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Abstract—This paper presents fuzzy model-based 
designs for control and synchronization of new chaotic 
system. The T–S fuzzy models for new chaotic systems 
are exactly derived. Then the asymptotic stability and 
synchronization are achieved by generalized 
backstepping method. On the other hand, this paper 
presents fuzzy model-based designs for synchronization 
of another chaotic system. Based on the T–S fuzzy new 
chaotic models, the fuzzy controllers for two different 
chaotic synchronization are designed via the active 
control technique. Numerical simulation results are 
presented to show the effectiveness of the proposed 
method. 
 
Index Terms—T-S Fuzzy Model, Generalized 
Backstepping Method, Active Control, Stability, 
Synchronization. 
 

I.  INTRODUCTION 

Control of complex irregular dynamics has evolved as 
one of the central issues in applied nonlinear science 
during the last decade. Nowadays the notion of chaos 
control involving stabilization of unstable periodic or 
stationary states in nonlinear dynamic systems has been 
extended to a much wider class of problems. Since the 
discovery of chaos synchronization introduced in [1], 
there have been tremendous interests in studying the 
synchronization of chaotic systems. Recently, much 
research on the fuzzy model-based designs to stability 
and synchronization for chaotic systems have been 
carried out based on Takagi–Sugeno (T–S) fuzzy models 
[2–4]. In [5], a fuzzy model-based designs for Chen’s 
chaotic stability and synchronization have been proposed. 
Based on the fuzzy hyperchaotic models, simpler fuzzy 
controllers have been designed for synchronizing 
hyperchaotic systems in [6]. In [7], a novel IMRAFC for 
a class of nonlinear chaotic systems subject to 
disturbances was proposed. A robust model reference 

fuzzy controller and the adaptation laws for the 
identification system were derived using an appropriate 
Lyapunov function. [8] have considered the problem of 
synchronizing a class of uncertain nonlinear systems by 
using adaptive fuzzy sliding mode control technique. In 
[9], authors have considered the robust stabilization and 
synchronization problems for nonlinear energy resource 
systems based on T-S fuzzy model. By designing the 
fuzzy state-feedback controllers, several sufficient 
conditions have been obtained to ensure the stability, 
robust stability and synchronization of nonlinear energy 
resources systems, respectively. A new adaptive interval 
type-2 fuzzy neural network (FNN) control for chaos 
synchronization between two different chaotic systems 
was proposed to handle the training data corrupted by 
noise or rule uncertainties involving external disturbances 
[10]. By investigating synchronization of chaotic systems, 
the structure of drive-response lag synchronization for 
fuzzy chaos system based on fuzzy observer was 
proposed in [11]. A Genetic based Fuzzy PID controller 
[12] has been proposed to synchronization task of chaotic 
systems in which one system has been considered as 
"master" whilst the other system has been treated as 
"slave" (a perturbed system with uncertainty and 
disturbance). In [13], two identical generalized Lorenz 
systems have been synchronized by a fuzzy controller 
based on mamdani approach and stability of the proposed 
scheme has been established by the Lyapunov stability 
theorem. In [14], the new 3 dimensional chaotic system 
was first investigated and then utilized an intelligent 
controller based on brain emotional learning (BELBIC), 
this new chaotic system was synchronized. In [15], 
stabilization and synchronization problem of the new 
hyperchaotic system was investigated. state dependent 
Riccati equation (SDRE) was applied to new 
hyperchaotic system in three ways. Stabilized system 
with know parameters, stabilized system with unknow 
parameters, sysnchronized system. 

The rest of the paper is organized as follows. In 
Section 2, the T–S fuzzy models will be presented for a 
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new 3D chaotic system. In Section 3, fuzzy stability of 
chaotic system is presented. In Section 4, synchronization 
between two new fuzzy chaotic system is achieved by 
generalized backstepping method is described. In Section 
5, synchronization between two different fuzzy chaotic 
systems is achieved by active control. Finally, Section 6 
provides, conclusion of this work. 
 

II.  T–S FUZZY MODEL OF NEW 3D CHAOTIC SYSTEM 

The T–S fuzzy dynamic model originates from Takagi 
and Sugeno [16], which is described by fuzzy IF-THEN 
rules where the consequent parts represent local linear 
models. Consider a continuous-time nonlinear dynamic 
equation as follows: 
 

𝑥̇(𝑡) = 𝑓�𝑥(𝑡)� + 𝑔�𝑥(𝑡)�𝑢(𝑡)               (1) 
 
Then the T–S fuzzy model is composed of the following 
rules: 
 
𝑅𝑢𝑙𝑒 𝑖: 𝑖𝑓 𝑧1(𝑡) 𝑖𝑠 𝑀𝑖1 & ⋯  & 𝑧𝑝(𝑡) 𝑖𝑠 𝑀𝑖𝑝 𝑡ℎ𝑒𝑛 𝑥̇(𝑡) =
𝐴𝑖𝑥(𝑡) + 𝐵𝑢(𝑡),    𝑖 = 1, 2,⋯ , 𝑟.                                     (2) 
 
Where 𝑍1(𝑡)~𝑍𝑝(𝑡)  are the premise variableswhich 
would consist of the states of the system, 𝑀𝑖𝑗 (𝑗 =
1, 2, … , 𝑝) are fuzzy sets, 𝑟 is the number of fuzzy rules, 
𝐴𝑖, 𝐵  are system matrices with appropriate dimensions. 
The final output of the fuzzy system is inferred as follows: 
 

𝑥̇(𝑡) = ∑ ℎ𝑖�𝑧(𝑡)��𝐴𝑖𝑥(𝑡) + 𝐵𝑢(𝑡)�𝑟
𝑖=1            (3) 

 
Where, 
 

ℎ𝑖�𝑧(𝑡)� =
𝑤𝑖�𝑧(𝑡)�

∑ 𝑤𝑖�𝑧(𝑡)�𝑟
𝑖=1

, 𝑤𝑖�𝑧(𝑡)� = �𝑀𝑖𝑗 �𝑧𝑗(𝑡)�
𝑝

𝑗=1

 

                                                                                         (4) 
 
Lemma [17]. The equilibrium of the continuous fuzzy 
system (3) with 𝑢(𝑡) = 0 is globally asymptotically stable 
if there exists a common positive definite matrix 𝑃 such 
that 
 

𝐴𝑖𝑇𝑃 + 𝑃𝐴𝑖 < 0, 𝑖 = 1, 2,⋯ , 𝑟                     (5) 
 
that is, a common 𝑃 has to exist for all subsystems. 
Recently, Sara Dadras and Hamid Reza Momeni 
constructed the 3D autonomous chaotic system [18]. The 
system is described by. 
 

𝑥̇ = 𝑦 − 𝑎𝑥 + 𝑏𝑦𝑧 
𝑦̇ = 𝑐𝑦 − 𝑥𝑧 + 𝑧                          (6) 
𝑧̇ = 𝑑𝑥𝑦 − ℎ𝑧 

 
Where 𝑎, 𝑏, 𝑐, 𝑑, ℎ  are positive constants and 𝑥, 𝑦, 𝑧  are 
variables of the system, when 𝑎 = 3, 𝑏 = 2.7, 𝑐 =
4.7, 𝑑 = 2, ℎ = 9, the system (6) is chaotic. See Figure 1. 

 

 

 

 

 
Fig 1. Strange attractors system (6) 

Assume that 𝑥 ∈ [−𝑔, 𝑔], 𝑦 ∈ [−𝑔, 𝑔] and 𝑔 > 0, then 
system (6) can be exactly represented by T–S fuzzy 
model as following: 
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𝑅𝑢𝑙𝑒 1: 𝑖𝑓 𝑥 𝑖𝑠 𝑀1 & 𝑦 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) = 𝐴1𝑋(𝑡)  
𝑅𝑢𝑙𝑒 2: 𝑖𝑓 𝑥 𝑖𝑠 𝑀1 & 𝑦 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) = 𝐴2𝑋(𝑡)  
𝑅𝑢𝑙𝑒 3: 𝑖𝑓 𝑥 𝑖𝑠 𝑀2 & 𝑦 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) = 𝐴3𝑋(𝑡)   
𝑅𝑢𝑙𝑒 4: 𝑖𝑓 𝑥 𝑖𝑠 𝑀2 & 𝑦 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) = 𝐴4𝑋(𝑡)        (7) 
 
Here, 
 

𝑋 = [𝑥 𝑦 𝑧]𝑇 

𝑀1(𝑥) =
1
2
�1 +

𝑥
𝑔
� ,𝑀2(𝑥) =

1
2
�1 −

𝑥
𝑔
� 

𝑁1(𝑦) = 1
2
�1 + 𝑦

𝑔
� , 𝑁2(𝑦) = 1

2
�1 − 𝑦

𝑔
�           (8) 

 
And states matrixes are: 
 

𝐴1 = �
−𝑎 1 𝑏𝑔
0 𝑐 1 − 𝑔
0 𝑑𝑔 −ℎ

� 

𝐴2 = �
−𝑎 1 −𝑏𝑔
0 𝑐 1 − 𝑔
0 𝑑𝑔 −ℎ

� 

𝐴3 = �
−𝑎 1 𝑏𝑔
0 𝑐 1 + 𝑔
0 −𝑑𝑔 −ℎ

� 

𝐴4 = �
−𝑎 1 −𝑏𝑔
0 𝑐 1 + 𝑔
0 −𝑑𝑔 −ℎ

�                    (9) 

 
That 𝑔 = 30. So the final output of the fuzzy system (7) 

is inferred as follows and the chaotic behavior is shown 
in Figure 2. 
 

𝑋̇(𝑡) = ∑ 𝑀𝑖(𝑥)𝑁𝑖(𝑦)𝐴𝑖4
𝑖=1 𝑋(𝑡)               (10) 

 
To support our analysis to be carried out in the 

following sections, some existing results are needed. 
 

 
Fig 2. Chaotic behavior of fuzzy system (7). 

 

III.  FUZZY STABILITY OF NEW CHAOTIC SYSTEM 

For new chaotic fuzzy system (7), the following fuzzy 
controller is used to stabilize it. 
 

𝑅𝑢𝑙𝑒 1: 𝑖𝑓 𝑥 𝑖𝑠 𝑀1 & 𝑦 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) = 𝐴1𝑋(𝑡) +
𝐵𝑢(𝑡)  
𝑅𝑢𝑙𝑒 2: 𝑖𝑓 𝑥 𝑖𝑠 𝑀1 & 𝑦 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) = 𝐴2𝑋(𝑡) +
𝐵𝑢(𝑡)  
𝑅𝑢𝑙𝑒 3: 𝑖𝑓 𝑥 𝑖𝑠 𝑀2 & 𝑦 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) = 𝐴3𝑋(𝑡) +
𝐵𝑢(𝑡)  
𝑅𝑢𝑙𝑒 4: 𝑖𝑓 𝑥 𝑖𝑠 𝑀2 & 𝑦 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) = 𝐴4𝑋(𝑡) +
𝐵𝑢(𝑡)                                                                             (11) 
 

Where 𝐵 = �
0
1
0
� . According to the Generalized 

Backstepping Method [19, 20] theorem, the control signal 
will be obtained: 
 
𝑅𝑢𝑙𝑒 1: 𝑖𝑓 𝑥 𝑖𝑠 𝑀1 & 𝑦 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛   
𝑢 = −[1 − 𝑎𝑏𝑔 1 + 𝑐 + 𝑏𝑔 1 − 𝑔 + 𝑑𝑔 + 𝑏𝑔 + (𝑏𝑔)2]𝑋(𝑡)   
 
𝑅𝑢𝑙𝑒 2: 𝑖𝑓 𝑥 𝑖𝑠 𝑀1 & 𝑦 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛  
 𝑢 = −[1 + 𝑎𝑏𝑔 1 + 𝑐 − 𝑏𝑔 1 − 𝑔 + 𝑑𝑔 − 𝑏𝑔 + (𝑏𝑔)2]𝑋(𝑡)  
 
𝑅𝑢𝑙𝑒 3: 𝑖𝑓 𝑥 𝑖𝑠 𝑀2 & 𝑦 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛   
𝑢 = −�1 − 𝑎𝑏𝑔 1 + 𝑐 + 𝑏𝑔 1 + 𝑔—𝑑𝑔 + 𝑏𝑔 + (𝑏𝑔)2�𝑋(𝑡)  
 
𝑅𝑢𝑙𝑒 4: 𝑖𝑓 𝑥 𝑖𝑠 𝑀2 & 𝑦 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛   
𝑢 = −[1 + 𝑎𝑏𝑔 1 + 𝑐 − 𝑏𝑔 1 + 𝑔 − 𝑑𝑔 − 𝑏𝑔 + (𝑏𝑔)2]𝑋(𝑡)     (12) 
 

Figure 3 shows that (𝑥, 𝑦, 𝑧)  states of new fuzzy 
chaotic system (7) can be stabilized with the control laws 
𝑢 (12) to the origin point(0,0,0). The time response of 
the control input 𝑢 for the stabilization new fuzzy chaotic 
system (7) shown in Figure 4. 
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Fig 3. The time response of the states (𝑥, 𝑦, 𝑧) for the controlled new 

fuzzy chaotic system (7) where the control inputs is (12). 

 
Fig 4. The time response of the control input  . 

Substituting equation (12) into equation (11) yields.  
 
𝑅𝑢𝑙𝑒 1: 𝑖𝑓 𝑥 𝑖𝑠 𝑀1 & 𝑦 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) = 𝐴1𝑋(𝑡)  
𝑅𝑢𝑙𝑒 2: 𝑖𝑓 𝑥 𝑖𝑠 𝑀1 & 𝑦 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) = 𝐴2𝑋(𝑡)  
𝑅𝑢𝑙𝑒 3: 𝑖𝑓 𝑥 𝑖𝑠 𝑀2 & 𝑦 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) = 𝐴3𝑋(𝑡)  
𝑅𝑢𝑙𝑒 4: 𝑖𝑓 𝑥 𝑖𝑠 𝑀2 & 𝑦 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) = 𝐴4𝑋(𝑡)      (13) 
 
Where 
 

𝐴1 = �
−𝑎 1 𝑏𝑔

𝑎𝑏𝑔 − 1 −𝑏𝑔 − 1 −𝑑𝑔 − 𝑏𝑔 − (𝑏𝑔)2
0 𝑑𝑔 −ℎ

�  

𝐴2 = �
−𝑎 1 −𝑏𝑔

−𝑎𝑏𝑔 − 1 𝑏𝑔 − 1 −𝑑𝑔 + 𝑏𝑔 − (𝑏𝑔)2
0 𝑑𝑔 −ℎ

�  

𝐴3 = �
−𝑎 1 𝑏𝑔

𝑎𝑏𝑔 − 1 −𝑏𝑔 − 1 𝑑𝑔 − 𝑏𝑔 − (𝑏𝑔)2
0 −𝑑𝑔 −ℎ

�  

𝐴4 = �
−𝑎 1 −𝑏𝑔

−𝑎𝑏𝑔 − 1 𝑏𝑔 − 1 𝑑𝑔 + 𝑏𝑔 − (𝑏𝑔)2
0 −𝑑𝑔 −ℎ

�         (14) 

 
We select 𝑄 = 𝐼3×3 and the matrix 𝑃 will be obtained: 
 

𝐴𝑖𝑇𝑃 + 𝑃𝐴𝑖 = −𝑄, 𝑖 = 1,2,3,4                   (15) 

𝑃 = �
0.1429 −0.714 61.9693
−0.714 0.2143 −274.9887
61.9693 −274.9887 200466.879

�      (16) 

 

IV.  FUZZY SYNCHRONIZATION OF NEW CHAOTIC SYSTEM 

In order to achieve the behavior of the synchronization 
between two new fuzzy chaotic system by using the 
generalized backstepping metod, suppose the drive 
system (7) and the slave system takes the following from. 
 
𝑅𝑢𝑙𝑒 1: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀1 & 𝑦� 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑋�̇(𝑡) = 𝐴1𝑋�(𝑡) +
𝐵𝑢(𝑡)  
𝑅𝑢𝑙𝑒 2: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀1 & 𝑦� 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑋�̇(𝑡) = 𝐴2𝑋�(𝑡) +
𝐵𝑢(𝑡)  
𝑅𝑢𝑙𝑒 3: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀2 & 𝑦� 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑋�̇(𝑡) = 𝐴3𝑋�(𝑡) +
𝐵𝑢(𝑡)  
𝑅𝑢𝑙𝑒 4: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀2 & 𝑦� 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑋�̇(𝑡) = 𝐴4𝑋�(𝑡) +
𝐵𝑢(𝑡)                                                                             (17) 
 
Where 
 

𝑋� = [𝑥� 𝑦� 𝑧̃]𝑇, 
𝑢(𝑡) = [𝑢1(𝑡) 𝑢2(𝑡)]𝑇, 

𝐵 = �
0 0
1 0
0 1

�                                 (18) 

 
Then the defuzzification process is given as 

 
𝑋�̇(𝑡) = ∑ 𝑀𝑖(𝑥�)𝑁𝑖(𝑦�) �𝐴𝑖𝑋�(𝑡) + 𝐵𝑢(𝑡)�4

𝑖=1      (19) 
 
Assume that 𝑒(𝑡) = 𝑋�(𝑡) − 𝑋(𝑡), we obtain 
 
𝑒̇(𝑡) =
∑ 𝑀𝑖(𝑥)𝑁𝑖(𝑦)𝐴𝑖4
𝑖=1 𝑋(𝑡) − ∑ 𝑀𝑖(𝑥�)𝑁𝑖(𝑦�) �𝐴𝑖𝑋�(𝑡) +4

𝑖=1

𝐵𝑢(𝑡)�                                                                          (20) 
 

According to the Generalized Backstepping Method 
theorem, the control signals will be obtained: 
 

𝑅𝑢𝑙𝑒 1: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀1 & 𝑦� 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 �𝑢1
(𝑡)

𝑢2(𝑡)� =

� 𝑎 − 2 −(𝑐 + 3) −(𝑏𝑔 − 𝑔 + 1)
−(𝑏𝑔 + 1) −𝑑𝑔 ℎ − 2 � 𝑒(𝑡)   

 

𝑅𝑢𝑙𝑒 2: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀1 & 𝑦� 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 �𝑢1
(𝑡)

𝑢2(𝑡)� =

� 𝑎 − 2 −(𝑐 + 3) 𝑏𝑔 + 𝑔 − 1
𝑏𝑔 − 1 −𝑑𝑔 ℎ − 2 � 𝑒(𝑡)  

 

𝑅𝑢𝑙𝑒 3: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀2 & 𝑦� 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 �𝑢1
(𝑡)

𝑢2(𝑡)� =

� 𝑎 − 2 −(𝑐 + 3) −(𝑏𝑔 + 𝑔 + 1)
−(𝑏𝑔 + 1) 𝑑𝑔 ℎ − 2 � 𝑒(𝑡)  
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𝑅𝑢𝑙𝑒 4: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀2 & 𝑦� 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 �𝑢1
(𝑡)

𝑢2(𝑡)� =

� 𝑎 − 2 −(𝑐 + 3) 𝑏𝑔 − 𝑔 − 1
𝑏𝑔 − 1 𝑑𝑔 ℎ − 2 � 𝑒(𝑡)                       (21) 

 
The initial values of the the drive and response systems 

are 𝑥1(0) = −2, 𝑦1(0) = 1, 𝑧1(0) = −3  and 𝑥2(0) =
1, 𝑦2(0) = −1, 𝑧2(0) = 1  respectively. The time 
response of 𝑥, 𝑦, 𝑧  states for drive system (7) and the 
response system (17) shown in Figure 5. Synchronization 
errors �𝑒𝑥, 𝑒𝑦, 𝑒𝑧�  in the new fuzzy chaotic systems 
shown in Figure 6. The time response of the control 
inputs (𝑢1, 𝑢2) for the synchronization new fuzzy chaotic 
systems shown in Figure 7. 
 

 

 

 
Fig 5. The time response of signals (𝑥, 𝑦, 𝑧) for drive system (7) and 

response system (17). 

 

 

 

Fig 6. Synchronization errors �𝑒𝑥, 𝑒𝑦, 𝑒𝑧� in drive system (7) and 
response system (17). 
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Fig 7. The time response of the control inputs (𝑢1, 𝑢2) for drive system 

(7) and response system (17). 

Substituting equation (21) into equation (17) yields.  
 
𝑅𝑢𝑙𝑒 1: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀1 & 𝑦� 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑒̇(𝑡) = 𝐴1𝑒(𝑡)  
𝑅𝑢𝑙𝑒 2: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀1 & 𝑦� 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑒̇(𝑡) = 𝐴2𝑒(𝑡)  
𝑅𝑢𝑙𝑒 3: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀2 & 𝑦� 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑒̇(𝑡) = 𝐴3𝑒(𝑡)  
𝑅𝑢𝑙𝑒 4: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀2 & 𝑦� 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑒̇(𝑡) = 𝐴4𝑒(𝑡)        (22) 
 
Where 
 

𝐴1 = 𝐴3 = �
−𝑎 1 𝑏𝑔
𝑎 − 2 −3 −𝑏𝑔

−(𝑏𝑔 + 1) 0 −2
� 

𝐴2 = 𝐴4 = �
−𝑎 1 −𝑏𝑔
𝑎 − 2 −3 𝑏𝑔
𝑏𝑔 − 1 0 −2

�                (23) 

 
We select 𝑄 = 𝐼3×3 and the matrix 𝑃 will be obtained: 

 
𝐴𝑖𝑇𝑃 + 𝑃𝐴𝑖 = −𝑄, 𝑖 = 1,2,3,4                   (24) 

 

𝑃 =

⎣
⎢
⎢
⎢
⎡
119
576

13
192

−5
96

13
192

109
576

−1
96

−5
96

−1
96

1
4 ⎦
⎥
⎥
⎥
⎤
                              (25) 

 

V.  FUZZY SYNCHRONIZATION OF TWO DIFFERENT 
CHAOTIC SYSTEM 

Recently, Chunlai Li, Hongmin Li and Yaonan Tong 
constructed the 3D autonomous chaotic system [21]. The 
system is described by. 
 

𝑥̇ = −𝑎𝑥 + 𝑏𝑦𝑧 
𝑦̇ = 𝑐𝑦 − 𝑓𝑥𝑧                              (26) 
𝑧̇ = 𝑑𝑦2 − ℎ𝑧 

 
Where 𝑎, 𝑏, 𝑐, 𝑑, 𝑓, ℎ  are positive constants and 𝑥, 𝑦, 𝑧 

are variables of the system, when 𝑎 = 16, 𝑏 = 0.5, 𝑐 =
10, 𝑑 = 18, 𝑓 = 6, ℎ = 5, the system (26) is chaotic. See 
Figure 8. 

 

 

 

 
Fig 8. Strange attractors system (26) 
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Assume that 𝑥 ∈ [−𝑔, 𝑔], 𝑦 ∈ [−𝑔, 𝑔] and 𝑔 > 0, then 
system (26) can be exactly represented by T–S fuzzy 
model as following: 
 
𝑅𝑢𝑙𝑒 1: 𝑖𝑓 𝑥 𝑖𝑠 𝑀1 & 𝑦 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) = 𝐴1𝑋(𝑡)  
𝑅𝑢𝑙𝑒 2: 𝑖𝑓 𝑥 𝑖𝑠 𝑀1 & 𝑦 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) = 𝐴2𝑋(𝑡)  
𝑅𝑢𝑙𝑒 3: 𝑖𝑓 𝑥 𝑖𝑠 𝑀2 & 𝑦 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) = 𝐴3𝑋(𝑡)  
𝑅𝑢𝑙𝑒 4: 𝑖𝑓 𝑥 𝑖𝑠 𝑀2 & 𝑦 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) = 𝐴4𝑋(𝑡)      (27) 
 
Here, 
 

𝑋 = [𝑥 𝑦 𝑧]𝑇 

𝑀1(𝑥) =
1
2
�1 +

𝑥
𝑔
� ,𝑀2(𝑥) =

1
2
�1 −

𝑥
𝑔
� 

𝑁1(𝑦) = 1
2
�1 + 𝑦

𝑔
� , 𝑁2(𝑦) = 1

2
�1 − 𝑦

𝑔
�         (28) 

 
And states matrixes are: 
 

𝐴1 = �
−𝑎 0 𝑏𝑔
0 𝑐 −𝑓𝑔
0 𝑑𝑔 −ℎ

� 

𝐴2 = �
−𝑎 0 −𝑏𝑔
0 𝑐 −𝑓𝑔
0 −𝑑𝑔 −ℎ

� 

𝐴3 = �
−𝑎 0 𝑏𝑔
0 𝑐 𝑓𝑔
0 𝑑𝑔 −ℎ

� 

𝐴4 = �
−𝑎 0 −𝑏𝑔
0 𝑐 𝑓𝑔
0 −𝑑𝑔 −ℎ

�                  (29) 

 
That 𝑔 = 30. So the final output of the fuzzy system 

(27) is inferred as follows and the chaotic behavior is 
shown in Figure 9. 
 

𝑋̇(𝑡) = ∑ 𝑀𝑖(𝑥)𝑁𝑖(𝑦)𝐴𝑖4
𝑖=1 𝑋(𝑡)                   (30) 

 
To support our analysis to be carried out in the 

following sections, some existing results are needed. 
 

 
Fig 9. Chaotic behavior of fuzzy system (27). 

Suppose the master and slave systems takes the 
following from 

 
𝑀𝑎𝑠𝑡𝑒𝑟 𝑆𝑦𝑠𝑡𝑒𝑚:  
𝑅𝑢𝑙𝑒 1: 𝑖𝑓 𝑥 𝑖𝑠 𝑀1 & 𝑦 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) =

�
−𝑎1 0 𝑏1𝑔

0 𝑐1 −𝑓1𝑔
0 𝑑1𝑔 −ℎ1

�  𝑋(𝑡)  

 
𝑅𝑢𝑙𝑒 2: 𝑖𝑓 𝑥 𝑖𝑠 𝑀1 & 𝑦 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) =

�
−𝑎1 0 −𝑏1𝑔

0 𝑐1 −𝑓1𝑔
0 −𝑑1𝑔 −ℎ1

�𝑋(𝑡)  

 
𝑅𝑢𝑙𝑒 3: 𝑖𝑓 𝑥 𝑖𝑠 𝑀2 & 𝑦 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) =

�
−𝑎1 0 𝑏1𝑔

0 𝑐1 𝑓1𝑔
0 𝑑1𝑔 −ℎ1

�𝑋(𝑡)  

 
𝑅𝑢𝑙𝑒 4: 𝑖𝑓 𝑥 𝑖𝑠 𝑀2 & 𝑦 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑋̇(𝑡) =

�
−𝑎1 0 −𝑏1𝑔

0 𝑐1 𝑓1𝑔
0 −𝑑1𝑔 −ℎ1

�𝑋(𝑡)                                          (31) 

 
And  
 
𝑆𝑙𝑎𝑣𝑒 𝑆𝑦𝑠𝑡𝑒𝑚:  
𝑅𝑢𝑙𝑒 1: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀1 & 𝑦� 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑋�̇(𝑡) =

�
−𝑎2 1 𝑏2𝑔

0 𝑐2 1 − 𝑔
0 𝑑2𝑔 −ℎ2

�𝑋�(𝑡) + 𝐵𝑢(𝑡)  

 
𝑅𝑢𝑙𝑒 2: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀1 & 𝑦� 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑋�̇(𝑡) =

�
−𝑎2 1 −𝑏2𝑔

0 𝑐2 1 − 𝑔
0 𝑑2𝑔 −ℎ2

�𝑋�(𝑡) + 𝐵𝑢(𝑡)  

 
𝑅𝑢𝑙𝑒 3: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀2 & 𝑦� 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑋�̇(𝑡) =

�
−𝑎2 1 𝑏2𝑔

0 𝑐2 1 + 𝑔
0 −𝑑2𝑔 −ℎ2

�𝑋�(𝑡) + 𝐵𝑢(𝑡)  

 
𝑅𝑢𝑙𝑒 4: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀2 & 𝑦� 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑋�̇(𝑡) =

�
−𝑎2 1 −𝑏2𝑔

0 𝑐2 1 + 𝑔
0 −𝑑2𝑔 −ℎ2

�𝑋�(𝑡) + 𝐵𝑢(𝑡)                           (32) 

 
Where 
 

𝑢(𝑡) = [𝑢1(𝑡) 𝑢2(𝑡) 𝑢3(𝑡)]𝑇 

𝐵 = �
1 0 0
0 1 0
0 0 1

�                            (33) 

 
Assume that 𝑒(𝑡) = 𝑋�(𝑡) − 𝑋(𝑡), we obtain 
 
𝑒̇(𝑡) =
∑ 𝑀𝑖(𝑥)𝑁𝑖(𝑦)𝐴𝑖4
𝑖=1 𝑋(𝑡) − ∑ 𝑀𝑖(𝑥�)𝑁𝑖(𝑦�) �𝐴𝑖𝑋�(𝑡) +4

𝑖=1

𝐵𝑢(𝑡)�                                                                           (34) 
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Rewrite the equation (34), we obtain 
 
𝑅𝑢𝑙𝑒 1: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀1 & 𝑦� 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑒̇(𝑡) = 𝐴1𝑒(𝑡) +
𝐴́1𝑋(𝑡) + 𝐵𝑢(𝑡)  
𝑅𝑢𝑙𝑒 2: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀1 & 𝑦� 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑒̇(𝑡) = 𝐴2𝑒(𝑡) +
𝐴́2𝑋(𝑡) + 𝐵𝑢(𝑡)  
𝑅𝑢𝑙𝑒 3: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀2 & 𝑦� 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑒̇(𝑡) = 𝐴3𝑒(𝑡) +
𝐴́3𝑋(𝑡) + 𝐵𝑢(𝑡)  
𝑅𝑢𝑙𝑒 4: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀2 & 𝑦� 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑒̇(𝑡) = 𝐴4𝑒(𝑡) +
𝐴́4𝑋(𝑡) + 𝐵𝑢(𝑡)                                                           (35) 
 
Where 
 

𝐴1 = �
−𝑎2 1 𝑏2𝑔

0 𝑐2 1 − 𝑔
0 𝑑2𝑔 −ℎ2

�  

𝐴́1 = �
𝑎1 − 𝑎2 1 (𝑏2 − 𝑏1)𝑔

0 𝑐2 − 𝑐1 𝑓1𝑔 − 1 + 𝑔
0 (𝑑2 − 𝑑1)𝑔 ℎ1 − ℎ2

�  

𝐴2 = �
−𝑎2 1 −𝑏2𝑔

0 𝑐2 1 − 𝑔
0 𝑑2𝑔 −ℎ2

�  

 𝐴́2 = �
𝑎1 − 𝑎2 1 (𝑏1 − 𝑏2)𝑔

0 𝑐2 − 𝑐1 𝑓1𝑔 − 1 + 𝑔
0 (𝑑1 − 𝑑2)𝑔 ℎ1 − ℎ2

�  

𝐴3 = �
−𝑎2 1 𝑏2𝑔

0 𝑐2 1 + 𝑔
0 −𝑑2𝑔 −ℎ2

�  

 𝐴́3 = �
𝑎1 − 𝑎2 1 (𝑏2 − 𝑏1)𝑔

0 𝑐2 − 𝑐1 1 + 𝑔 − 𝑓1𝑔
0 (𝑑2 − 𝑑1)𝑔 ℎ1 − ℎ2

�  

𝐴4 = �
−𝑎2 1 −𝑏2𝑔

0 𝑐2 1 + 𝑔
0 −𝑑2𝑔 −ℎ2

�  

𝐴́4 = �
𝑎1 − 𝑎2 1 (𝑏1 − 𝑏2)𝑔

0 𝑐2 − 𝑐1 1 + 𝑔 − 𝑓1𝑔
0 (𝑑1 − 𝑑2)𝑔 ℎ1 − ℎ2

�               (36) 

 
According to the Active Control Method, the control 

signals will be obtained: 
 
𝑅𝑢𝑙𝑒 1: 𝑖𝑓 𝑥 𝑖𝑠 𝑀1 & 𝑦 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛   

�
𝑢1(𝑡)
𝑢2(𝑡)
𝑢3(𝑡)

� =  −𝐴́1𝑋(𝑡) + 𝐵 �
𝑣1(𝑡)
𝑣2(𝑡)
𝑣3(𝑡)

�  & �
𝑣1(𝑡)
𝑣2(𝑡)
𝑣3(𝑡)

� =

− �
−𝑎2 + 𝑘1 1 𝑏2𝑔

0 𝑐2 + 𝑘2 1 − 𝑔
0 𝑑2𝑔 −ℎ2 + 𝑘3

� 𝑒(𝑡)  

 
𝑅𝑢𝑙𝑒 2: 𝑖𝑓 𝑥 𝑖𝑠 𝑀1 & 𝑦 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛  

 �
𝑢1(𝑡)
𝑢2(𝑡)
𝑢3(𝑡)

� =  −𝐴́2𝑋(𝑡) + 𝐵 �
𝑣1(𝑡)
𝑣2(𝑡)
𝑣3(𝑡)

�  & �
𝑣1(𝑡)
𝑣2(𝑡)
𝑣3(𝑡)

� =

− �
−𝑎2 + 𝑘1 1 −𝑏2𝑔

0 𝑐2 + 𝑘2 1 − 𝑔
0 𝑑2𝑔 −ℎ2 + 𝑘3

� 𝑒(𝑡)  

 

𝑅𝑢𝑙𝑒 3: 𝑖𝑓 𝑥 𝑖𝑠 𝑀2 & 𝑦 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛   

�
𝑢1(𝑡)
𝑢2(𝑡)
𝑢3(𝑡)

� =  −𝐴́3𝑋(𝑡) + 𝐵 �
𝑣1(𝑡)
𝑣2(𝑡)
𝑣3(𝑡)

�  & �
𝑣1(𝑡)
𝑣2(𝑡)
𝑣3(𝑡)

� =

− �
−𝑎2 + 𝑘1 1 𝑏2𝑔

0 𝑐2 + 𝑘2 1 + 𝑔
0 −𝑑2𝑔 −ℎ2 + 𝑘3

� 𝑒(𝑡)  

 
𝑅𝑢𝑙𝑒 4: 𝑖𝑓 𝑥 𝑖𝑠 𝑀2 & 𝑦 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛   

�
𝑢1(𝑡)
𝑢2(𝑡)
𝑢3(𝑡)

� =  −𝐴́4𝑋(𝑡) + 𝐵 �
𝑣1(𝑡)
𝑣2(𝑡)
𝑣3(𝑡)

�  & �
𝑣1(𝑡)
𝑣2(𝑡)
𝑣3(𝑡)

� =

− �
−𝑎2 + 𝑘1 1 −𝑏2𝑔

0 𝑐2 + 𝑘2 1 + 𝑔
0 −𝑑2𝑔 −ℎ2 + 𝑘3

� 𝑒(𝑡)                     (37) 

 
Where 𝑘𝑖, 𝑖 = 1,2,3 are positive gains. We select the 

gains of controllers (37) 𝑘1 = 10, 𝑘2 = 10, 𝑘3 = 10. The 
initial values of the the drive and response systems are 
𝑥1(0) = 2.2, 𝑦1(0) = 2.4, 𝑧1(0) = 3  and 𝑥2(0) =
−2.2, 𝑦2(0) = −2.4, 𝑧2(0) = −3  respectively. The time 
response of 𝑥, 𝑦, 𝑧  states for drive system (31) and the 
response system (32) shown in Figure 10. 
Synchronization errors �𝑒𝑥, 𝑒𝑦, 𝑒𝑧�  shown in Figure 11. 
The time response of the control inputs (𝑢1, 𝑢2, 𝑢3) for 
the synchronization two different fuzzy chaotic systems 
shown in Figure 12. 
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Fig 10. The time response of signals (𝑥, 𝑦, 𝑧) for drive system (31) and 

response system (32). 

 

 

 

Fig 11. Synchronization errors �𝑒𝑥, 𝑒𝑦, 𝑒𝑧� in drive system (31) and 
response system (32). 

 

 

 

 
Fig 12. The time response of the control inputs (𝑢1, 𝑢2, 𝑢3) for drive 

system (31) and response system (32). 

Substituting equation (37) into equation (32) yields. 
  
𝑅𝑢𝑙𝑒 1: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀1 & 𝑦� 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑒̇(𝑡) = 𝐴1𝑒(𝑡)  
𝑅𝑢𝑙𝑒 2: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀1 & 𝑦� 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑒̇(𝑡) = 𝐴2𝑒(𝑡)  
𝑅𝑢𝑙𝑒 3: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀2 & 𝑦� 𝑖𝑠 𝑁1 𝑡ℎ𝑒𝑛 𝑒̇(𝑡) = 𝐴3𝑒(𝑡)  
𝑅𝑢𝑙𝑒 4: 𝑖𝑓 𝑥� 𝑖𝑠 𝑀2 & 𝑦� 𝑖𝑠 𝑁2 𝑡ℎ𝑒𝑛 𝑒̇(𝑡) = 𝐴4𝑒(𝑡)        (38) 
 
Where 
 

𝐴1 = 𝐴2 = 𝐴3 = 𝐴4 = �
−𝑘1 0 0

0 −𝑘2 0
0 0 −𝑘3

�       (39) 

 
We select 𝑄 = 𝐼3×3 and the matrix 𝑃 will be obtained: 
 

𝐴𝑖𝑇𝑃 + 𝑃𝐴𝑖 = −𝑄, 𝑖 = 1,2,3,4                (40)
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𝑃 = 1
20
𝐼3×3                            (41) 

 

VI.  CONCLUSION 

In this paper, a fuzzy model-based designs for new 3D 
chaotic stability and synchronization have been proposed. 
Based on the fuzzy chaotic models, simpler fuzzy 
controllers have been designed for stabilizing and 
synchronizing new chaotic systems via generalized 
backstepping method. Then the synchronization of two 
different chaotic system are achieved by solving active 
control. Finally, numerical simulation was given to verify 
the effectiveness of the proposed controllers. 
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