 1% dataset “Anode.Txt” consists of the total
number of layers, the total number of nodes, and the twenty-two numbers of node IDs. The 2nd dataset
“Aedge.Txt” contains a pair of nodes “From Node IDs” and “To Node IDs” where the actual edge is present in
the graph. The dataset files “Anode.Txt” and “Aedge.Txt” are replaced with ‘“Node Dataset.Txt” and
“Edge Dataset. Txt” in the algorithm for representation of Authors Graph as multi-layer graph with three layers
based on its characteristics. To represent Authors Graph as a multi-layer graph in memory, the author has
considered a multi-dimension array MLAM][3][22][22], with three numbers of layers. Here each layer is
considered as adjacency matrix having order 22X22.

Upon inputting the datasets “Anode.Txt” and “Aedge.Txt” to the algorithm depicted in “Fig. 57, it has
successfully created three layers.

The 1¥ layer depicted in “Fig. 6” is considered as base-layer or principal layer. The subsequent two layers
are formed depending on its criteria.

The 2™ layer is formed based on the criteria of detection of author nodes having the joint-authors publication
of paper i.e. between a pair of author node there must be a bi-directional edge. Such author node pairs are
detected from the 1% layer adjacency matrix and assign a value 1 in the 2" layer’s corresponding nodes of the
adjacency matrix. Here the author node pairs are {(1, 3), (3, 1)}, {(2, 4), (4, 2)}, {(2, 5), (5, 2)}, {(4, 21), (21,
4N}, {(5, 15), (15, 5)}, {(11, 19), (19, 11)}, and {(17, 20), (20, 17)} which has bi-directions with assignments of
Is and depicted in “Fig. 1 (Layer-2)” and “Fig. 7” respectively.
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Fig.8. Adjacency Matrix of First Author Publication of Papers Sub-graph

Similarly, the 3 layer is formed based on the criteria of detection of author node which is responsible as the
first author for publication of papers. The author nodes having only in-degree but no out-degree are detected
from the 1% layer adjacency matrix and assigned a value 1 to all the corresponding nodes in the 3rd layer
adjacency matrix which is the indication of in-degrees. Here the author nodes with out-degree zero are 6, 8, 14,
18, and 22 depicted in “Fig. 1 (Layer-3)” and “Fig. 8” respectively.
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ii. Example-2

The Email Multi-Layer graph has twenty-two numbers of email nodes and four layers of graphs based on
their characteristics depicted in “Fig. 2”. To run the proposed algorithm, the author has created two datasets
namely “Enode.Txt” and “Eedge.Txt” depicted in “Fig. 9”. The 1* dataset “Enode.Txt” consists of the total
number of layers, the total number of nodes, and the twenty-two numbers of node IDs. The 2" dataset
“Eedge.Txt” contains a pair of email nodes “From Node IDs” and “To Node IDs” where the actual edge is
present in the graph.
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Fig.9. Dataset of Email Graph

The dataset files “Enode.Txt” and “Eedge.Txt” are replaced with the “Node Dataset.Txt” and
“Edge Dataset. Txt” in the algorithm for representation of Email Graph as a multi-layer graph with four layers
based on its criteria.

To represent the Email Graph as a multi-layer graph in memory, the author has considered a multi-dimension
array MLAM[4][22][22], with four numbers of layers and each layer, is considered as the adjacency matrix of
order 22X22.

Upon inputting the datasets “Enode.Txt” and “Eedge.Txt” to the algorithm depicted in “Fig. 107, it has
successfully created four layers and depicted in “Fig. 117, “Fig. 127, “Fig. 13”, and “Fig. 14” respectively.
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Fig.10. Dataset Input of Email Graph
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The 1% layer is considered as base-layer or principal layer. The subsequent three layers are formed depending
on its criteria.

The 2™ layer depicted in “Fig. 12” is formed based on the criteria of detection of mutual (two-way)
communicator email node from the 1st layer adjacency matrix and the corresponding node pairs are assigned
with a value 1 in the 2" layer adjacency matrix. Here the email node pairs {(1, 3), (3, 1)}, {(2, 4), (4, 2)}, {(2,
5), (5, 2)}, {(4, 21), (21, 4)}, {(5, 15), (15, 5)}, {(6, 13), (13, 6)}, and {(11, 19), (19, 11)} are considered as
two-way communicators and depicted in “Fig. 2 (Layer-2)” and “Fig. 12” respectively.

Similarly, the 3 layer is formed based on the characteristics of detection of email nodes which has sent
emails to other email nodes but not received any emails during a period of time. Such email nodes edges are
detected from the 1% layer adjacency matrix and the corresponding nodes are assigned a value 1 in the 3" layer
adjacency matrix. It means detection of only such mail nodes having edge away from it and depicted in “Fig. 2
(Layer-3)” and “Fig. 13” respectively. The node pairs (1, 2), (2, 6), (3, 4), (3, 10), (4, 15), (5, 6), (7, 5), (7, 8),
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(7,9), (7, 11), (7, 20), (9, 8), (9, 11), (9, 15), (10, 13), (10, 21), (11, 16), (11, 20), 12, 18), (13, 8), (13, 22), (14,
17), (14, 22), (15, 14), (15, 21), (15, 22), (16, 9), (16, 14), (18, 16), (18, 17), (18, 20), (19, 12), (19, 16), (19,
18), (20, 8), (20, 17), and (21, 22) are considered as one-way sender and the adjacency matrix formed is said to
be one-way sender adjacency matrix.

Finally, the 4™ layer is formed based on the characteristics of detection of email node which has received
emails but not sent emails during a period of time. So the email nodes having only in-degree but no out-degree
are detected from the 1% layer adjacency matrix and the corresponding nodes are assigned a value 1 in the 4™
layer adjacency matrix. The created adjacency matrix is said to be one-way receiver adjacency matrix. Here the
email nodes 8, 17, and 22 are said to be dead email nodes since it has received emails from other email nodes
and depicted in “Fig. 2 (Layer-4)” and “Fig. 14” respectively.

iii. Example-3

The Telephone Multi-Layer graph has twenty-two numbers of phone nodes and five layers of graphs based
on their characteristics depicted in “Fig. 3”. To run the proposed algorithm, the author has created two datasets
namely “Tnode.Txt” and “Tedge.Txt” depicted in “Fig. 15”. The 1* dataset “Tnode.Txt” contains the total
number of layers, the total number of nodes, and the twenty-two numbers of phone node 1Ds. The 2" dataset
“Tedge.Txt” contains a pair of phone nodes “From Node IDs” and “To Node IDs” where the actual edge is
present in the graph.

The dataset files “Tnode.Txt” and “Tedge.Txt” are replaced with “Node Dataset.Txt” and
“Edge Dataset.Txt” in the algorithm for representation of Telephone Graph as multi-layer graph with five
layers based on its criteria.

To represent Telephone Graph as a multi-layer graph in memory, the author has considered a multi-
dimension array MLAM[5][22][22], with five numbers of layers and each layer, is considered as the adjacency
matrix of order 22X22.

Upon inputting the datasets “Tnode.Txt” and “Tedge.Txt” to the algorithm depicted in “Fig. 16”, which has
successfully created five layers of adjacency matrices.
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Total Nodes «— 22 1 13

~— 11 12 4
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16 13 32
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— 24 = 15 12 -
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o 26 2 15 35 st
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Fig.15. Dataset of Telephone Graph
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The 1% layer depicted in “Fig. 17” is considered as the base-layer or principal layer. The remaining four
layers are formed depending on its criteria.

The 2" layer depicted in “Fig. 18” is considered as dissimilar service providers’ communication sub-graph.
It has detected the phone node pair connectivity between two different service providers. Such phone node
pairs are detected from base-layer adjacency matrix and the corresponding node pairs are assigned a value 1 in
the 2" layer adjacency matrix. The node pairs (13, 32), (13, 33), (14, 35), (14, 36), (15, 35), (16, 33), (16, 34),
(17, 21), (17, 23), (17, 24), (17, 25), (17, 31), (21, 31), (22, 38), (24, 15), (24, 35), (25, 37), (26, 37), (26, 38),
(27, 31), (27, 38), (31, 23), (31, 25), (34, 16), (34, 25), (35, 15), and (36, 14) are considered as different service
providers communication link.

Similarly, the 3, 4™ and 5" layers are formed from the 1% layer by following the criteria as service provider
1, service provider 2, and the service provider 3 connectivity and depicted in “Fig. 197, “Fig. 20”, and “Fig. 21”
respectively. The 3 layer is created from 1% layer adjacency matrix by detecting the nodes of service provider
1’s connectivity and the corresponding nodes in the 3 layer adjacency matrix are assigned with a value 1. The
service provider 1’s node ids ranging from 11 to 17 and the pair of nodes whose connectivity among
themselves are {(11, 12), (11, 13), (12, 14), (12, 15), (12, 16), (13, 11), (13, 14), (14, 12), (15, 12), (15, 16), (17,
15)}. Similarly, the 4" and the 5" layers are created from 1st layer adjacency matrix by detecting the nodes of
the service provider 2’s and service provider 3’s connectivity, and the corresponding nodes in 4™ and 5™ layer
adjacency matrices are assigned a value 1. The service provider 2’s node ids ranging from 21 to 27 and the pair
of nodes whose connectivity among themselves are {(21, 22), (21, 26), (22, 21), (22, 23), (22, 26), (22, 27), (23,
27), (24, 21), (24, 25), (26, 24), (27, 26)}. Similarly, the service provider 3’s node ids ranging from 31 to 38
and the pair of connectivity nodes are {(31, 38), (32, 37), (33, 34), (33, 36), (34, 32), (35, 36), (35, 37), (36, 32),
(37, 32), (37, 38), (38, 31)}.
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Fig.19. Adjacency Matrix of Service Provider 1 Sub-graph
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Fig.20. Adjacency Matrix of Service Provider 2 Sub-graph
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Layer-5 of Telephone Graph
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Fig.21. Adjacency Matrix of Service Provider 3 Sub-graph

6. Conclusion

The author has proposed a general model of Social Graph for representing in a multi-layer graph based on its
characteristics lies in each node. For this general model of social graph multi-layer representation, the author
has proposed an algorithm called SoGraM for representation of Social Graph as a multi-layer graph. Finally,
the proposed algorithm was implemented using C++ programming with three examples of datasets depicted in
“Fig. 47, “Fig. 97, and “Fig. 15” respectively. The author has observed the formations of three layers, four
layers, and five layers for Author Graph, Email Graph, and Telephone Graph respectively as multi-dimensional
arrays in the memory and the results were satisfactory.
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