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Abstract— A new concept of a mixed strategy is given 

for m -dimensional lexicographic noncooperative 

),...,,( 110  m
 game when on a set of pure 

strategies m -dimensional probability distributions are 

given. In this case each 
k  )1,...,1,0(  mk  

criteria of    game corresponds to its probability 

distributions on sets of pure strategies. Besides, a 

lexicographic m -dimensional order relation is given on 

set of m -dimensional p robability distribution. The 

given construction is made by the methodology of 

nonstandard analysis Therefore, the given mixed 

strategy is called a nonstandard mixed strategy, and a 

lexicographic game in such strategies is called  a 

nonstandard mixed extension. An equilibrium situation 

in mixed strategies is defined in   game. A 

nonstandard mixed extension of lexicographic matrix 

games is studied thoroughly. In such games, necessary 

and sufficient conditions of the existence of a saddle 

point are proved. The analyzed examples show that if in 

a lexicographic matrix game doesn’t exist a saddle point 

in standard mixed strategies then a saddle point maybe 

doesn’t exist in nonstandard mixed strategies. If in a 

lexicographic matrix game doesn’t exist a saddle point 

in standard mixed strategies then there can be existed a 

saddle point in nonstandard mixed strategies. Thus, 

lexicographic games’ nonstandard mixed distribution is 

a generalization of a standard mixed extension.  

 

Index Terms— Game, Noncooperative, Lexicographic, 

Strategy, Situation, Standard, Nonstandard, Equilibrium, 

A Saddle Point  

 

I. Introduction 

Let discuss m -dimensional lexicographic 

noncooperative game [1-7] , 

  NiiNii HN }{,}{, 
 

),...,,( 110  m

                               (1) 

where every 
},...,1{ nNi 

 player’s payoff vector-

function  iH
  we note by  

),...,( 10  m

iii HHH
, its 

set of pure strategies we note  by 

},...,{ 1 ip

iii xx
and such kind of strategies set of 

situations - by 

.



Ni

i
Ni  is a  player’s 

standard mixed strategy  

),...,( 1 ip

iii xxX 
, 

0 k

ix
, 

1...1  ip

ii xx
, 

.,...,1 ni 
 

In (1) game the situation in standard mixed strategies 

has a form
),...,( 1 nXXX 

. Let note a set of 

situations in such strategies by S. 

On 


 and S sets of situations the comparison of iH
 

function’s meanings takes place lexicographic weak 

≽
L

 and strict preferences - 
L . For two 

),...,( 1 maaa 
 and 

),...,( 1 mbbb 
 vectors 

lexicographic preferance ba L  means that it  fulfills 

one of the following  m  conditions:  

1) 11 ba 
; 2) 11 ba 

, 22 ba 
; . . . ; m ) 

11 ba 
, . . . , 11   mm ba

, mm ba 
 

and a ≽
L b  if  ba L  or  ba  . 

Let note a set of equilibrium situations in   games 

standard mexed extension by 
)(

. In such kind of 

games the main problem is that in every   game there 

doesn’t exist the equilib rium situation or mayby  this set  

will be empty - 
)(

=  .  

In the following art icle for   game we take a 

player’s new type of concept of a nonstandard mixed 

strategy, that is a  m -dimensional probability  

distributions of   game’s on 
10 ,...,  m

 criterion. 

By using such distributions payoffs’ functions 
10 ,..., m

ii HH
 sum forms decreasing sequence. For this 

reason, methodology of nonstandard analisis is capable 

[8]. Namely  analisis of hyperreal infinitesimal numbers. 
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For conducting such analysis it is necessary to define 

vectors lexicographic product operation by   notation.  

Let we have m -dimensional vectors 

),...,( 10  maaa
 and  

),...,( 10  mbbb
 we note 

,,( 011000 babababa 
  

 
,021120 bababa 
  

)... 0110 baba mm  
                            (2) 

=  

,,(
1

0

100 




k

kkbaba ,
2

0

2




k

kkba

...

),
1

0

1





m

k

kmkba

.  

It is obvious, that m -dimensional ba  vector’s 

components are the following form of one variable m -

degree  

mmtataata  ...)( 10

 

and  

mmtbtbbtb  ...)( 10

 

coefficients of  polynomials  multiplication, only in 

difference with, that in the process of their 

multip licat ion m -degree polynomial can be 

conservated. 

In the following lemma some essential properties of 

vectors lexicographic product is established. 

Lemma 1.1 Lexicographic product’s   operation 

defined by (2) has got the following properties: 

1) Commutativity - ba = ab ; 

2) Associativity - 
)()( cbacba 

; 

3) Distributivity of summation –  

cbcacba  )(
; 

4) “Monotonicity in two cases: 

a) Weak monotonicity. If 
mm R

  ),...,( 10 
 and 

),...,( 10 maa L
≼ 

),...,( 10 mbb
 

a( L
≼

)b
, then a L

≼ b ; 

b) Strict monotonicity.  

Let 
mm R

  ),...,( 10 
 and 

)0,...,0(),...,( 10 Lmaa 

. If 
),...,( 10 maa L   

),...,( 10 mbb
  and 

0a ≠0, then a L  b . 

Let note that in the conditions of b) case the 

requirement of d ifference from first components’ xero 

is essential in 
),...,( 10 maa

 vector. 

Let say that 
),( A

 is measurable space, where 

.mR  Let d iscuss the transformation 
 mRA:

, that fulfills the following conditions: if 

AAi  , 
,...,2,1i

 iA
∩ jA   , 

ji 
, 

AA
i

i 



1 , then 

)()(
11





i

i

i

i AA  
. 

As a role of unit we take a vector 

),...,,,1( 12  me 
, where   is hyperreal 

infinitesimal number, and in addition  the sum of  e  

components’ is  equal to number   









 

1

1
...1 12

m
m

, 

and its standard part is equal to 1. 

In the second section of the article in  

),...,,( 110  m

 game Ni  player’s 

nonstandard mixed strategy i
 is given by the form of  

a 
mpi   matrix, where ip

 is an amount of Ni  

player’s pure strategies. The set of  i
 strategies is 

noted by i . The set of situations in    game is  , 

 ),...,( 1 n  is a situation in nonstandard 

mixed strategies, and   is a  mixed extension of    

game. The equilibrium situation is defined in    game 

and their set is noted by 
)( G

.  

In the third section a mixed extension   of a matrix 

game and a saddle point in nonstandard mixed 

strategies are discussed. The property of transformation 

on nonstandard mixed strategies (lemma 3.1) and 

necessary and sufficient conditions of a saddle point in 

  game are proved.  

In the fourth section the examples  of a lexicographic 

matrix games are discussed and it is shown that if in  a 

game does not exist a saddle point in standard mixed 

strategies, then there can’t be a saddle point in 

nonstandard mixed strategies either (example 4.1). If in 

a lexicographic matrix game does not exist a saddle 

point in standard mixed strategies, there can be a saddle 

point in nonstandard mixed strategies (example 4.2). 
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II. Lexicographic Noncooperative Game’s 

Nonstandard Mixed Extension 

Let define in lexicographic 
),...,,( 110  m

 

game nonstandard mixed  strategies and then make    

game’s mixed extension. For this, in advance, note m -

dimensional probability distribution on i  set in   

game for Ni  player, that has ip
 amount of pure 

strategies in the following form:  

m

i

m

iiiii RxXxXxX 

  ))(),...,(()( 10

, 

),...,( 1 ip

iii xxx 
, 

In this connection 

),...,,,1()( 12

1





 ml

i

p

l

i xX
i


, 

ni ,...,1
, 

where   is a hyperreal infinitesimal number.  

Let note m -dimensional probability distribution 

)( ii xX
 on i  set of strategies for Ni  player in a 

form of following matrix:  

0 1 1 1

0 1

( ( ),..., ( ))

........................

( ( ),..., ( ))i i

m

i i i i

i

p pm

i i i i

X x X x

X

X x X x





 
 

  
 
 

 

=
),...,( 10 m

ii XX
, 

1)(
1

0 


l

i

p

l

i xX
i

, 

kl

i

p

l

k

i xX
i




)(
1 , 

1,...,1  mk
. 

This i
 matrix is called Ni  player’s 

nonstandard mixed strategy. It is obvious, that i
 

strategy gives probability distributions on   game’s 
10 ,...,  m

 criterion for Ni  player.  

Let  note in    game Ni  player’s nonstandard 

mixed set of strategies by i  and a set of situations by 





Ni

i

. Let define   game’s nonstandard mixed 

extension by  

  NiiNii HN }{,}{,
. 

Let in   game 
 ),...,( 1 nxxx

 is a situation 

in pure strategies, and 
 ),...,( 1 n  is a  

situation in nonstandard mixed  strategies. Then in   

situation Ni  player’s payoff is  

)()()( xxHH
x

ii  
 =                           (3) 

)(...)(),...,(... 111

11

nnn

x x

i xxxxH
nn

 
   .  

For example let write (3) in case of two players i.e. 

when 
}2,1{N

. In the  
),( 21 

 situation for first 

player we have  

 THH 211211 ),(
 

)()( 2211

11 22

xx T

x x

 
  

.  

According to the definition of multip licat ion of   

operation and its 2) property fo r 
 ),( 21 xxx

 we 

write:  

 )()( 111 xHx ),()(( 0

11

0

1 xHxX
... 

))()(...)()(, 0

11

1

1

1

11

0

1 xHxXxHxX mm  
, 

 )()()( 22111 xxHx T

 

),...,()()(( 2

0

2

0

11

0

1 xXxHxX

 )()()( 2

1

2

0

11

0

1 xXxHxX m

))()()( 2

0

2

1

11

0

1 xXxHxX m

. 

For every 11 x
 and 22 x

 by summing given  

expressions we get: 

 TXH 211 ,( 0

2

0

1

0

1 XHX
  

1

2

0

1

0

1 XHX 0

2

0

1

1

1 XHX ,...,0

2

1

1

0

1 XHX
 

 ...1

2

0

1

0

1

mXHX )0

2

1

1

0

1 XHX m

. 

Analogically is for a second player too 

THH 221212 ),( 
. 

Let note that m -vector’s components are players 

payoffs certain sums in scalar 
110 ,...,,  m

 games. 

In these sums each summand has a form 
201

21


XHX i  

).2,1( i
 Let change it by 

),( 210

21


XXH i  and say 

p 210 
. After this it is obvious that m -
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vectors components are such summands 

),( 210

21


XXH i , for which 

p
 numbers are constant 

and accordingly are equal to 

1,...,1,0  mppp
. Thus, in  lexicographic 

bimatrix   game 
}2,1{i

 player’s payoff in 

),( 21 
 situation is equal to  

),,((),( 0

2

0

1

0

21 XXHH ii 
                        (4) 

,...,),(
1

21
210

p

i XXH


).),(
1

21
210

mp

i XXH


  

If we note for any n  in 
),...,( 10

1
n

ni XXH


 

expression 
,...10 np  
 then analogically 

to (4) equality (3) has the following form: 

 ),...,()( 1 nii HH
 

),,...,(( 00

1

0

ni XXH
 

,...,),...,(
1

1
10

p

ni
nXXH



 

),),...,(
1

1
10

mp

ni
nXXH



Ni .         (5) 

Let take a notation  

),...,,,,...,(|| 1

0

11

0

niiiii   . 

then analogically to (4) we write: 

 )||(
0

iiiH
 

),,...,,...,(( 0
0

00

1

0

nii XXH 
 

,...,),...,,...,(
1

0

1
10




p

nii
ni XXH



 

)),...,,...,(
1

0

1
10




mp

nii
ni XXH



.  

Definition 2.1 We say that a situation in nonstandard 

mixed strategies 
*

 is an equilibrium situation in 

noncooperative   game, if  

)(
*

iH
≽

L )||(
*

iiiH 
, Ni ,

.ii 
  (6) 

Let  note by 
)( G

 a set of equilibrium situations in  

  game.  

With the preceding definitions and notations that are 

all about lexicographic noncooperative   game’s 

nonstandard mixed  extension of  , it  is clear to see 

the difficulty of the given  apparatus. It seems that some 

classical results about scalar noncooperative games 

transfer to   games, but some do not. Some important 

circumstances take place for   games. We discuss 

some such kind of results for lexicographic matrix 

games [9].  

 

III. Lexicographic Matrix Game’s Nonstandard 

Mixed Extension 

Let d iscuss lexicographic 
qp

 matrix game 

),...,,( 110  m

 by matrix of payoff  

)},...,,{( 110  m

ijijij aaaH
,  

pi ,...,1
;  

qj ,...,1
. 

In this game 1 and 2 players’s  commom (standard) 

mixed strategies are: 

),...,( 1 pxxX 
, 

0 ix
, 

1...1  pxx
; 

),...,( 1 qyyY 
, 

0 jy
, 

1...1  qyy
. 

In   matrix game let note a set of equilibrium 

situation by 
)(

. As we have already stated above, 

this set could be empty - 
)(

= . 

Now discuss matrix 
),...,,( 110  m

 game 

in nonstandard mixed extension. Let  note 

pxi i ,...,1
;  

qyj j ,...,1
  and  write  H  

vector  in the following  for 

)},...,,(({)},({ 0

jiji yxHyxHH 
. 

)}),({ 1

ji

m yxH 

. 

Analogically to a lexicographic noncooperative game, 

in the given matrix game players’ nonstandard mixed 

strategies for 1 and 2 players accordingly have the 

following form: 
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0 1

1 1

0 1

( ( ),..., ( ))

........................

( ( ),..., ( ))

m

m

p p

X x X x

X

X x X x





 
 

  
 
 

 

=
),...,( 10 mXX

, 

1)(
1

0 


i

p

l

xX

,  

k

i

p

l

k xX 


)(
1 , 

1,...,1  mk
. 

 

0 1

1 1

0 1

( ( ),..., ( ))

........................

( ( ),..., ( ))

m

m

q q

y y

Y

y y





  
 

  
   

=
),...,( 10 mYY

, 

1)(
1

0 


j

q

j

yY

,  

k

j

q

j

k yY 


)(
1 , 

1,...,1  mk
. 

Let  note   matrix game’s mixed  extension in  

nonstandard mixed strategies as well as in the case of 

noncooperative games by  .  

Let define in 
),( jy

 situation the first player’s 

payoff analogically to the operations held in (4) it is 

equal: 

 jj HyH .),(
 

,...,.,.(
1

0

100 k

j

k

k

j HXHX 


 ).
1

0

1 k

j

m

k

km HX






,  

qj ,...,1
. 

We get the second player’s payoff   in the same way 

),( ix
 situation  

 .),( ii HxH
.,.(

1

0

00 
k

k

ii HYH
kY 1

 

,...,
 

). 1
1

0

km
m

k

k

i YH 





, 

pi ,...,1
.    (7) 

The first player’s payoff in  
),( 

 situation 

analogically to (5) is equal 

 HH ),(
 

,...,,( 321

1

000 
YHXYHX

l




)321

1


YHX

ml


  

where 321  l
. 

From the (6) defin ition of noncooperative game’s 

equilibrium situation we get the following definition. 

Definition 3.1 In   matrix game with matrix of 

H  payoff we call 
),(

**


 situation the equilibrium 

(sadle point), if for any   and   nonstandard mixed  

strategies take place  

*

 H L
≼

**

 H L
≼  H

*

, 

or (7) accordingly  

,...,(
0*

00 HX
)

3

21

*

1





ml

HX
L
≼ 

,...,(
0*

0

0*

 H
)

3

2

1 *

1

* 





ml

H
L
≼  

,...,( 00
*

0  H
)32

1

1

*





ml

H

.                  (8) 

If the (8) conditions fulfill we write 

),(
**

 )( G
. 

It is clear, that in noncooperative   games the 

property of transformation on nonstandard mixed 

strategies is fulfilled. Let prove it for matrix    game.  

Lemma 3.2 Let  in   game are any nonstandard 

mixed  =
),...,( 10 mYY

 strategies of the second 

player’s and 
),...,( 10 maa

 is a vector and inequalities 

are fulfilled 

.iH L
≼ 

),...,( 10 maa
,  

pi ,...,1
. 

Then for any nonstandard mixed   

 =
),...,( 10 mXX

 strategy of the first player the 

inequality is fulfilled  

 H L
≼

),...,( 10 maa
.                          (9) 

Proof. According to (7) we write  

.,.(
1

0

00 
k

k

ii HYH
kY 1 ,...,

 

). 1
1

0

km
m

k

k

i YH 





L
≼

),...,( 10 maa
,

pi ,...,1
. 
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Each inequality for every 
pi ,...,1

 we multip ly 

accordingly on 
))(),...,(()( 10

i

m

ii xXxXx 
. 

According to lemma 1.1 inequalities are remained and 

by the definition of the operation   we get: 

,...,)(,.)(( 3

2

1

1

000 




YHxXYHxX

l

iii 


))( 3

2

1

1






YHxX

ml

i


L
≼ 

))(),...,(),(( 1
1

0

1
1

0

00

i

km
m

k

k

i

k

k

k

i xXaxXaxXa 










, 
pi ,...,1

. 

 

Let sum these inequalities and take into account that 

in the components of vectors  every summands except 

one that consists of 10   in fin itesimal numbers.  

With the help of their ignorance we get: 

 

,...,,( 321

1

000 
YHXYHX

l




)321

1


YHX

ml




L

≼ 

)),...,((,(
1

1
1

0

0

i

p

i

k

k

k xXaa 






)))((
1

1
1

0

i

p

i

km
m

k

k xXa 





  

=

))(),...,(),(( 1
1

0

1
1

0

00

i

km
m

k

k

i

k

k

k

i xXaxXaxXa 









 

=

))(,...,,( 1
1

0

1
1

0

0

i

km
m

k

kk

k

k xaaa 








 
 

=
),...,( 10 maa

. 

 

Hence (9) is proved.  

Analogically will be the transformation on 

nonstandard mixed strategies in other eniqualities.  

Theorem 3.1 For this purpose 
),(

**

 )( G
 it  

is necessary and sufficient for every   
pi ,...,1

 and 

qj ,...,1
 the following inequalities should be 

fulfilled  

*

. iH L
≼

**

 H L
≼ jH .

*


.          (10) 

Proof. Sufficiency. If we use the both sides of (10) 

lemma 3.1, we get (3). 

Necessity. In (8) conditions by following 

consequences let suppose that  

























)),...,0,0(

...

)0,...,0,0(

),...,,1( 1m

, 

    
























)),...,0,0(

...

),...,,1(

)0,...,0,0(
1m

,..., 























 ),...,,1(

...

)0,...,0,0(

)0,...,0,0(

1m
. 

 

Then, if we neglect summands, that take place 

,,...,, 12 m
 the left side of (8) has a form 

.,.(
1

0

00 
k

k

ii HYH
kY 1 ,...,

 

). 1
1

0

km
m

k

k

i YH 





L
≼

**

 H  

for any 
pi ,...,1

 and  thus it fulfills (10) left part. 

Analogically, if we put in (8) the second player’s 

strategies by sequence 

 

),)0,...,0,0(,...,)0,...,0,0(,),...,,1(( 1 TTTm 
 

))0,...,0,0(,...,),...,,1(,)0,...,0,0(( TTT 
, 

- -      - 

)),...,,1(,...,)0,...,0,0(,)0,...,0,0(( TTT 
, 

 

we get that it  fulfills (10)’-s right part for  every   

qj ,...,1
. The theorem is proved.  

Corollary. Let 
),(

**


 is a saddle point in   game 

- 
),(

**

 )( G
. Then according to (10) that for 

every i  and 
j
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),(
**

 ji HHH .. 0
*

0
*

00
*

0
*

00 
. 

That means that  
),(

*
0

*
0 

 situation in standard 

mixed strategies is a saddle point in the first scalar 

matrix 
0  game - 

),(
*

0
*

0   )( 0
 in  

lexicographic 
),...,,( 110  m

 matrix game.  

 

IV. Examples 

On the basis of stated aparatus let conduct analysis of 

a lexicographic matrix 
),( 10 

game, which is 

given by matrix of payoff. Firstly, discuss a matrix 

game 
),( 10 

, that was studied by P. Fishburn 

and showed that there is no saddle point in it -

)(
=  [10]. 

Example 4.1 A lexicographic matrix game 

),( 10 
is given by matrix of payoff 











)1,0()0,0(

)0,0()0,1(
H

. 

Here 
)(

= .  

Let  define for 
),( 10 

 game nonstandard 

mixed strategies:   













),1(

),(





,                                       (11) 

)),1(,),(( TT  
. 

In this case the vectors 
.iH

, jH.
 and 

 H  have been already defined above as the 

following forms:  

),(.1 H
, 

)1,0(.2 H
, 

),(.1  H
, 

)1,0(.2  H
, 

 H =
)1,(  

. 

According to the theorem 3.1 we write the following 

inequalities: 

 

 



 



1,0

,

L
≼ )1,(  

 

L
≼

 

 







1,0

,

.                                                      (12) 

As in 
0  scalar game the first and the second 

players’ optimal strategies  are accordingly   

)1,( **
*

0  
, 

]1,0[* 
 

and 
)1,( **

*
0  

, 
0* 

, therefore according 

to (12) the following inequalities must by fulfilled  

 

 



1,0

,0 

L
≼

)1,0( **   L
≼

 
 



 *

*

1,0

,





, 

but that is impossible. Thus, in the given game there 

also does not exist a saddle point in nonstandard mixed 

strategies.   

Example  4.2 Let there is a lexicographic matrix 

game 
),( 10 

  with a matrix of payoff 











)1,0()0,2(

)0,1()1,0(
H

. 

There is no saddle point in it -
)(

= . 

Let check up in the given game if there is a saddle 

point in it or not in nonstandard mixed   strategies. For 

this let define (11) strategies and check up the theorem 

3.1. As in 
0  game players’ optimal strategies are  

 )1,( **
*

0   
3
1

3
2 ,

 

and 

 
3
2

3
1**

*
0 ,)1,(  

, 

therefore the condition (10) has the following form: 

 
  







*

3
2

3
2

**

3
1

3
2

2,

,





L
≼









 *

3

2

9

4
,

3

2


L
 

≼

 
 







*

3
1

3
2

**

3
2

3
2

,

22,





. 
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These inequalities fulfill when 0*  ; 
,

3
1* 

 

3
1* 

. Thus in 
),( 10 

 game p layers’ optimal 

nonstandard mixed strategies are accordingly to 













0,(

),(

3
1

3
1

3
2*

, 
)),(,)0,((

3
1

3
2

3
1

*
TT

 

and 
)( G   . The first player’s payoff is  

 
9
7

3
2

**

,),( H
.  

Thus, offering construction considers necessities of 

vectorial criterion and is a generalization of a game’s 

mixed extension. It is obvious that if 
)(   , then 

)( G   .  

 

V. Conclusion 

By nonstandard mixed  extension of lexicographic 

strategic games a generalizat ion standard mixed 

extension has been conducted by using of nonstandard 

analysis, namely by analysis hyperreal infinitesimal 

numbers. It has been shown that if in the given game 

there exists an equlibrium situation in nonstandard 

mixed strategies, then in the same game there exists 

also an equilibrium situation in nonstandard mixed 

strategies. Such kind of analysis helps us to solve the 

problem about the existence of an equilib rium situation 

in games with the help of simple formal procedures   
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