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Abstract—Differential evolution (DE) is a stochastic
population-based optimization algorithm first introduced
in 1995. It is an efficient search method that is widely
used for solving global optimization problems. It has
three control parameters: the scaling factor (F), the
crossover rate (CR), and the population size (NP). As any
evolutionary algorithm (EA), the performance of DE
depends on its exploration and exploitation abilities for
the search space. Tuning the control parameters and
choosing a suitable mutation strategy play an important
role in balancing the rate of exploration and exploitation.
Many variants of the DE algorithm have been introduced
to enhance its exploration and exploitation abilities. All
of these DE variants try to achieve a good balance
between exploration and exploitation rates. In this paper,
an enhanced DE algorithm with multi-mutation strategies
and self-adapting control parameters is proposed. We use
three forms of mutation strategies with their associated
self-adapting control parameters. Only one mutation
strategy is selected to generate the trial vector. Switching
between these mutation forms during the evolution
process provides dynamic rates of exploration and
exploitation. Having different rates of exploration and
exploitation through the optimization process enhances
the performance of DE in terms of accuracy and
convergence rate. The proposed algorithm is evaluated
over 38 benchmark functions: 13 traditional functions, 10
special functions chosen from CEC2005, and 15 special
functions chosen from CEC2013. Comparison is made in
terms of the mean and standard deviation of the error
with the standard "DE/rand/1/bin" and five state-of-the-
art DE algorithms. Furthermore, two nonparametric
statistical tests are applied in the comparison: Wilcoxon
signed-rank and Friedman tests. The results show that the
performance of the proposed algorithm is better than
other DE algorithms for the majority of the tested
functions.

Index Terms—Differential evolution, Global
optimization, Multi-mutation strategies, Self-adapting
control parameters, Evolutionary algorithms.
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. INTRODUCTION

In 1995, Storn and Price presented the first differential
evolution (DE) algorithm for global optimization
problems [1]. It is a stochastic population-based
optimization algorithm used to optimize real-parameter,
real-valued functions [2]. The DE is a simple and effective
algorithm that has a small number of adjustable control
parameters. It has been successfully used in many
engineering applications of several fields such as neural
networks, signal processing, pattern recognition, image
processing, bioinformatics, control systems, robotics,
wireless communications, and semantic web [2-8].
Exploration and exploitation abilities of any population-
based optimization algorithm play a vital role in
enhancing its accuracy and convergence speed [9]. In
exploration, an optimization algorithm explores the search
space of the problem globally in order to find new
solutions and perform coarse refinements of the candidate
solutions. In exploitation, on the other hand, it performs
fine refinements in the neighborhoods of the existing
solutions locally to improve the current solutions [9].

Recently, various variants of the DE algorithm have
been introduced to improve its exploration and
exploitation abilities. The changes of these variants are
based on designing new mutation strategies and self-
adapting control parameters [9-15]. However, the
performance of the recent DE variants is still dependent to
a great extent on the particulars of the optimization
problem at hand [4, 12]. This means that one algorithm
can succeed with certain problems but it may fail with
other problems, implying that the algorithm lacks the
required generality [4, 12]. This represents an open
research point for promising attempts to devise more
general optimization algorithms. A self-adapting DE
algorithm (SaDE) is introduced in [3], where the selection
of the strategy and the value of control parameters F and
CR are not required to be pre-defined. In [10], a mutation
strategy denoted by "DE/current-to-pbest” with optional
external archive and adapting control parameters is
proposed to form a new variant of DE called JADE. It
represents a generalization of the classic "DE/current-to-

Volume 11 (2019), Issue 4



An Enhanced Differential Evolution Algorithm with Multi-mutation Strategies
and Self-adapting Control Parameters

best". The authors in [4] propose to employ an ensemble
of mutation strategies and control parameters for the DE
algorithm (EPSDE). In EPSDE, multi-mutation strategies
and control parameter values with diverse characteristics
are collected in a pool. An improved version of JADE,
named success-history based adaptive DE algorithm
(SHADE), is presented in [16]. It uses a different
parameter adaptation mechanism for DE based on a
history of successful control parameter settings. In [17], a
competitive variant of adaptive DE, called b6e6rl, is
proposed to solve the set of benchmark functions of the
CEC 2013 competition. In this variant, the competitive
adaptation is performed through twelve different mutation
strategies and parameter settings. A modified adaptive
differential evolution (ADE) is developed in [18]. It
adopts the quasi-oppositional probability based on
population’s variance information to tune the scaling
factor (F) and the crossover rate (CR). In [19], a modified
mutation strategy and a fitness induced parent selection
scheme for the binomial crossover of DE with self-
adapting control parameters are adopted. The proposed
mutation strategy is based on the classic variant
"DE/current-to-best/1" with some maodifications. It is
referred to as MDE_pBX. In [20], an auto-enhanced
population diversity mechanism (AEPD) is proposed to be
used with DE. The population diversity is enhanced by
measuring the population distribution in each dimension
to avoid stagnation and premature convergence issues of
the DE algorithm. The authors in [11] introduce a new DE
algorithm with a hybrid mutation operator and self-
adapting control parameters (HSDE). The population is
classified into two groups; each group has different
mutation operators and self-adapting control parameters.
In [21], an abstract convex underestimation-assisted multi-
stage DE is presented. In this algorithm, the supporting
vectors of some neighboring individuals are used to
calculate the underestimation error. The variation of the
average underestimation error is used to perform three
stages of the evolutionary process with a pool of suitable
candidate strategies for each stage. In [12], a DE
algorithm with improved individual-based parameter
setting and selection strategy is suggested. Hybrid
mutation strategies with a prescribed probability and a
selection strategy based on the diversity of a weighted
fitness value are used. An enhanced fitness-adapting DE
algorithm with a modified mutation (EFADE) is given in
[22]. A triangular mutation operator is used in EFADE to
achieve a good balance between exploration and
exploitation.

Although there are many versions of the DE algorithm,
they have many drawbacks related to their performance [4,
22]. Firstly, they are good at global exploration, but they
exhibit a slow convergence at local exploitation. Secondly,
they are sensitive to the choice of the mutation strategy
and control parameter values; that is, they are problem
dependent. Thirdly, the DE performance degrades in high-
dimensional optimization problems.

In the present paper, we propose a further
improvement to the basic variants of DE that
enhances its performance in terms of the
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convergence speed and accuracy, simplicity being
preserved. A combination of three mutation
strategies and their corresponding self-adapting
control parameters is employed. The first and
second mutation strategies are taken to be
"DE/rand/1" and "DE/best/1". The third mutation
strategy is chosen to be the average between the
previous two mutation strategies. During the
evolutionary process, the locations of the current,
best, and worst individuals are utilized to determine
a suitable mutation strategy.

This paper is organized as follows: Section Il
reviews the basic variants of DE. Section Il
presents the proposed DE algorithm. In Section IV
the proposed algorithm is tested through a variety of
well-known  benchmark  optimization  functions.
Finally, Section V concludes the paper.

Il. BASIC DIFFERENTIAL EVOLUTION ALGORITHM

The procedure of the basic DE algorithm is
outlined in the following four sequential phases:
initialization, mutation, crossover, and selection [23-
25].

A. Initialization Phase

In this phase, a population of NP D-dimensional
real-valued vectors (NP is the population size) is

randomly chosen within the search spaceRP® of the
optimization problem [2]. Let X °be the target

vector that minimizes the objective function f(X). It
can be represented as[25]:

XP = (X5 X5 X5:) 1)

where x ¢, isthe j" (j=1, 2,..., D) component of the i"

(i=1,2 ... ,NP) population vector at the current
generation G (G =0, 1, .. . ,Gmax). Gmax iS the maximum
number of generations. The initial population at
generation G=0 can be generated as:

X j)l =X + ra‘ndj,i [0’1]X(Xj,max - Xj,min) (2)

j,min

where x. . and x, are the minimum and maximum

j,min j,max

bounds of the j" component in the search space,
respectively, and rand,; €[0,1]is a uniformly distributed

random number within the range [0,1].
B. Mutation Phase
In the mutation phase, the mutant (or donor) vector

V& is created for each target vector X ° . The most

common mutation strategies are generated using the
following equations [26, 27]:
"DE/best/1"

V-G+1 =X G

i best

+Fx(X5-X5) 3)
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"DE/rand/1"
VO = XS +Fx(XS-X3) (4)
"DE/best/2"

Vet = X8 +F><(Xr61—xr62)+F><(XrG3_er4) (5)

best

"DE/rand /2"
VO = XS +Fx(XS-XS)+Fx(X5-X3)  (6)
"DE/current-to-best /1"

VS = X2+ Fx(Xg

best

XP)+Fx(X5-X5) ()

where F e [0, 2] is a control parameter called the
mutation scaling factor. rl, r2, r3, r4 and r5 are random
integers within the range [1, NP], such that »1 # r2 # r3 #

rd #r5#i. X 2, is the best individual that has a minimum
objective function value at the current generation G.

C. Crossover Phase

In this phase, the trial vector U°* is generated by
exchanging the elements of the target vector X ° with the
elements of the mutant vector vV °** as [24, 28]:

UGH = V2, if rand; [0,1]<CRor j = j, )
' X2, otherwise

where CR e [0, 1] is a control parameter called the
crossover rate and j_, € [0, D] is a random integer used

to ensure that the trial vector U™ and the target
vector X ° are different.

D. Selection Phase

In this phase, the target vector X ° is compared with
the trial vector U°*, and the fittest one that has a lower

objective function value will be chosen to represent the
target vector X °**in the next generation. The selection

phase is performed using Equation (9) [2]:

Xieﬂz{uf:l, if f(USt)< f(x.f) o)
X7, otherwise

where f is the objective function to be optimized.

I1l. PROPOSED APPROACH

The performance of a DE algorithm depends on two
issues. The first issue is concerned with the choice of a
suitable mutation strategy for the optimization problems

28

that have distinct properties. The second issue is
concerned with the adaptation of the control parameters
that affect the behavior of the mutation strategy and the
crossover phase [4]. Therefore, the basic DE algorithm
with a single mutation strategy and fixed control
parameters can be modified to be more flexible and
efficient [12]. This enhancement can be achieved using
multi-mutation strategies and self-adapting control
parameters to make a balance between the exploration and
exploitation abilities.

Motivated by these facts, we propose an enhanced DE
algorithm, denoted by MSaDE, with multi-mutation
strategies and self-adapting control parameters. The
proposed algorithm makes use of three mutation strategies
with their associated self-adapting control parameters. The
first one increases the exploration ability which is related
to the global search. The second mutation strategy
increases the exploitation ability which is related to the
local search. The third one achieves a balance between the
exploration and exploitation abilities. Selection between
these three strategies is done automatically with the help
of the current, best, and worst individuals at the current
generation.

A. Proposed Multi-mutation Strategies

The location of the current individual in the search
space is a good guide metric to determine if this individual
is to be assigned to the mutation strategy at high rates of
exploration or exploitation.

Two absolute differences are calculated: (1) the
absolute difference between the objective function of the
current and worst individuals

cw ° =‘f (XP)=f (X )| (2 the absolute difference
between the objective function of current and best
individuals CBS = ‘f (X?)-f (Xgy )| - According to
the result, the current individual will be assigned to one of

three mutation strategies: "DE/rand/1", "DE/best/1", or the
average mutation. Five randomly chosen individuals

(XS8,X8,X8, X%, and X5 ) in addition to the best

r2rr3r “tra

individual (X Gt ) are used to form the proposed mutation

bes
strategies. X Sand X o, are used as the base vectors of

the first two mutations "DE/rand/1" and "DE/best/1",
respectively. The other individuals are used to create two
difference vectors: (X 5, -X ) and (X -X5) . The
difference vector with a higher objective function value is
assigned to the first mutation "DE/rand/1" to improve the
exploration search ability. It increases the ability for
searching new regions over a large search volume. The
difference vector with a lower objective function value is
assigned to the second mutation "DE/best/1" to improve
the exploitation search ability. It increases the ability for
searching new solutions in a small or immediate
neighborhood. The average of the two difference vectors
is assigned to the third mutation to balance the exploration
and exploitation abilities. The proposed three mutation
strategies to generate the mutant vector vV ¢ (i=1,2, ...,

NP) are defined as:
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Xy +FS$ xHDFC,if CB® > CW,°and rand, [0,1]<T
Vet =1 Xpy + FS x LDFS |if CB® <CW,®and rand, [0,1] > T

best
mean(X 5, Xg,) + F5 x mean(HDF®, LDF® ), otherwise
(10)

best

where HDF® and LDF° are the two difference vectors

with higher and lower objective function values,
respectively.

XSG = X5, if (XS -X3)> (X5 -X%)

(11)
XE—XS, otherwise

HDF° _{

LDF® = XSG = X% it F(X5-X5)> f(X5-X3) (12)
XE—-XS, otherwise

FS ., FS ., and F% are the scaling factors of the

proposed mutation strategies. Each scaling factor is
randomly chosen for every mutant vector from a
predefined range of values. These ranges suit the
exploration and exploitation abilities of the selected
mutation strategy. T is a predefined threshold, and

mean( ) is the arithmetic mean. The mutant vector is

generated using only one mutation of the three mutation
strategies depending on the values of the absolute

differences CB?® and CWiG with a probability threshold
condition T .

B. Parameter Adaptation Strategy

The control parameter values of the scaling factor F and
the crossover rate CR affect the performance of the DE
algorithm. For the same optimization problem, different
rates of exploration and exploitation are required during
the optimization process [9]. Therefore, it is recommended
to tune the values of the control parameters at every
generation to guide the search direction.

The proposed mutation strategies have three directions
of search: (1) search with a high exploration rate that is
achieved through the first mutation strategy, (2) search
with a high exploitation rate that is achieved through the
second mutation strategy, (3) search with a balanced rate
between them that is achieved through the third mutation
strategy. For each target vector X at the current

generation G, one of the three mutation strategies is
selected with suitable values of the scaling factor and
Crossover rate.

So, we choose the values of these control parameters
randomly from three predefined ranges. Several trials over
a large number of benchmark functions with different
characteristics are made to determine these ranges. The
first range of the control parameters is taken as F; = [0.7
0.80.90.951.0] and CRy = [0.05 0.1 0.2 0.3 0.4] which is
suitable when choosing the first mutation strategy (i.e.

FS € Fiand CRy, e CRy). The second range is taken as

F2=1[0.10.20.30.4 0.5] and CR, =[0.8 0.85 0.9 0.95 1.0]
which is suitable when choosing the second mutation
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strategy (i.e. FS, € F2 and CR?, € CRy). The third range

istakenas F3 =[0.30.40.50.6 0.7]and CR3 =[0.4 0.5 0.6
0.7 0.8] which is suitable when choosing the third

mutation strategy (ie. F° e Fs and CR, e CRa).

During the evolution process, the values of the control
parameters that will be used in the next generation are
updated or remain unchanged according to the result of
the selection phase. If the trial vector is fitter than the

target vector (ie. f (US™)<f(X?)), the control

parameters remain the same without change. The updating
is done randomly from the proposed ranges when the
target wvector is fitter than the trial vector (i.e.

f(X)<f (US™)). Algorithm 1 illustrates a pseudo-
code of the proposed MSaDE algorithm.

IV. EXPERIMENTAL STUDY AND DISCUSSION

Our algorithm MSaDE is applied to minimize three sets
of well-known benchmark functions with different
characteristics. The first set of benchmark functions
consists of 13 traditional functions, named fi, o, ..., fi.
These functions are the first thirteen functions chosen
from [11], and they are called Sphere, Schwefel 2.22,
Schwefel 1.2, Schwefel 2.21, Rosenbrock, Step, Quartic
with noise, Schwefel 2.26, Rastrigin, Ackley, Griewank,
Generalized Penalized Function 1, and Generalized
Penalized Function 2, respectively. The optimal value of
the function fg is —12569.5, and the remaining functions
have optimal values equal to zero. Functions fs - fi3 are
multimodal, the Rosenbrock function (fs) is unimodal for
D = 2 and 3 but multimodal in higher dimensions [29].
The other functions are unimodal.

The second set of benchmark functions consists of 10
special functions, named fy, fo ..., fcio. These functions
are the first ten functions from CEC2005 [30, 31].
Functions f - fs are unimodal and functions fes - feio are
multimodal.  The third set of benchmark functions
consists of 15 special functions chosen from CEC2013 [31,
32], named fea, feco, ..., fecr0, feco1, feczzy ..., fes. The
subscript number of the function name refers to its order
according to the CEC2013 benchmark functions.
Functions fc1 - fees are unimodal, functions fees - fecio are
multimodal, and functions feeo1 - fecos are compositions.

MSaDE is compared with the standard "DE/rand/1/bin"
and some efficient state-of-the-art DE algorithms with a
hybrid mutation operator and self-adapting control
parameters (HSDE) [11] over the first and second set of
benchmark functions with dimension D = 30. The third set
of benchmark functions with dimension D = 30 and 50 is
used to compare MSaDE with four state-of-the-art DE
algorithms: a competitive variant of adaptive DE (b6e6rl)
[17], an enhanced fitness-adapting DE algorithm with a
modified mutation (EFADE) [22], Success-History based
Adaptive DE algorithm (SHADE) [16], and a modified
adaptive differential evolution (ADE) [18].

All comparisons are made in terms of the mean and
standard deviation (STD) of the error. The error in a run is
calculated as f (Xoest) — f (x"), where Xeest is the best
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solution in a run and x" is the global minimum of the
function. We use the same results of the mean and
standard deviation (STD) of the error for the other DE
algorithms as in their papers. Furthermore, the
convergence rate for some selected functions is illustrated.

To achieve a fair comparison between MSaDE and the
other DE algorithms, we use two nonparametric statistical
tests in the comparisons: Wilcoxon signed-rank and
Friedman tests [33]. Wilcoxon signed-rank test computes
R*, R, and p-value, where R* is the sum of ranks that

MSaDE performs better than the other algorithm, R-is the
sum of ranks that MSaDE performs worse than the other
algorithm, and p-value refers to the significant difference
between each pair of algorithms (MSaDE and one of the
other algorithms) with a significance level o. The
considerable difference exists only if p-value < o.
Friedman test is used to rank all algorithms from best to
worst over all the tested functions. The algorithm that has
a minimum rank value is the best and the one that has a
maximum rank value is the worst.

Algorithm 1. Pseudo-code of the proposed MSaDE algorithm

2oCrmax: Maximum number of generation
2aMS . Indicator for the selected mutation

: Set the generation number G =0
: Set the threshold 7=0.4

Lh Ba e bJ

=2

: Evaluate : f [X‘.("} =12 NP
T7: r— while G < Gmax do

23: L end for
24: Mext generation (G=G+1)
25: ~ end while

. /\:ril 'I

- . f [ [
1: Generate the initial population P" =[X " X ',

: Set the ranges of vectors ), £3, I3, CR;, CR2, and CR; as we proposed in section 11
: Select randomly the initial values of the control parameters F, F5, F% CR® .CR[,,

and (_'RJ.(I":! from Fy, Fa, F; CR;, CR, and CR;, respectively.

8 for i=1 to NP do
9:| ! Choose randomly five individuals X% X% X% X%, and X £
10: Determine the best individual ( X;iﬂ ) and the worst individual ( /Y':_i”_'l )
THE Calculate CBS = If {Xj.r" J—f [/X}fm JI and CW ° =L{ (Xf'- }—f (X:_im Jl
12:] Caleulate HDF" and LDF[ using Egs. 11 and 12, respectively
X[ +FS =<HDFS and Set —MS, =1, if CB 2CW * and rand, [0,1]<T
13: Vel =9XxZ o+ E% < LDF" and Set —MS, =2, if CBf <CW 7 and rand, [01]>T, !
' mean(X & X & )+ FC x mean(HDF® [LDFC Yand Set — MS, =3, otherwise, |
i 0 emdfor
Crossover setup
15:| | fori=1 to NP do
162 3 Generate .= randi(D, I)
17:1 ¢ forj=1to D do
18: 76+ = Vft'_l‘ if rand ; [0.1] 5(-"‘31'(.;.\:3, OFJ = J
: o X f’;’. . otherwise
19: end for
20:| ¢ end for F
. Selectionsetup
21:| ¢ fori=1 to NP do
. U™ and Set — FS5 = FC CRO =CRE,o if £ (U )<f (X)
22:| Xt =
X and Set — FI50 =Fu [, .CR . =CR, |J,,, . otherwise,

2% where [, and J_, ., are random integers € [1 , 5]

NP

A. Test Setup

The simulation results are obtained using a digital
computer with CPU core i3 (2.4 GHz, 3M cache) and 4
GB of RAM in MATLAB R2007b Runtime Environment.
The maximum number of evaluations of the objective
function (FEs) = 10,000xD for all sets of benchmark
functions. The population size (NP) of MSaDE in the first,
second, and third sets of benchmark functions is NP = 50,
100, and 100, respectively. The threshold T is set as 0.4
for MSaDE algorithm in each set of the benchmark

30

functions.

The average of the results is obtained over 30
independent runs for the first set of benchmark functions,
25 independent runs for the second set, and 51
independent runs for the third set. For the third set, we set
all values of the error that is less than 10 to zero as in
CEC2013. In order to achieve a fair comparison as in [34],
we use two different settings of the control parameters NP,
F, and CR for the "DE/rand/1/bin" algorithm that is used
in the first set of benchmark functions. In the first setting,
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the control parameters are fixed to NP=30, CR=0.9, and
F=0.9 for all functions in this set, and we refer to the
"DE/rand/1/bin" algorithm as DE1. In the second setting,
NP is fixed to 25 while F and CR are tuned from one
function to another to suit the different properties of
functions.

We refer to the "DE/rand/1/bin" algorithm of the
second setting as DE2, and we use the best values for F
and CR that are reached in [34]. In the second set of
benchmark functions, the control parameter settings of DE
are fixed to NP=30, CR=0.9, and F=0.9 as in CEC2005,
and also we refer to it as DEL. The settings for the other

DE algorithms are the same as in their papers. We use the
arithmetic signs "+", "=", and "-" in the results to show
that MSaDE performs better than, similar to, or worse
than the other variant of DE, respectively. Wilcoxon
signed-rank test is applied at a significance level of
0=0.05 and 0=0.1.

B. Results of First Set of Benchmark Functions

For the 13 benchmark functions of the first set, the
results of the mean and STD of the error for MSaDE, DE1,
DE2 and HSDE are listed in Table 1.

Table 1. Mean and STD of error for the first set of benchmark functions with D=30

DEL DE2 HSDE MSaDE
f(x) Mean F CR Mean Mean Mean
(STD) (STD) (STD) (STD)

fl 6.57E -15 + | 05 | oa 0.00E+00 : 6.08E -52 ., | 0.00E+00

(L.13E -14) ' ' (0.00E+00) (8.33E -52) (0.00E+00)

5.13E -09 1.74E-108 5.82E -38 0.00E+00

f2 (5.33E -09) 105 1 03 1 oo3e08) | T (6.18E-39) " | (0.00E+00)

2.39E -01 1.20E -03 7.41E -33 0.00E+00

fs (2.77E -01) F L0909 aoe03) | T (252E-32) " | (0.00E+00)

Unimodal . 1.88E+00 . | os | o6 6.66E -14 . 5.01E -19 ., | 000E+00
Functions 4 (4.54E -01) : : (3.53E -14) (L.11E -18) (0.00E+00)
. 2.97E+01 . | o6 | os 466E+00 | 0.00E+00 | s5.40E-29

(2.82E+01) : : (3.06E+00) (0.00E+00) (0.00E+00)

. 5.14E -15 + | 05 | oa 0.00E+00 | _ 0.00E+00 _ | 0.00E+00

(7.20E -15) : : (0.00E+00) (0.00E+00) (0.00E+00)

1.75E -02 1.80E -03 2.27E-03 3.00E -05

f (5.80E -03) * 103 103 (fioe-03) | T (1.06E -03) " | (2.83E-05)

. 2.77E+02 + | oo | o3 0.00E+00 | _ 0.00E+00 _ | 0.00E+00

(1.62E+02) ' ' (0.00E+00) (0.00E+00) (0.00E+00)

f9 2.39E+01 . oo | os 0.00E+00 | _ 0.00E+00 _ | 0.00E+00

(6.97E+00) ' ' (0.00E+00) (0.00E+00) (0.00E+00)

o 1.06E -08 + | 05 | oa 267E-15 . L44E -14 , | 142E-15

Multimodal (8.00E -09) : (0.00E+00) (3.78E -15) (0.00E+00)
Functions . 3.90E -03 + | 05 | oa 0.00E+00 | _ 7.22E -03 , | 0.00E+00
1 (6.10E -03) ’ ’ (0.00E+00) (8.30E -03) (0.00E+00)

) 4.10E -03 + | 05 | oa 0.00E+00 | _ 1.57E -32 , | 0.00E+00
(2.05E -02) : : (0.00E+00) (L11E -47) (0.00E+00)
f13 5.54E+01 . | os | o3 0.00E+00 : 7.39E -53 , | 0.00E+00
(2.41E+01) : (0.00E+00) (3.10E -52) (0.00E+00)
1= 13/0/0 6/0/7 913

Table 2. Average ranks of MSaDE and other algorithms using
Friedman's test for the first set of benchmark functions with D = 30

f(x) Rank Algorithm Average Rank
1 MSaDE 1.36
Unimodal 2 DE2 2.36
Functions 3 HSDE 243
4 DE1 3.86
1 MSaDE 1.58
Multimodal 2 DE2 175
Functions 3 HSDE 283
4 DE1 3.83
1 MSaDE 1.46
All 2 DE2 2.08
Functions 3 HSDE 2.62
4 DE1 3.85

Compared to DE1, the accuracy of MSaDE is the best
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for all tested functions in this set. Compared to DE2, the
accuracy of MSaDE is the best for the six functions f,-fs, f7,
and fyo of the set and the same for the seven functions f, fs,
fs, fo, and fi1-f13. Compared to HSDE, the accuracy of
MSaDE is the best for the nine functions fi-fs, f, and fio-
f13 of the set and the same for the three functions fs, fs, and
fo. The accuracy of HSDE for the function fs is better than
MSaDE. The average ranks using Friedman's test for
MSaDE, DE1, DE2 and HSDE are listed in Table 2. This
test is applied to three cases: (1) only the unimodal
functions are considered, (2) only the multimodal
functions are considered, (3) all of the functions are
considered. According to the results of Friedman's test for
all the three cases, the other algorithms are ordered from
best to worst: MSaDE is the first, DE2 is the second,
HSDE is the third, and DE1 is the last.

The results of Wilcoxon’s test are listed in Table 3.
Comparing MSaDE to all other DE algorithms as two
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pairs, the results show that its values of R* > R for all the
pairs at the significance levels 0=0.05 and o=0.1. This
means that MSaDE accuracy is significantly better than
the accuracy of the other DE algorithms. The convergence
curves for functions f; and fi; are shown in Fig.1. The
mean of error over 30 runs is plotted in a log scale on the
vertical axis for each number of function evaluations FES
of the horizontal axis.

Table 3. Results of Wilcoxon’s test for the first set of benchmark
functions with D = 30

Algorithm | +/-/= | R* | R | pvalue | 0=0.05 0=0.1

MSaDE
Versus
DE1
MSaDE
Versus 6/0/7 | 21| O
DE2
MSaDE
Versus 9/1/3 | 50 | 5
HSDE

13/0/0 | 91 | O 0.000 Yes Yes

0.028 Yes Yes

0.022 Yes Yes

As shown in Fig.1l, MSaDE reaches very fast the
optimal solution with large differences than the other DE
algorithms.
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Fig.1. Convergence curves for functions f; and f1;
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C. Results of Second Set of Benchmark Functions

The results of the mean and STD of the error for
MSaDE, DE1, and HSDE, over the 10 benchmark
functions of the second set, are listed in Table 4. HSDE
has the same accuracy as MSaDE for f, and has the best
accuracy for fe, and fe. For the remaining functions, the
accuracy of MSaDE is the best among DE1 and HSDE.
The average ranks for MSaDE, DE1, and HSDE using
Friedman's test are listed in Table 5. Three cases are
considered in this test: (1) only the unimodal functions are
considered, (2) only the multimodal functions are
considered, (3) all of the functions are considered.
According to the results of Friedman's test for all the three
cases, the other algorithms are ordered from best to worst:
MSaDE is the first, HSDE is the second, and DEL1 is the
last. The results of Wilcoxon’s test are listed in Table 6.
Comparing MSaDE to DE1 and HSDE as two pairs, the
results show that its values of R* > R for all of the two
pairs.

According to Wilcoxon’s test, the pair algorithms
MSaDE versus HSDE have a considerable difference at
levels 0=0.05 and a=0.1. For the pair MSaDE versus DE1,
the considerable difference exists only at the significance
level 0=0.1. This means that MSaDE is considerably more
accurate than the other algorithms. The convergence
curves for functions fs and fe; are shown in Fig.2. The
mean of error over 25 runs is plotted in a log scale on the
vertical axis for each number of function evaluations FEs
of the horizontal axis. As shown in Fig.2, MSaDE has the
fastest convergence rate with a high accuracy compared to
the other algorithms.

Table 4. Mean and STD of error for the second set of benchmark
functions (CEC2005) with D=30

DE1 HSDE MSaDE
f(x) Mean Mean Mean
(STD) (STD) (STD)
¢ 511E-14 [ , [ 0.00E+00 [ _ | 0.00E+00
¢ |(L72E-14) (0.00E+00) (0.00E+00)
¢ 254E-01 |, |229E-22| [ L13E-13
2 | (2.70E -01) (5.32E -22) (4.97E-14)
Unimodal ¢ 9.65E+05 | , | 5.37E+04 | | 136E+04
Functions “ | (5.11E+05) (2.33E+04) (8.87E+03)
¢ 318E+0L | . [ 1B50E-04[ , [ 434E-12
“ | (3.21E+01) (7.11E -04) (4.29E -12)
¢ 249E+02 | . |533E+02| , | L87E-05
© | (L.77E+02) (3.90E+02) (2.37E-05)
¢ 282E+01 | [ 159E-01[ . [ 3.06E-13
®© | (2.63E+01) (7.97E -01) (5.77E-13)
¢ 360E-03 | , | LOOE-02 | . | 7.39E-04
“  |(6.10E -03) (1.13E-02) (2.30E -03)
Multimodal | 209E+01 | | 2.09E+01 | , | 2.08E+01
Functions % | (6.54E -02) (3.37E-02) (5.65E -02)
¢ 2.11E+01 | | 0.00E+00 | | 2.30E+01
“ | (6.96E+00) (0.00E+00) (1.50E+01)
¢ 1.92E+02 | . | 470E+01 ] , [ 4.26E+01
<0 | (5.88E+01) (1.16E+01) (L.06E+01)
+/-I= 9/1/0 71211
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Table 5. Average ranks of MSaDE and other algorithms using
Friedman's test for the second set of benchmark
functions (CEC2005) with D = 30

f(x) Rank Algorithm Average Rank

1 MSaDE 1.30

Unimodal 2 HSDE 1.90
Functions

3 DE1 2.80

1 MSaDE 1.40

Multlmodal 5 HSDE 200
Functions

3 DE1 2.60

1 MSaDE 1.35

All Functions 2 HSDE 1.95

3 DE1 2.70

Table 6. Results of Wilcoxon’s test for the second set of benchmark
functions (CEC2005) with D = 30

Algorithm +-/= | R* | R | pvalue | ¢=0.05 | 0=0.1
MSaDE
Versus 9/1/0 | 50 | 5 0.06 No Yes
DE1
MSaDE
Versus 7211 | 38 | 7 0.02 Yes Yes
HSDE

D. Results of Third Set of Benchmark Functions

The third set of benchmark functions contains 15
special functions with dimensions D = 30 and 50, chosen
from CEC2013. The results of this set for D = 30 are
explained as follows. The mean and STD of the error for
MSaDE, b6e6rl, EFADE, SHADE, and ADE are listed in
Table 7. Among all DE algorithms, the performance of
MSaDE in terms of accuracy is the best for the functions
feco - feca, fees, Toery fecio, fecr and fes. MSaDE and ADE
have the same best value of the mean error over the
function feeoa.

The performance over the two functions fec1 and fees is
nearly the same for all other algorithms. For the remaining
functions of the set, MSaDE performance is slightly less
than the other algorithms. The results of Wilcoxon’s test
are listed in Table 8. Comparing MSaDE to all other DE
algorithms pairwise, the results show that its values of
R* > R for all of the four pairs with a significance level
0=0.05 and 0=0.1. These results ensure that MSaDE is
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considerably more accurate than the other DE algorithms.
The convergence curves for functions fee, fecio, and fees
are shown in Fig.3.

The mean of error over 51 runs is plotted in a log scale
on the wvertical axis for each number of function
evaluations FEs of the horizontal axis. Fig.3 shows that
MSaDE converges very fast to the optimal solution when
compared to the other DE algorithms.

The results of this third set for D = 50 are explained as
follows. The mean and STD of the error for MSaDE,
b6e6rl, EFADE, SHADE, and ADE are listed in Table 9.
Among all DE algorithms, the accuracy of MSaDE is the
best for functions feo-feca, fecr, feco, fecto, @nd feeoz-feeos. The
best value of the mean error for functions fece, fecs, and fec
is achieved by SHADE with a slighter difference than
MSaDE. EFADE has the best accuracy over the function
fec1. The performance over the two functions fer and fees
is nearly the same for all other algorithms. The results of
Wilcoxon’s test are listed in Table 10. Comparing MSaDE
to béeérl, EFADE, SHADE, and ADE pairwise, the
results show that its values of R* > R" for all of the four
pairs. For the pair MSaDE versus SHADE, a considerable
difference exists only at the significance level 0=0.1. The
other remaining pairs have a considerable difference at
levels 0=0.05 and 0=0.1. These results show that MSaDE
is considerably more accurate than the other DE
algorithms. The convergence curves for functions fecs, fecr,
and feeos are shown in Fig.4. The mean of error over 51
runs is plotted in a log scale on the vertical axis for each
number of function evaluations (FEs) of the horizontal
axis. Fig.4 shows that MSaDE achieves a high
convergence rate with more accuracy over the other DE
algorithms. Friedman's test is applied to the functions of
the third set through three cases of these functions. The
first case uses the functions of the set with D=30, the
second case uses the functions with D=50, and the last
case uses the functions with D=30 and D=50. According
to these three cases, the average ranks for MSaDE, b6e6rl,
EFADE, SHADE, and ADE using Friedman's test are
listed in Tables 11, 12, and 13, respectively. The results
for each case of the test are obtained considering four
classifications of the tested functions: unimodal,
multimodal, composition, and all functions. For all cases
and classifications of the third set of functions, MSaDE
has the first rank among all other DE algorithms.
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Table 7. Mean and STD of error for the third set of benchmark functions (CEC2013) with D=30

=
o

b6eérl EFADE SHADE ADE MSaDE
f(x) Mean Mean Mean Mean Mean
(STD) (STD) (STD) (STD) (STD)
¢ 0.00E+00 _ 0.00E+00 0.00E+00 0.00E+00 _ 0.00E+00
et (0.00E+00) B (0.00E+00) (0.00E+00) (0.00E+00) ~ | (0.00E+00)
¢ 6.99E+04 N 2.67E+04 9.00E+03 2.11E+06 N 7.60E+03
e (4.41E+04) (1.53E+04) (7.47E+03) (1.55E+06) (9.31E+03)
Unimodal ‘ 4.36E+03 . 9.10E+05 4.02E+01 1.64E+03 R 4.09E -05
functions e (1.35E+03) (2.41E+06) (2.13E+02) (2.83E+03) (1.26E -04)
¢ 1.80E -02 N 3.37E+00 1.92E -04 1.69E+04 . 2.74E -07
e (2.88E -02) (3.78E+00) (3.01E -04) (2.84E+03) (5.44E -07)
¢ 0.00E+00 _ 0.00E+00 0.00E+00 1.39E -07 N 0.00E+00
o5 (0.00E+00) (0.00E+00) (0.00E+00) (1.86E -07) (0.00E+00)
¢ 5.24E+00 N 6.59E+00 5.96E -01 8.29E+00 . 2.65E -04
«6 (9.90E+00) (4.19E+00) (3.73E+00) (5.81E+00) (8.35E -04)
‘ 2.44E+01 . 5.07E+00 4.60E+00 1.29E+00 R 5.61E -01
e’ (8.96E+00) (3.62E+00) (5.39E+00) (1.21E+00) (7.57E-01)
Multimodal ¢ 2.09E+01 _ 2.10E+01 2.07E+01 2.09E+01 _ 2.09E+01
functions 8 (4.72E -02) B (4.65E -02) (1.76E -01) (4.81E -02) " | (358E-02)
¢ 2.86E+01 N 1.51E+01 2.75E+01 6.29E+00 . 1.15E+01
e (1.15E+00) (3.63E+00) (1.77E+00) (3.27E+00) (1.34E+01)
¢ 1.91E-02 N 3.48E -02 7.69E -02 2.16E -02 N 7.90E -03
ceto (1.33E-02) (2.04E -02) (3.58E -02) (1.35E-02) (9.30E -03)
¢ 2.96E+02 . 3.38E+02 3.09E+02 3.19E+02 . 2.70E+02
ce2l (8.55E+01) (8.93E+01) (5.65E+01) (6.26E+01) (4.83E+01)
¢ 1.23E+02 . 2.56E+02 9.81E+01 2.49E+03 N 1.03E+03
cc22 (1.63E+01) (1.46E+02) (2.52E+01) (3.86E+02) (3.27E+02)
Composition ¢ 5.00E+03 N 3.84E+03 3.51E+03 5.80E+03 N 3.38E+03
functions ez (4.06E+02) (1.08E+03) (4.11E+02) (5.04E+02) (4.07E+02)
¢ 2.51E+02 N 2.13E+02 2.05E+02 2.02E+02 _ 2.02E+02
cc24 (1.38E+01) (7.74E+00) (5.29E+00) (1.39E+00) (5.48E+00)
‘ 2.75E+02 . 2.61E+02 2.59E+02 2.29E+02 . 2.44E+02
cc2s (1.76E+01) (6.95E+00) (1.96E+01) (2.07E+01) (3.74E+00)
+-/= 11/1/3 12/1/2 11/2/2 10/2/3
Table 8. Results of Wilcoxon’s test for the third set of benchmark 10t SHADE |
functions (CEC2013) with D = 30 & bbebrl
) —<— EFADE
Algorithm | +/-/= [ R* | R | pvalue [ ¢=0.05 | a=0.1 s —8— ADE
MsSaDE 20 —e— MSaDE ||
Versus 11/1/3 | 69 | 9 0.019 Yes Yes z
b6e6rl 2
MSaDE e 10’
Versus 12/1/2 | 80 | 11 0.016 Yes Yes g
EFADE =
MSaDE 107
versus 11/2/2 | 76 | 15 0.033 Yes Yes
SHADE 0 0'5 1 1'5 2'5 3
MSaDE . No. of.FEs .
Versus 10/2/3 | 68 | 10 0.023 Yes Yes ’ ' x 10
ADE (b) Function fee10
10° . : . :
1030 T T T T T + SHADE
—>— SHADE —6— bbe6rl
o —6— bedrl g “ EFADE
107 —<— EFADE | 3 7 ADE
& ADE E —e— MSaDE
—e— MSaDE g
Q
c
g
>
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Fig.3. Convergence curves for functions fecs, fecio and feeoz (D=30)
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Table 9. Mean and STD of error for the third set of benchmark functions (CEC2013) with D=50

b6e6rl EFADE SHADE ADE MSaDE
f(x) Mean Mean Mean Mean Mean
(STD) (STD) (STD) (STD) (STD)

¢ 0.00E+00 _ 0.00E+00 0.00E+00 _ 0.00E+00 0.00E+00
cet (0.00E+00) (0.00E+00) (0.00E+00) (0.00E+00) (0.00E+00)
¢ 3.23E+05 . 1.72E+05 2.65E+04 . 2.04E+05 1.95E+04
cc2 (1.56E+05) (5.48E+04) (1.13E+04) (7.67E+04) (7.96E+04)
Unimodal ¢ 8.61E+06 . 5.70E+06 8.79E+05 . 7.47E+06 5.15E+05
functions e (2.33E+07) (6.70E+06) (1.96E+06) (7.59E+06) (6.68E+05)
¢ 2.32E-01 R 6.16E+00 1.61E -03 . 2.20E+02 4.59E -04
et (3.12E-01) (5.24E+00) (1.41E -03) (9.58E+01) (3.63E -04)
¢ 0.00E+00 _ 0.00E+00 0.00E+00 _ 1.39E -03 0.00E+00
o5 (0.00E+00) B (0.00E+00) (0.00E+00) B (1.86E -03) (0.00E+00)
¢ 4.34E+01 _ 4.34E+01 4.28E+01 i 7.35E+01 4.34E+01
«6 (1.43E-14) " (7.83E-10) (5.52E+00) (2.80E+01) (4.75E -13)
¢ 8.26E+01 . 1.80E+01 2.33E+01 . 2.07E+01 1.33E+01
e’ (1.55E+01) (7.26E+00) (9.32E+00) (9.15E+00) (8.52E+00)
Multimodal ¢ 2.11E+01 _ 2.11E+01 2.09E+01 . 2.11E+01 2.11E+01
functions c8 (4.65E-02) " (3.68E-02) (1.68E -01) (3.53E-02) (4.52E -02)
¢ 5.67E+01 . 3.28E+01 5.54E+01 . 2.60E+01 1.58E+01
9 (2.57E+00) (4.67E+00) (1.98E+00) (3.04E+00) (1.88E+00)
¢ 3.54E-02 . 6.98E-02 7.36E-02 . 5.98E -01 3.23E-02
ccto (1.85E-02) (3.74E-02) (3.67E-02) (3.42E -01) (2.25E -02)
‘ 4.60E+02 i 3.53E+02 8.45E+02 . 9.65E+02 6.19E+02
cc2l (4.10E+02) (3.19E+02) (3.63E+02) (L.43E+02) (4.82E+02)
¢ 3.60E+01 R 8.84E+02 1.33E+01 . 7.72E+03 2.37E+01
cc22 (2.44E+01) (5.22E+02) (7.12E+00) (8.46E+02) (5.80E+02)
Composition ¢ 9.77E+03 . 7.35E+03 7.63E+03 . 1.17E+04 6.60E+03
functions cc23 (5.33E+02) (1.53E+03) (6.58E+02) (1.47E+03) (7.29E+02)
¢ 3.33E+02 . 2.45E+02 2.34E+02 . 2.78E+02 2.33E+02
cc24 (1.54E+01) (1.10E+01) (1.01E+01) (1.82E+01) (1.16E+01)
¢ 3.64E+02 . 3.27E+02 3.40E+02 . 3.53E+02 2.91E+02
cc2s (2.08E+01) (L.15E+01) (3.08E+01) (L.71E+01) (4.43E+00)

+/-I= 10/1/4 10/1/4 10/3/2 13/0/2

Table 10. Results of Wilcoxon’s test for the third set of benchmark 1010 T T T

functions (CEC2013) with D = 50

Algorithm +-= | R* | R | pvalue | 0=0.05 | a=0.1
MSaDE
Versus 10/1/4 | 58 8 0.012 Yes Yes
h6e6rl
MSaDE
Versus 10/1/4 | 59 7 0.012 Yes Yes
EFADE
MSaDE
Versus 10/3/2 | 77 | 14 0.092 No Yes
SHADE
MSaDE
Versus 13/0/2 | 91 0 0.000 Yes Yes
ADE
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Table 11. Average ranks of MSaDE and other algorithms using
Friedman's test for the third Set of benchmark functions (CEC2013)

No.of FES.

(c) Function fccos

with D = 30
f(x) Rank Algorithm Average Rank
1 MSaDE 1.7
) 2 SHADE 2.3
g&g‘ﬁf‘; 3 b6esrl 33
4 EFADE 35
5 ADE 4.2
1 MSaDE 1.6
Multimodal 2 ADE 2.8
inocel |51 swade | o
4 b6e6brl 3.6
5 EFADE 4.0
1 MSaDE 1.9
c N 2 SHADE 2.4
opeton |
4 b6ebrl 3.6
5 EFADE 3.8
1 MSaDE 1.73
2 SHADE 2.57
All Functions 3 ADE 3.43
4 b6e6rl 3.50
5 EFADE 3.77

36

Table 12. Average ranks of MSaDE and other algorithms using
Friedman's test for the third set of benchmark functions (CEC2013)

with D =50
f(x) Rank Algorithm Average Rank

1 MSaDE 1.7

Unimodal 2 SHADE 2.3

e [a | eaoe |

4 b6ebrl 3.7

5 ADE 4.2

1 MSaDE 1.9

Multimodal 2 SHADE 2.8
ool 5| eaoe | s

4 ADE 3.7

4 b6ebrl 3.7

1 MSaDE 1.6

c N 2 EFADE 2.4
obeston 5| _smabe |z

4 b6ebrl 3.8

5 ADE 4.6

1 MSaDE 1.73

2 SHADE 2.57

All Functions 3 EFADE 2.80
4 b6e6rl 3.73

5 ADE 4.17

Table 13. Average ranks of MSaDE and other algorithms using
Friedman's test for the third set of benchmark functions (CEC2013)
with D = 30 and 50

. _ _ Average
f(x) Rank | Algorithm | D=30 | D=50 Rank
1 MSaDE | 17 | 17 17
_ 2 SHADE | 23 | 23 23
Unimodal 3 EFADE | 35 | 31 33
Functions
4 b6e6r 33 | 37 35
5 ADE 42 | a2 42
1 MSaDE | 16 | 19 165
_ 2 SHADE | 30 | 28 2.9
Multimodal - =5 ADE 28 | 37 3.25
Functions
4 EFADE | 40 | 29 3.45
5 b6e6r 36 | 37 3.65
1 MSaDE | 19 | 16 175
N 2 SHADE | 24 | 26 25
Composition 5 EFADE | 38 | 24 31
Functions
4 b6e6r 36 | 38 37
5 ADE 33 | 46 3.95
1 MSaDE | 173 | 173 | 173
2 SHADE | 257 | 257 | 257
All 3 EFADE | 377 | 280 | 328
Functions
4 bee6rl | 350 | 373 | 361
5 ADE 343 | 417 | 380

V. CONCLUSIONS

In this paper, an enhanced DE algorithm with multi-
mutation strategies and self-adapting control parameters is
developed. The enhancement aims to improve the
exploration and exploitation abilities of the DE algorithm
and achieve an automatic better balance between them.
Three forms of mutation strategies with their associated
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self-adapting control parameters are proposed in the
mutation process. The first one increases the exploration
rate of the global search. The second one increases the
exploitation rate of the local search. The third one takes
the average of the other two mutations to balance the rates
of exploration and exploitation. For every target vector of
the population at a current generation G, one of the three
mutations is selected to generate the corresponding trial
vector. This selection is basically based on the values of
the current, best, and worst individuals at the current
generation G. The values of the control parameters, the
scaling factor F and the crossover rate CR are randomly
tuned from three predefined ranges. These ranges are
related to the proposed three mutation strategies. The
proposed algorithm is tested on a total of 38 benchmark
functions: 13 traditional functions, 10 special functions
chosen from CEC2005, and 15 special functions chosen
from CEC2013. Comparison is made in terms of the mean
and standard deviation of the error with the standard
"DE/rand/1/bin™ as well as other five state-of-the-art DE
algorithms. Moreover, Wilcoxon and Friedman tests are
used as nonparametric statistical tests. According to the
results of Friedman's test, the proposed algorithm has the
first rank among all other DE algorithms. Also the results
of Wilcoxon's test show that our algorithm is considerably
more accurate than the other algorithms with an
acceptable significance level.
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