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Abstract— The notion of rough sets introduced by
Pawlak has been a successful model to capture
impreciseness in data and has numerous applications.
Since then it has been extended in several ways. The
basic rough set introduced by Pawlak is a single
granulation model from the granular computing point of
view. Recently, this has been extended to two types of
multigranular rough set models. Pawlak and Novotny
introduced the notions of rough set equalities which is
called approximate equalities. These notions of
equalities use the user knowledge to decide the equality
of sets and hence generate approximate reasoning.
However, it was shown by Tripathy et al, even these
notions have limited applicability to incorporate user
knowledge. So the notion of rough equivalence was
introduced by them. The notion of rough equalities in

the multigranulation context was introduced and studied.

In this article, we introduce the concepts of
multigranular rough equivalences and establish their
properties. Also, the replacement properties, which are
obtained by interchanging the bottomequivalences with
the top equivalences, have been established. We provide
a real life example for both types of multigranulation,
compare the rough multigranular equalities with the
rough multigranular equivalences and illustrate the
interpretation of the rough equivalences through the
example.

Index Terms— Rough Sets, Multigranular Rough Sets,
Approximate Equivalences, Approximate Reasoning

I. Introduction

Impreciseness has become a common feature in
modern day databases. Rough set [4, 5, 6] have been
found to be a fruitful model for such type of data and
also rough set techniques have been effective in the
study of such databases in the form of rule generation,
anonymisation and reduction of their size. Since then
the basic notion of rough set has been extended in
several ways [7, 8, 9, 10, 12, 16].
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The basic notion of equality of two sets is
independent of the user or more precisely the user
knowledge about the universe dealt with. In an attempt
to incorporate the user knowledge about the structure of
the universe in concluding about the equality of two sets
the notions of approximate equalities were introduced
by Novotny and Pawlak ([1, 2, 3]). This is an important
feature as the sets considered may not be equal in the
normal sense but they have close features to assume that
they are approximately equal. That is, basing upon our
knowledge and requirement we can assume that the two
sets are indistinguishable. Properties of approximate
equalities established by Novotny and Pawlak [1, 2, 3]
were analysed in [13, 14] and it was shown that some of
the observations there are not true. In [14] attempts
were made to extend these properties to the generalised
situation of rough equivalences. It was found that the
properties failed to hold in their full generalities and
mostly parts were found to hold true.

The other parts were established under suitable
conditions. The wvalidity of some basic algebraic
properties  involving  union, intersection and
complementation of sets were tested for their validity
with equality of sets being replaced with rough
equivalence in [11, 14]. Two types of Multigranulations
were introduced as extensions of single granulation. In
fact optimistic multigranulation was introduced in [8]
and pessimistic multigranulation was introduced in [9].
In this paper we confine ourselves to the extension of
the approximate equivalences of Tripathy et al [11, 14]
to the setting of multigranulations and establish their
direct properties and replacement properties also.

This paper consists of seven sections. First section
presents the overview and related literatures. In section
two, we have discussed on basic definitions and
properties of rough sets and multigranular rough set
followed by a real life example. The third section
emphasis on some of the previous results in this
direction  with  their comparison. Approximate
Equalities and its properties are discussed in forth
section. Fifth and sixth section discuss about
Multigranular Rough equalities and Multigranular
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104 On Approximate Equivalences of Multigranular Rough Sets and Approximate Reasoning

Rough equivalence, followed by conclusion in the
seventh section. Lastly, we have presented the list of
referred paperunder reference section.

1. Definitions and Properties

Let U be a universe of discourse and R be an
equivalence relation over U. By U/R we denote the
family of all equivalence class of R, referred to as
categories or concepts of Rand the equivalence class of
an element XeU, is denoted by [X]z. By a knowledge
base, we understand a relational system K = (U, R),
where U is as above and R is a family of equivalence
relations over U. For any subset P ( # Let U be a
universe of discourse and R be an equivalence relation
over U. By U/R we denote the family of all equivalence
class of R, referred to as categories or concepts of R and
the equivalence class of an element XeU, is denoted
by [XJz . By a knowledge base, we understand a
relational systemK = (U, R), where U is as above and R
is a family of equivalence relations over U. For any
subset P (# @) <R, the intersection of all equivalence
relations in P is denoted by IND (P) and is called the
indiscernibility relation over P.

Given any X cU and ReIND (K), we associate two
subsets,

RX =U{YeU/R:Y<X}

and

RX =U{Y<eU/R:YNX=4},

called the R-lower and R-upper approximations of X
respectively.

The R-boundary of X is denoted by BNr (X) and is
given by BNg (X) = RX-RX . The elements of RX are
those elements of U, which can certainly be classified

as elements of X, and the elements of RX are those
elements of U, which can possibly be classified as
elements of X, employing knowledge of R. We say that

X is rough with respect to R if and only if RX # RX ,
equivalently BNgr (X) # ¢. X is said to be R-definable

if and only if RX = RX , orBNg (X) =¢.

2.1 Multigranular Rough sets

The concept of granular computing was introduced
by Zadeh. According to this concept an equivalence
relation on the universe can be regarded as a granulation,
and a partition on the universe can be regarded as a
granulation space. As mentioned earlier, from the
granular computing point of view, two types of
Multigranulations have been defined using rough sets.

Copyright © 2013 MECS

The optimistic multigranular rough sets were
introduced by Qian as follows. We note that in the
beginning there was only one type of Multigranulation
and it was not named as optimistic. After the
development of a second type of Multigranulation, the
first one was called optimistic and the second one was
called as pessimistic. We note that we are considering
double granulation only. For granulations of higher
order, the definitions and properties are similar. The
notations used for the two types of Multigranulations
were different in the original papers. But we follow the
notations used in a recent paper by Tripathy et al [17],
that is, we use R+S for optimistic Multigranulation and
R =S for pessimistic Multigranulation, where R and S
are two equivalence relations on U.

Definition 2.1.1: Let K= (U, R) be a knowledge base,
R be a family of equivalence relations, X c U
andR,S € R. We define the optimistic multi-granular
lower approximation and optimistic multi-granular
upper approximation of X with respect to Rand S in U
as

(21.1) R+SX ={x|[x], = X or[x], c X}
(21.2) R+SX =~ (R+S(~ X))

Definition 2.1.2: Let K= (U, R) be a knowledge base,
R be a family of equivalence relations, X c U

andR,S € R. We define the pessimistic multi-granular
lower approximation and pessimistic multi-granular
upper approximation of X with respect to Rand Sin U
as

(2.1.3) R*SX ={x|[x]; = X and [x]; = X}
(2.1.4) R*SX =~ (R*S(~ X)).

2.1.1 Areal life Example for Multigranulations

Let us consider the example of cattle C in a locality.
We define a relation R over Cset by xRy ifand only if
x and y are cattle of the same kind. Suppose, for
example this equivalence relation decomposes the
universe of cattle into disjoint equivalence classes given
by C = {Cow, Buffalo, Goat, Sheep, Bullock}. Next we
define another equivalence relation S as x S y if and
only if x and y are of the same size. We get three
equivalence classes as U = {Small, Middle, Large}.
These are defined as

Large = {Buffalo, Bullock},
Middle = {Cow} and
Small = {Goat, Sheep}.

Then for any subset X of the cattle in the society, we
have:

I.J. Information Technology and Computer Science, 2013, 10, 103-113
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R+SX = It is the set of cattle whose category is
completely in X or all the cattle of its size are contained
in X.

RxSX = It is the set of cattle whore category is

completely in X and all the cattle of its size are
contained in X.

R+SX = It is the set of cattle whose category has
nonempty intersection with X or whose size has
nonempty intersection with X.

R#SX = It is the set of cattle whose category has
nonempty intersection with X and whose size has
nonempty intersection with X.

2.2 Properties of Multigranulations

We  present below some  properties  of
multigranulations which shall be used in this paper to
establish the results.

2.2.1 Properties of Optimistic Multigranular Rough
Sets

The following properties of the optimistic
multigranular rough sets were established in [8].

(2211) (R+S)(X)= X< (R+S)(X)

(2212) R+S)XNY) < (R+SXN(R +S)Y
(2213) R+S)XUY)2 R+S)XUR+S)Y
(22.14) R+S)XUY)2 (R +SXUR +S)Y
(2215) (R+S)XNY)c (R+SXN(R+S)Y
(22.16) (R +S)(X) =RXNSX

(22.17) (R+S)(X)=RXUSX

2.2.2 Properties of Pessimistic Multigranular Rough
sets

The following properties of the pessimistic
multigranular rough sets which are parallel to the
properties in 3.1 were established in [9].

(2221) (R*S)(X) = X = (R*S)(X)
(2222) (R*S)(X)=RXNSX

(2.2.2.3) (R*S)(X)=RX USX

(22.24) R*S)(XNY) < R*S)XN(R*S)Y
(22.25) (R*S)(XUY) 2 (R*S)XUR*S)Y
(22.26) (R*S)(XUY) 2 (R*S)XU(R*S)Y
(2227) (R*S)(XNY) < (R*S)XN(R*S)Y

Copyright © 2013 MECS

I11. Some Previous Results

In this section, we provide some results on
multigranular rough sets, which are to be used in our
work.

3.1 Comparison Results

Among the properties (2.2.1.4) to (2.2.1.7) and
(2.2.2.4) to (2.2.2.7), in the single granulation case
(2.2.1.4), (2.2.1.5), (2.2.2.4) and (2.2.2.5) are actually
equalities. However, it has been established in [17,19]
that inclusions in (2.2.2.4) and (2.2.2.5) can be replaced
with equalities. That is

(311) (R*S)(XNY)=(R*S)XN(R*S)Y
(3.1.2) (R*S)(XUY)=(R*S)X U(R*S)Y

However, it has also been shown in [17,19] that the
inclusions in (2.2.1.4) to (2.2.1.7), (2.2.2.6) and (2.2.2.7)
cannot be replaced with equalities. So, we can say that
the deviations are in the properties (2.2.1.4) and (2.2.1.5)
from the base case.

3.2 Algebraic properties of Multigranulations

In this section we establish some algebraic properties
of both types of Multigranulations. It is interesting to
find conditions or the cases under which the two types
of Multigranulations reduce to single granulation rough
sets. In this section we present two results in this
direction established in [19].

Theorem 3.2.1: Let R and S be two equivalence
relations on U and X cU . Then

(321) R+SX=RXandR+SX=RX
when S =U xU.

(322) R*SX=RXand R*SX =RX
when S ={(x,x)|x eU}.

Theorem 3.2.2: With the same notations as in Theorem
3.3.1, the following properties [18] are satisfied by ‘+’
and ‘*’:

(323) R+SX =S+RX and
R+SX =S+RX

3.24) (R+S)+TX =R+(S+T)X and
(R+S)+TX =R+(S+T)X

(325 R*SX =S§*RX and R*SX =S *RX
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(326) (R*S)*TX =R*(S*T)X and
(R*S)*TX =R*(S*T)X

Let us denote the pessimistic Multigranular rough
sets and the optimistic rough sets associated with R and
S by and R+S respectively. R* S

Theorem 3.2.3: For any and two equivalence relations
R and S defined over U and any X cU we have

(3.27) R*SX cR+SX cRNSX c RNSX

cR+SX cRx*SX

From the above theorem the following result has
been derived in [17]. This result provides a comparison
among the three types of multigranulations including
the intersection of the two equivalence relations which
is also an equivalence relation.

Corollary 3.2.1: For any and two equivalence relations
R and S defined over U and any X cU we have

BN(RNS)(X) < BN(R+S)(X)

(3:28) < BN(R*S)(X)

(3.2.9) X is rough with respect to RNS= X is

rough with respect to R+S = X is rough with respect
to R*S.

(3.2.10) X is crisp with respectto R*S = X is crisp

with respect to R+S= X is crisp with respect
to RNS.

Theorem 3.2.4: A result which is not true for single
granulation is also not true for multigranulation of any
kind.

Proof: Suppose some result is not true for lower
approximation or upper approximation with respect to
single granulation R say. If the same result is true for
mu ltigranulation (optimistic or pessimistic) with respect
to two granulations R and S then by taking S = U xU
or S= {(x, X}/ Xe€U }, it reduces to lower or upper
approximations with respect to R only by Theorem
3.2.1. But by our assumption the result is not true in this
case. So, our claim is true.

Theorem 3.2.5: [RX(SY]=¢and [RY NSX]=4¢ is a
sufficient but not necessary condition
forR+S(XUY)=(R+SX)U(R+SY).

Copyright © 2013 MECS

Theorem 3.2.6: RXUSY=UandRYUSX=U is a
sufficient but not necessary condition for

R+S(XNY)=R+SXNR+SY.

IV. Approximate Equalities

As described in the introduction, sometimes exact
equality (equality in the mathematical sense) is too
stringent to apply in day to day life. We often talk about
equality of sets or domains, which can be considered to
be equal for the purpose or under the circumstances in
real life situations. So, approximate equalities play a
significant role in our reasoning. Also, it is dependent
upon the knowledge the assessors have about the
domain under consideration as a whole but mostly not
the knowledge about individuals.

4.1 Rough Equalities

As a step to incorporate user knowledge in
considering equality of sets, Novotny and Pawlak [1, 2,
3] introduced the following.

Let K = (U, R) be a knowledge base, X,Y cU and
R e IND(K).

Definition 4.1.1: We say that:

(4.1.1) Xand Y are bottomrough equal (Xb_R_eq Y)
if and only if RX =RY.

(4.1.2) X and Y are top rough equal (Xt_R_eq Y) if
and only if RX =RY.

(4.1.3) X and Y are rough equal (X R_eq Y) if and
only if Xb_R eqY) and (Xt_R eq).

Also 11 properties of these rough equalities were
established and it was mentioned that these properties
do not hold when bottom rough equality and top rough
equality are interchanged. The later properties are called
replacement properties. However, it is shown by
Tripathy et al [11, 14] that some of these properties hold
under the interchange where as some others hold with
some additional conditions which are sufficient but not
necessary.

As noted by Pawlak ([5], p.26 ), all these
approximate equalities of sets are of relative character,
that is things are equal or not equal from our point of
view depending on what we know about them. So, in a
sense the definition of rough equality refers to our
knowledge aboutthe universe.

I.J. Information Technology and Computer Science, 2013, 10, 103-113
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V. Multigranular Rough Egqualities

In this section we shall define multigranular rough
equalities and establish both the direct as well as the
replacement properties for these notions. Also, we shall
extend the example of cattle to illustrate the concepts.
In fact we shall introduce two types of multigranular
rough equalities; namely the optimistic multigranular
rough equalities and the pessimistic mu ltigranular rough
equalities. In the next subsection we shall consider the
pessimistic one and in the next section we shall take the
other concept.

The notions of pessimistic multigranular rough
equalities were introduced and studied in [20]. We
present below the definitions.

Definition 5.1.1: Let R and S be two equivalence
relations on U and X,Y cU . Then

(5.1.1) Xand Y are pessimistic bottomrough equal to
each other with respect to Rand S (X Pb_R*S eq Y) if
andonly if R*SX =R =*SY.

(5.1.2) X and Y are pessimistic top rough equal to
each other with respectto Rand S (X Pt_R*S eq V) if

andonly if R*SX =R=*SY.

(5.1.3) X and Y are pessimistic rough equal to each
other with respectto Rand S ( X P_R*S Y) if and only

if R¥SX =R*SYand R*SX =R=*SY.

The notions of different optimistic multigranular
rough equalities were introduced and studied in [20].
We present below the definitions.

Definition 5.2.1: Let R and S be two equivalence
relations on U and X,Y U . Then

(5.2.1) X and Y are optimistic bottom rough equal to
each other with respectto Rand S (X Ob_R+S_eq Y) if
andonly if R+SX =R+ SY.

(5.2.2) X and Y are optimistic top rough equal to
each other with respect to Rand S (X Ot_R+S_eq Y) if

andonly if R+SX =R+ SY.

(5.2.3) X and Y are optimistic rough equal to each
other with respectto Rand S ( X O_R+S YY) if and only
if R+SX =R+SYand R+SX =R+9SY.

VI. Multigranular Rough Equivalences

In this section we shall define multigranular rough
equivalences and establish both the direct as well as the
replacement properties for these notions. Also, we shall

Copyright © 2013 MECS

use the extended example of cattle in [20] to illustrate
the concepts. In fact we shall introduce two types of
multigranular rough equivalences; namely the
optimistic multigranular rough equivalences and the
pessimistic multigranular rough equivalences. In the
next subsection we shall consider the pessimistic one
and in the next section we shall take the other concept.

6.1 Pessimistic Multigranular Rough Equivalences

Definition 6.1.1: Let R and S be two equivalence
relations on U and X,Y < U . Then,

(6.1.1) X and Y are pessimistic bottom rough
equivalent to each other with respect to R and S (X

Pb_R*S eqv V) if and only if R*SX and R*SY are
@ or not ¢ together.

(6.1.2) X and Y are pessimistic top rough equivalent
to each other with respectto Rand S (X Pt_R*S_eqv Y)

if and only if R*SX and R* SY are equal to U or not
U together.

(6.1.3) X and Y are pessimistic rough equivalent to
each other with respectto Rand S ( X P_R*S _eqv Y) if

and only if R*SX and R*SY are

¢ or not ¢ together and R+SX and R SY are equal
to U or not U together.

The following properties hold for pessimistic
Multigranular Rough Equivalences. In order to establish
these properties we need the following additional
definitions.

Definition 6.1.2: Let K = (U, ) be a knowledge base,
X, Y € UandR, Se IND(K). Then

(i) We say that X is bottom (R*S)-included in Y
(XCRas Y) ifand only if R*SXc R *8Y

(ii) We say that X is top( R*S)-included in Y
(X &Reg Y) if andonly if R¥SX < ReSY.

(iii) We say that X is (R*S)-included in
Y(X SRes Y) if and only if XCp,s Y and X Ep,q Y

Definition 6.1.3: Let K = (U, R ) be a knowledge base,
X, Y € UandR, Se IND(K). Then

(i) we say X, Y € U are bottom R*S comparable if

and only if X is bottom (R*S)-included in Y or Y is
bottom (R*S)-included in X.

I.J. Information Technology and Computer Science, 2013, 10, 103-113
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(i) We say X, Y C U are top(R*S) comparable if
and only if X is top(R*S)-included in Y or Y is
top(R*S)-included in X.

(iii) We say X, Y C U are (R*S) comparable if and
only if X and Y are both top and bottom (R*S)
comparable.

Example: Let us consider the example of cattle above.
Let P1 and P2 be two people in the locality having
cattle set owned by themas X and Y respectively. There
are four different cases in which we can talk about
equivalence of P1 and P2.

Case I: R*SX,R*SY are not U and

R*SX,R*SY are ¢. Both P1 and P2 have some

kind of cattle of some size but do not have all cattle of
any kind or any size. So, they are equivalent.

Case II: R*SX,R*SY are not U and

R*SX,R*SY arenot ¢.Both P1and P2 have some

kind of cattle of some size and have all cattle of some
kind or some size. So, they are equivalent.

Case IlI:  R*SX,R*SY are U and
R*SX,R*SY are ¢ . Both P1 and P2 have some

cattle of every kind and some cattle of every size but do
not have all cattle of any kind or any size. So, they are
equivalent.

Case IV: R*SX,R*SY are Uand R*SX,R*SY
are not ¢. Both P1 and P2 have some cattle of every

kind and some cattle of every size and also have all
cattle of some kind and of some size. So, they are
equivalent.

The following cases P1 and P2 are not considered to
be equivalent:

Case V: One of R*SX,R*SY is U and the other

one is not. Then out of P1 and P2 one has some cattle of
every kind and some cattle of every size where as the
other one does not have any cattle of some kind or some
size. So, they are notequivalent.

Case VI: One of R*SX,R*SY is ¢ and the other

one is not. Then one of P1 and P2 has all cattle of some
kind and all cattle of some size where as the other one
neither has all cattle of any kind nor all cattle of any
size. So, they are notequivalent.

Properties 6.1:

(6.1.4) (i) If XNYis b_R*S eqv to X and X Y is
b_R*S eqvtoY then Xish_R*S eqvto .

(ii) The converse of (i) is not necessarily true.

Copyright © 2013 MECS

(iii) The converse is true if in addition X and Y are
bottomR*S comparable.

(iv) The conditionin (iii) is not necessary.

Proof: Proof of (i) is trivial. Since the converse is not
true in the base case, by Theorem 3.2.4 it is not true in
this case. Proof of (iii) follows from (3.1.1).

Proof of (iv): We consider the same example as in [19]
and take S = {(x X/ xeU }.

Here, [x]s ={x}, vxeU.

Sothat R*SX =X #¢,R*SY =Y #¢.

But R*S(XY)=¢.

(6.1.5) (i) If XUY is t_R*S_eqv to X and X UY is
t R*S eqvtoY then Xist_R*S eqvto Y.

(ii) The converse of (i) is not necessarily true.

(iii) The converse is true if in addition X and Y are
top R*S comparable.

(iv) The conditionin (iii) is notnecessary.

Proof: Proof of (i) is trivial. Since the converse is not
true in the base case, by Theorem 3.2.4 it is not true in
this case. Proof of (iii) follows from (3.1.2).

Proof of (iv) follows asin (6.1.4) (iv).

(6.16) (i) If X is t R*S_eqv to X and Y is
t_R*S eqv to Y then it may or may not be true that
XUY ist R*S eqvto X UY .

(ii) Sufficient condition for (i) to be true is that X and
Y are top R*S comparable and X’ and Y’ are top R*S
comparable.

(iii) The condition in (i) is notnecessary.

Proof follows as in the base case.

(6.1.7)(1) Xisb_R*S eqvto X’ and Y is b_R*S eqv
to Y’ may or may not imply that X (Y is b_R*S_eqv
to X NY .

(ii) A sufficient condition for (i) to be true is that X

and Y are bottom R*S comparable and X’ and Y’ are
bottom R*S comparable.

(iii) The condition in (i) is notnecessary.

Proof follows as in the base case. Here also we use
Theorem 3.2.4.

I.J. Information Technology and Computer Science, 2013, 10, 103-113
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(6.1.8) (i) X ist_R*S_eqv to Y may or may not imply
that XU~ Y is t_R*S_eqvto U.

(ii) A sufficient condition for (i) to be true is that X is
b_R*S eqvtoY.

(iii) The condition in (ii) is notnecessary.

Proof follows as in the base case.

(6.1.9) (i) X is b_R*S eqv to Y may or may not
imply that X(1~Y isb_R*S_eqvto ¢.

(ii)A sufficient condition for (i) to be true is that X is
t R*S eqvtoY.

(iii) The condition in (ii) is notnecessary.

Proof follows as in the base case.

(6.1.10) If X Y and Y is b_R*S_eqv to ¢ then X
ish_R*S_eqvto ¢.

(6.1.11) If X Y and X is t_R*S_eqv to U then X is
t_R*S _eqvtoU.

(6.1.12) X is t_R*S_eqvto Yiff ~ X isb_R*S eqv
to ~Y.

(6.1.13) X is b_R*S_eqv to ¢and Y is b_R*S_eqv to
¢ = XNY isb_R*S_eqvto ¢.

(6.1.14) If X ist_R*S_eqvtoUor Y ist_R*S_eqv to
U then X UY is t_R*S eqvto U.

6.2 Optimistic Multigranular Rough Equivalences

Definition 6.2.1: Let R and S be two equivalence
relations on U and X,Y U . Then

(6.2.1) X and Y are optimistic bottom rough
equivalent to each other with respect to R and S (X
Ob_R+S eqv V) if and only if R+SX and R+SY are

@ or not ¢ together.

(6.2.2) X and Y are optimistic top rough equivalent
to each other with respectto Rand S (X Ot_R+S_eqv

Y) if and only if R+SX and R+ SY are equal to U or
not U together.

(6.2.3) X and Y are optimistic rough equivalent to
each other with respect to Rand S ( X O_R+S_eqv V)
if and only if R+SX and R+SY  are

@ or not ¢ together and R+SX and R+SY are equal
to U ornot U together.

The following properties hold for optimistic
Multigranular Rough Equivalences. In order to establish
these properties we need the following additional
definitions.
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Definition 6.2.2: Let K = (U, R ) be a knowledge base,
X, Y € UandR, Se IND(K). Then

(i) We say that X is bottom (R+S)-included in Y
(XCR,s V) ifand only if R+SXcR+SY

(i) We say that X is top( R+S)-included in Y
(x S Y) if andonly if R+SX < R+SY.

(iiiy We say that X is (R+S)-included in
Y (X CR4S Y) if and only if X Cp.o Y and

X Sp4s ¥

Definition 6.2.3: (i) we say X, Y C U are bottom R+S
comparable if and only if X is bottom (R+S)-included

in Y orY is bottom (R+S)-included in X.

(i) We say X, Y C U are top(R+S) comparable if
and only if X is top(R+S)-included in Y or Y is
top(R+S)-included in X.

(iii) We say X, Y © U are (R+S) comparable if and

only if X and Y are both top and bottom (R+S)
comparable.

6.2.1  Properties

(6.2.1.1) (i) If XNY is b_R+S eqv to X and
XMNYisb_R+S eqv toY then X isb_R+S eqvto Y.
(i) The converse of (i) is not necessarily true.

(iii) The converse cannot be true even if X and Y are
bottomrough comparable.

(iv) The converseis true in (iii) if
RXUSY =UandRYUSX =U

(v) the conditions in (iv) are not necessary.

Proof: (i) proofis trivial.

(i) It is not true in the base case. So, using Theorem
3.2.6 it is nottrue in this case.

(iii) Even if X and Y are bottom rough comparable,
we have R+S(XY)cR+S(X) or R+SY as the case
may be. So, if both R+SX and R+SY are ¢, we have
R+S(X NY)=¢. Butwhen both are not ¢, we cannot
say the same for R+S(X NY).

(iv) Equality holds in (2.2.12) by theorem 3.2.6. So,
the conclusion follows.

(v) The conditions in (iv) are not necessary as in the
base case and the proof of theorem 3.2.4.
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(6.2.1.2) (i) If XUY is t R+S eqv to X and
X UY ist R+S eqv toY then X ist_R+S eqvto Y.
(ii) The converse of (i) is not necessarily true.

(iii) The converse cannot be true even if X and Y are
top rough comparable.

(ivy The converse is true in (iii) if
[RXNSY]=¢and [RY NSX]=¢.

(v) The conditions in (iv) are notnecessary.

Proof: It is similar to the proof of (6.2.1.2). Only we
note that under the conditions in (iv) equality holds in
(2.2.13) by theorem 3.2.5 and hence the conclusion
follows. The claim that the conditions in (iv) are not
necessary is a consequence of the base case and the
proof of theorem 3.2.5.

(6.2.13) (i) If X is t R+S_eqv to X and Y is

t_R+S eqv to Y'then it may or may not be true that
X UYis t_ R+S eqvto X UY .

(i) If X, Y and X', Y are top rough comparable
and [RXNSY]=¢and [RY NSX]=¢ ,
[RX NSY J=¢and [RY NSX ]=4.

(iii) The conditions in (ii) are not necessary.

Proof: (i) follows from base case and Theorem 3.2.4.
Even if X, Y and X', Y are rough comparable the
conclusion may not be true. However, under the
conditions of (i) and Theorem 3.2.5 the proof follows.

(6.2.1.4) () If X is b_R+S eqv to X and Y is
b_R+S eqv to Y then it may or may not be true that
XYis t R+S equto X NY.

(i) If X, Y and X', Y are top rough comparab le and
RXUSY =Uand RYUSX =U :
RX USY =UandRY USX =U .

(iii) The conditions in (ii) are not necessary.

Proof: (i) follows from base case and Theorem 3.2.4.

Even if X, Y and X', Y are rough comparable the
conclusion may not be true. However, under the
conditions of (i) and Theorem 3.2.6 the proof follows.

(6.2.1.5) (i) X is t_R+S_eqv to Y may or may not
imply that XU~Y ist_R+S_eqv to U.

(i) X is b_R+S_eqv to Y is not a sufficient condition
for (i) to betrue.
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(iii) However, if [RX SY]=¢and [RY NSX]=¢
then (ii) is true.

(iv) The conditions in (iii) are not necessary.

Proof: (i) is nottrue by theorem 3.2.4 and base case.
(i) The conditionin (ii) is notsufficient as we have
R+S(XU~Y)2R+S(X)UR+S(~Y)

R+S(X)UR+S(~ X)

cR+S(XU~X)=U.

(iii) If the conditions in (iii) are further satisfied then
equalities hold in place of inclusions in the above proof
of (ii) and the conclusion s true.

(iv)The conditions are not necessary by the base case
and theorem 3.2.4 and also, the theorem 3.2.5 .

(6.2.1.6) (i) X is b_R+S_eqv to Y may or may not
imply that XM ~Y ist_R+S_eqv to ¢ .

(if) X is t_R+S_eqv to Y is not a sufficient condition
for (i) to betrue.

(iii) However, if RXUSY = Uand RY USX = U then
(ii) is true.

(iv) The conditions in (iii) are not necessary.

Proof: he proofis similar to (6.2.5).

The proofs of the following properties are similar to
the base case.

(6.2.1.7) If X =Y and Yisb_R+S_eqvto ¢ then X
ish_R+S_eqv to ¢ .

(6.2.1.8) If X <Y and Xis t_ R+S_eqv to U then Y
ist_R+S_eqv to U.

(6219) X is tR+Seqv to Y iff ~X is
b_R+S eqvto ~Y.

(6.2.1.10) X is b_R+S_eqv to ¢, Y is b_R+S_eqv to
¢ implies that X (Y is b_R+S_eqv to ¢ .

(6.2.1.11) If X ist_R+S_eqvto Uor Yis t_R+S _eqv
to U then X UY ist_R+S_eqv toU.

6.3 Replacement properties for Multigranular
approximate Equivalence

We have stated above about the observations of
Novotny and Pawlak (see for instance [5]) in
connection with the holding of the properties for rough
equality when the bottom and top equalities are
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interchanged. It is categorically told that the properties
do not hold under this change. However, it was
established by Tripathy et al [9, 10, 11] that while some
of these properties hold true after the interchanges are
made, in some other cases additional sufficient
conditions are necessary. These sufficient conditions
may not be necessary for the results to be true. Similar
properties were established for rough equivalence [18].
In this section we shall establish the replacement
properties for multigranulations. First we take the case
of pessimistic multigranulation in the next subsection

6.3.1 Interchange  Properties  for  Pessimistic

Multigranular Equivalences

(6.3.1.1) () If XNY ist R*S eqvto Xand XY is
t R*S eqvtoY then Xist_ R*S eqvto Y.

(ii) The converse of (i) is not necessarily true.

Proof: (i) trivial

(i) Since R*S(XNY)<= R*SXNR=*SY the result

fails to be true when R*SX =R=*SY=U and
R*S(XNY)=U.

(6.3.1.2)() If XUY is b_R*S_eqv to X and X UY is
b_R*S eqvtoY then Xis b_R*S_eqvto .

(ii) The converse of (i) is not necessarily true.

Proof: (i) trivial.

(if) Since R*S(XUY)2R*SX UR=*SY , the result
fails to be true when R#*SX =R#*SY=¢ and
RxS(XUY)#4.

6.3.13) X is b R*Seqv to X , and Y is
b_R*S eqv to Y may not necessarily imply that
XUYisb_R*S eqvto X UY .

Proof: When R*SX,R*SY,R*SX ,R*SY areall ¢,

one of RxS(XUY)and RxS(X UY') is @ but the
other oneis not ¢ the result fails to be true.

(6.3.1.4) X is t_ R*S eqv to X and Y is t R*S eqv
to Y may not necessarily imply that XY is

t_R*S eqvto XNy .
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Proof: Similar to (6.3.1.3).

(6.3.1.5) X'is b_R*S_eqv to Y may or may not imply
that XU ~Y is b_R*S_eqvto U.

Proof: Follows from base case by theorem 3.2.4.

(6.3.1.6) X ist_R*S_eqv to Y may or may not imply
that X1 ~Y is t_R*S_eqvto ¢.

Proof: Follows from the base case and theorem3.2.4.

(6.3.1.7) If XY and Y is t_R*S_eqv to ¢ then X
ist_R*S_eqvto ¢.

Proof: By property as XcY , we have

R#*SX < R*SY . Also, here R*SY = ¢. So, the proof
follows.

(6.3.1.8) If X =Y and Xis b_R*S eqv U then Y is
b_R*S eqv U.

Proof: Here R#SX —R#*SY. Also by hypothesis
R*SX =U.So, the proof follows.

(6.3.1.9) X is b_R*S eqv Y iff ~ X ist_R*S_eqv to
~Y.

Proof: We have R*SX and R=SY are ¢ or not ¢

together. So, R#S(~ X) =~ R*SX and

R#*S(~Y)=~R=*SY are U or not U together. Hence
the proof follows.

(6.3.1.10) X is t_R*S_eqv to ¢, Y is t_R*S_eqv to
¢ = XNYist_ R*S_eqvto ¢.

Proof: This  follows from the
R+*S(XNY)= R*SX NR*SY .

inclusion,

(6.3.2.11) X is b_R*S eqvto U or Y is b_R*S_eqv
toU = X UY isb_R*S eqv toU.

Proof: Here, R+*SX =U or R=SY =U . So, the result
follows from the inclusion

R*S(XUY) 2 R*SX UR*SY.

6.3.2 Interchange Properties  for
Multigranular Equivalences

Optimistic
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632.1) () If XY is tR+Seqv to X
and X (Y is t_R+S_eqv to Y then X is t_R+S_eqv to
Y.

(ii) The converse of (i) is not necessarily true.
Proof: (i) trivial
(i) Since R+S(XNY)<cR+SXNR+SY , the

result fails to be true when R+SX =R+ SY =U and
R+S(XNY)=U.

(6.3.2.2)()) If X UYis b_R+S eqv to Xand X UY is
b_R+S eqvto Y thenXis b_R+S eqvto Y.

(ii) The converse of (i) is not necessarily true.

Proof: (i) trivial

(i) Since R+S(XUY)2R+SXUR+SY , the
result fails to be true when R+SX =R+ SY =gand
R+S(XUY)=¢.

(6.3.2.3) X is b_R+S_eqv to X and Y is b_R+S_eqv
to Y may not necessarily imply that XUY is

b R+S eqvto X UY .

Proof: When R+SX,R+SY R+SX ,R+SY are all

@, one of R+S(XUY)and R+S(X UY )is ¢ but
the otherone is not ¢ the result fails to be true.

(6.3.2.4) X is t_R+S_eqv to X' and Y is t_R+S_eqv
to Y may not necessarily imply that XY is

t R+S eqvto X NY .

Proof: Similar to (6.3.2.3).

(6.3.2.5)X is b_R+S_eqv to Y may or may not imply
that XU~ Y is b_R+S_eqv to U.

Proof: Follows from the base case and theorem 3.2.4.

(6.3.2.6) X is t_R+S_eqv to Y may or may not imply
that XN ~Yist R+S eqvto ¢.

Proof: Follows from the base case and theorem 3.2.4.

The proofs of the following properties are similar to
thosein (6.3.1.7) to (6.3.1.11).
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(6.3.2.7)If XcYandYist R+S_eqvto ¢ then X is
t_R+S_eqvto ¢.

(6.3.2.8)If X cYand X is b_R+S_eqv U then Y is
b_R+S eqv U.

(6.3.2.9) X is b_R+S_eqv Y iff ~ X is t_R+S_eqv
to~Y.

(6.3.2.10) X is t_R+S_eqvto ¢, Y is t_R+S_eqv to
¢ = XNYist_R+S_eqv to ¢ .

(6.3.2.11) X is b_R+S eqvto Uor Y is b_R+S eqv
toU = XUYisb_R+S eqvto U.

V1I. Conclusion

In this paper we introduced the concepts of optimistic
mu ltigranular equivalences and pessimistic
multigranular equivalences. These concepts extend the
approximate equivalences for single granulation and
lead to approximate reasoning to the level of
multigranulations. We have provided an example to
show how the approximate equivalences use human
knowledge for reasoning and how these are better than
the corresponding approximate equalities considered in
[20]. Several properties which are true for the single
granulation case have been extended suitably and
proved. Also, the replacement properties have been
extended to this general setting.
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