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Abstract— The main  purpose of this article is to 

highlight the fact  that there are some drawbacks in the 

existing defin ition of complementation of fuzzy sets and 

hence the geometrical representation of fuzzy sets on 

the basis of such definition which itself is defective 

would have no meaning. As a result the theorems or 

formulas which were rooted in the geometrical 

representation would become unacceptable and it  is 

realized that in most cases of practical significance it is 

desirable to consider an additional requirement in 

defining fuzzy complement.  It is important to mention 

here the fact that all these existing properties are being 

seen through the application of complementation of 

fuzzy sets which is rooted in the reference function. The 

current definition of complementation would infact 

remove those drawbacks and cosequently produce the 

results which seems to be logical.  

 

IndexTerms— Reference Function, Membership 

Function, Entropy of Fuzzy Sets, The Randomness-

Fuzziness Consistency Principles  

 

I. Introduction 

Fuzzy set theory has been initiated by an observation 

made by Zadeh [1], saying that “more more o ften than 

not, the classes of objects encountered in the real 

physical world donot have precisely defined 

membership”. That is to say that the theory of fuzzy sets 

was first introduced by Zadeh as an appropriate 

mathematical instrument for description of uncertainty 

observed in nature. 

The particularity of fuzzy sets is to capture the idea 

of partial membership.The characteristic function of 

fuzzy sets often called membership function, is a 

function whose range is an ordered membership set 

containing more than two values (typically the unit 

interval). Therefore fuzzy set often understood as a 

function. The complement o f a fuzzy set is defined with 

a membership function which is one minus the 

membership function of the given set. Since the 

inception of the theory, it  has got intensive acceptability 

in various fields. 

The fuzzy sets and their corresponding membership 

function provided by the experts may not be suitable for 

defining the complement of fuzzy sets which can be 

clear from the following sections . 

In this art icle, our study is concerned with the 

revision of the geometrical representation of fuzzy sets 

and some of the properties associated with this. Then 

these results are interpreted from the standpoints of 

reference function. It is for this reason, it is necessary to 

discuss a bit about the way in which fuzzy  sets are 

represented graphically in the literature references along 

with the new definition of complementation. 

The remainder of the article is organized as fo llows. 

Section II defines the geometrical representation of 

fuzzy sets and some of its application areas. Section III 

deals with some of the papers related to fuzzy set theory. 

Section IV gives an overview of the new definition of 

complementation which is the main method to show 

how the representation becomes unacceptable from our 

standpoints. Finally, Section V presents our conclusions 

from this work and points to some potential areas for 

future works.  

Before proceeding further with our suggested 

definit ion of complementation, we would like to discuss 

the works of other researchers in the field o f fuzzy  set 

theory who unlike us are of the opinion that there are 

some shortcomings in the theory concerned. Although 

these papers are still far from the main  concern of our 

paper, it is worth mentioning them to support our claim.  

 

II. Some Other Works Related to the Theory of 

Fuzzy Sets 

Since Zadeh introduced the concept of fuzzy sets, a 

great deal of research has been conducted some of these 

are as follows: 

M. Sh imoda [2] presented a new and natural 

interpretation of fuzzy sets and fuzzy relations, but still 

did not change the fact that it could not satisfy all 

formulas of the classical set system.  

A. Piegat [3] presented a new definition of the fuzzy  

set: a fuzzy set A of the elements x is a  collection of the 

elements which possess a specific property pA of the set 

and are qualified in the set by a qualifier QA using a 

qualification algorithm QA lgA. But nothing about 

essential shortcomings and mistakes of Zadeh's fuzzy 
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set theory and how to overcome them completely was 

discussed in it.  

Qing-Shi Gao, Xiao-Yu Gao and Yue Hu [4]found 

that there is some mistakes Zadeh’s fuzzy sets and 

found that it is incorrect to define the set complement 

as , because it can be proved that set complement may 

not exist in  Zadeh's fuzzy set theory. According to them 

it leads to logical confusion, and is seriously mistaken 

to believe that logics of fuzzy sets necessarily go 

against classical and normal thinking, logic, and 

concepts.Since they found some shortcomings in the 

Zadeh’s fuzzy set theory ,they wanted to move away 

from it and worked towards removing the shortcomings 

which accord ing to them debarred fuzzy  sets to satisfy 

all the properties of classical sets.They introduced a 

new fuzzy set theory,called C-fuzzy set theory which 

satisfies all the formulas of the classical set theory. The 

C-fuzzy  set theory proposed by them was shown to 

overcome all of the errors and shortcomings, and more 

reasonably reflects fuzzy phenomenon in the natural 

world. It satisfies all relations, formulas, and operations 

of the classical set theory.  

That is to say that these authors are also not satisfied 

with the way of defining the complemention of fuzzy 

sets.There are many such cases where the researchers 

found some sort of problems in the Zadeh’s fuzzy set 

theory some of which  are mentioned above. Many other 

controversies exists too numerous to present here in 

details. 

Like that of the aforementioned authors who had 

some doubts about the theory, we also want to convey 

that there seems some draw backs in the existing 

definit ion of complementation of a fuzzy set.It is for 

this reason we would like to review some of the results 

with special reference to the complementation of fuzzy 

sets. 

In this art icle, we would  like to riv isit the definit ion 

of complementation of fuzzy sets and in due course 

would like to rep lace it with a new one so that it 

becomes free from any doubt. It is important to mention 

here that in this article, we shall revisit the geometrical 

representation of fuzzy sets on the standpoints of the 

new defin ition. So before proceeding further, let us 

have a brief view of the geometrical representation of 

fuzzy sets. This will undoubtedly play an important role 

in narrowing down the gap that currently exists. 

 

III. Geometrical Representation of Fuzzy Sets 

In this section, we shall discuss in brief about the 

geometrical representation of fuzzy sets as proposed by 

Kosko ([5],[6]). 

A hypercube is simply  an n-dimensional space whose 

co-ordinate axes are of equal length. A unit  hypercube 

is one in which the co-ordinate axes are of unit length. 

Lotfi Zadeh [1] for the first time suggested a geometric 

interpretation of fuzzy sets as point in unit hypercube. 

Many years later his suggestions were taken up by 

Kosko [2&3], as the basis of proposing fuzzy logical 

framework and geometry.  The geometrical v iew of 

fuzzy set or view of set as points indicates a fuzzy  set 

can also be a point in a space.  

A very interesting geometrical representation of 

discrete fuzzy  sets was introduced by Kosko. He named 

it “set as points”. This approach identifies one fuzzy  set 

with a point in an n- dimensional unit hypercube, where 

n is the number of elements in the universe of discourse.  

Let us have a brief look at the geometr ical 

representation in the following way; 

Consider a universe of d iscourse containing two 

elements, 1 2{ , }U x x
 The Universal set is 

represented by the point (1, 1) with the membership 

function 1( ) 1A x 
 and 2( ) 1A x 

. The point (1, 0)  

represents the set 1{ }x
and the point (0,1) represents the 

set 2{ }x
. Similarly, a  fuzzy set defined in  that universe 

of discourse  
1 2

1 3
{( , ), ( , )}

5 5
A x x

  is represented by 

the membership function  

1

1
( )

5
A x 

 

and  

2

3
( )

5
A x 

 

Then the representation takes the following form 

 

Table 1: Geometrical Representation of fuzzy sets 

 

 

Then the point A can be represented as a point in two  

dimensional unit hypercube which is a square. This 

square represents all possible fuzzy sets of both 

elements; vertices of the square represent crisp set. 
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Kosko’s representation has become the cornerstone 

of fuzzy set theory. The uses of geometrical 

representation of fuzzy sets are many and varied in 

fuzzy areas. That is to say such representation had great 

potential applicability. One application area in which 

we can see the use of geometrical representation is the 

fuzzy entropy theorem. This fuzzy entropy theorem is 

the breakthrough concept.  Entropy is the measure of 

uncertainty or disorder in a system. With in the 

geometrical framework of unit hypercube 

representations, the fuzziness of a set is determined by 

the distance of it from the nearest vertex. The idea that 

the fuzzy set located at the vertex has the zero  entropy 

and the fuzzy set located at the midpoint has the 

maximum entropy, led Kosko to define fuzzy entropy in 

the following form: 

( )
( )

( )

c

c

M A A
E A

M A A





                                          (1) 

where 
cA  stands for the complement of the fuzy  set A 

which is defined in the following manner: 

( ) 1 ( ),c

A Ax x x    
                             (2) 

and M(A) stands for the cardinality of the fuzzy set A, 

which is expressed as: 

( ) ( ),AM A x x                                    (3) 

The geometrical interpretation of fuzzy entropy 

theorem which is the outcome of geometrical 

representation of fuzzy sets was presented in the 

following form: 

 
Table 2: Geometrical Representation of Fuzzy Entropy Theorem 

 

In he figure, 1d
 represents 

( )cM A A
 and  

2d
represents  

( )cM A A
 

Then this entropy theorem has been used in many 

important situations to draw conclusions. .It can be 

observed that the fuzzy  entropy theorem, paved the way 

for fuzzy subsethood theorem.  It was observed that the 

power set of the fuzzy set B, 
(2 )BF

 is the set of all 

subset of B.  Here 
(2 )BF

 defines a hyper rectangle 

within  a unit hypercube. With this in mind, the degree 

to which a fuzzy set a, is A subset of another fuzzy set 

B is defined as the subsethood of A to B. 

Mathematically, this is expressed as; 

( )
( , )

( )

M A B
S A B

M A B





                                        (4) 

It was also mentioned that fuzzy subsethood is also 

used to define a simp ler form for entropy in the 

following manner: 

( ) ( , )c cE A S A A A A  
                              (5) 

Thus from the above we can say that the geometrical 

representation of the fuzzy set played a vital ro le in the 

development of fuzzy  entropy theorem and subsethood 

theorem, which are used in various fields to draw 

specific conclusions regarding various fuzzy situations. 

This very important theorem not only proved that 

fuzziness was real, but it derived Bayes theorem of 

probability as a special case of subsethood or fuzziness. 

It also states that to a certain  degree, the universe of 

discourse is also contained in any of its  subsets, which 

is an interesting interpretation of the concept of 

subsethood. 

Although there are numerous applications of the 

aforesaid geometrical representation yet it is important 

to mention here that this representation cannot define 

nor represent fuzzy set of a continuos universe of 

discourse. Pract ically, it  is very difficult  to represent set 

with more than three elements.  

In this article, our main  intention is d irected to the 

fact that the geometrical representation particularly 

when complementations of fuzzy sets are involved has 

to be given due thought before working with it. It is 

important to mention here the fact that this type of 

representation may be continued in case of fuzy sets 

where complementation is not involved. The reason 

behind such a claim can be contributed to the fact that 

the existing definition of complementation seems to us 

to be somewhat illocal in the sense that does not follow 

the real meaning of the term complement of a set. In 

other words, we would like to mention the fact that in 

the existing definition, if it is obsrved carefully, we can 

see something missing from the sense in which 

complementation usually indicates. It  is due to this 

reason; we prefer to proceed with the new definit ion of 

complementation provided to us by Baruah ([7], [8] & 

[9]). As we work with this, it seems that this definition 

can be a useful from mathematical po int of v iew since 
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the drawbacks which can be found in  the current 

definit ion can be removed with the use of the current 

definition.  

 

IV. Baruah’s Definition of Complementation 

Baruah ([7],[8] & [9]) has defined a fuzzy number N 

with the help  of two functions: a fuzzy membership 

function 2 ( )x
and a reference function 1( )x

  such 

that  1 20 ( ) ( ) 1x x   
. Then for a fuzzy number 

denoted by 1 2{ , ( ), ( ),x x x x  
we would call  

2 1{ ( ) ( )}x x 
as the fuzzy membership value, 

which is different from fuzzy membership function. As 

an illustration of the above formalizat ion, we are going 

to mention the following few lines.   

In accordance with the process discussed above, a 

fuzzy set defined by 

{ , ( ), }A x x x 
                                           (6) 

would be defined in this way as  

{ , ( ),0, }A x x x 
                                        (7) 

so that the complement would become 

{ ,1, ( ), }cA x x x 
                                      (8) 

The above expression shows how the membership 

functions are to be represented in terms of reference 

function. 

 
Table 3: New definition of Complementation 

 

The above diagram g ives us a very clear picture of 

the membership value recently introduced for the 

purpose of defining complementation of fuzzy sets.  

The extended definit ions using a reference function 

and with the help of appropriately defined union and 

intersection of such extended definitions lead to the 

assertion that for any fuzzy set A, we must have  

cA A  ,the empty set. 

and 

cA A  , the universal set. 

 

In other words the two laws which  were assumed to 

be true only for classical sets hold for fuzzy sets also. 

These two results obtained with the help of new 

definit ion of complementation not only encourage us to 

discard the existing belief that fuzzy sets violate 

excluded middle laws but also the proposed geometrical 

representation and all other results associated with it. 

It is important to note here that in most cases of 

practical significance, it is desirable to consider 

reference function for fuzzy compliments. Fuzzy sets 

operation like union and intersection are also defined 

accordingly in order to keep pace with the aforesaid 

definit ion of complementation.  All these results have 

been already considered and discussed in our previous 

works as can  be found in  Dhar ([10]- [20]). So  we 

would not like to mention  about all these in  details 

herein. 

This section has given a new representation of fuzzy  

sets with special reference to complementation that uses 

reference function which is essential if we are too make 

logical decision. 

With this new definition of co mplementation, we 

would like to discard the well known geometrical 

representation of fuzzy sets with special reference to 

complementation and consequently the fuzzy entropy 

theorem and fuzzy  subsethood theorem which were 

rooted in the geometrical representation of fuzzy sets.  

Another result which stems from subsethood theorem 

is that the universe of discourse is a subset of any of its 

subset to some degree seems meaningless. It can be 

described by the fact that the universe of discourse is 

the superset of its subsets and so how it can be a subset 

of any of its own subset. It does not sound good from 

mathematical point of view. Here, we are not going to 

discuss about all these in details because these are 

already been discussed a lot in our previous works (s ee 

for example Dhar ([10]-[20]).  

In other words, we would like to highlight the fact 

that if the geometrical representation is doubtful then all 

other results obtained with the help of this kind 

representation would surely be futile. The reason behind 

such a claim can be contributed to the fact in case of 

complementation, it is membership value not 

membership function which should be taken into 

consideration.  

Another important thing worth mentioning here is 

that if we consider the new definition of 

complementation, then proper care should be given to 

the definition of cardinality of fuzzy sets. The reason is 

that when dealing with new definit ion, we should use 

membership value instead of membership function, 

Dhar [18]. Symbolically, it would take the following 

form: 
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2 1

( ) ( )

{ ( ) ( )},

M A card A

x x x 



  
 

This definit ion of cardinality would play a very  

important role in finding the cardinality of a fuzzy set 

defined on the basis of reference function. The main 

reason behind mentioning about the proposed definition 

of card inality of fuzzy sets may  be interpreted in the 

form that in many cases like finding entropy and 

subsethood, we can see that the use of the existing 

definit ion of card inality but here we prefer to use the 

new defin ition of complementation of fuzzy sets and 

hence it is necessary to define it accordingly. 

It can thus be mentioned that the geometrical 

representation can be discarded on two grounds: Firstly, 

due to some drawbacks in the existing defin ition of 

complementation and secondly, the definition of 

cardinality is also not properly defined. 

 

V. Conclusions 

The work began with a premise that the existing 

definit ion of complementation of fuzzy  sets is not 

logical and hence the geometric representation of fuzzy 

sets should not be modelled in the way described. A 

new way of defining complementation of fuzzy sets is 

discussed herein. 

In this article, we have studied certain basic concepts 

associated with fuzzy sets. In the process, it was found 

that the famous law of excluded middle and the law of 

contradiction hold well in fuzzy set theory unlike 

classical sets. It is the point for which the geometrical 

representation of fuzzy sets is to be reviewed. But the 

same geometrical representation can be carried out in 

case of usual fuzzy sets. Here effo rts have been made to 

draw particular attention to the fact that the geometrical 

representation as well as the results associated with 

these types of representations has nothing to do if we 

refer to the new definit ion of complementation based on 

reference function. It  is important to note here the fact 

that about finding entropy, we have discussed a lot in 

our previous works but regarding subsethood further 

works are necessary to find an appropriate result. 
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