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Abstract—Voltage quality for residents of 10kV and 

below is affected by some factors: voltages of substation 

10kV buses, power supply topologies, line types, and 

power supply distances of 10kV lines, reactive power 

compensation and loads of distribution transformers. As 

loads of distribution transformers vary randomly in space 

and time, voltages of distribution transformers fluctuate 

randomly as well as distribution network power flows, 

even network structures and parameters are invariable 

when voltages of 10kV buses. According to the definition 

of voltage eligibility rate, a random fluctuation model of 

distribution transformer loads was built through long term 

statistical analysis of distribution transformer loads on 

actual distribution network. By calculating the 

probabilistic load flows and considering correlation of 

random fluctuations, static voltages of distribution 

transformers were analyzed with probability method and 

power supply voltage eligibility rates of all 10kV lines 

could be calculated. The simulations show that the power 

supply voltage eligibility rates can be analyzed and 

evaluated more comprehensively by probabilistic load 

flow calculation, such a calculation provides the 

theoretical calculation basis for both reasonably 

controlling the bus voltages and improving the power 

supply voltage eligibility rates.  

 

Index Terms—The load fluctuation, probabilistic load 

flow, monte-carlo simulation, The qualified rate of the 

voltage. 
 

I.  INTRODUCTION 

With the improvement of living standard, people have 

put forward increasingly strict requirements on the 

quality of power supply. At the same time, voltage 

quality, as an important assessment index of high-quality 

service for power supply enterprises, has been widely 

concerned by the whole society and severely supervised 

by government departments. Complaints about voltage 

quality have seriously impacted the reputation of the 

power supply companies. 

The Voltage qualification rate is an important indicator 

to evaluate whether the voltage quality is qualified or not. 

It is based on whether the average voltage in the minute is 

within the normal fluctuation range and has a statistical 

characteristic through long-time monitoring of the static 

voltage at the voltage monitoring point. When the 

structure of 10kv distribution line is definite, the low-side 

voltage of each distribution transformer will be affected 

by line load, both 10kv bus voltage and distribution 

transformer gear usually show random variations in time. 

Especially in the absence of on-load tap changer and 

long-term fixed gear of no-load tap changer at present, 

the random fluctuation of the load will cause the low-side 

voltage of the distribution transformer change randomly 

in case that the bus voltage is constant. The bigger 

probability that the voltage is within the normal 

fluctuation range, the higher qualified rate of the voltage 

is obtained. quality of the voltage is better accordingly, 

and vice versa. At present, a lot of literatures have studied 

the analysis and prediction [1-4] of power supply voltage 

quality and improvement measures, such as the optimal 

allocation and control of reactive power compensation, 

the reconfiguration of distribution network and so on, but 

most of them are based on the deterministic power flow 

calculation. It is the lack of a wide coverage and reliable 

monitoring method at present, it is difficult to accurately 

evaluate and analyze the quality of power supply voltage 

by deterministic calculation and analysis [1], thus, it 

makes valuable to propose voltage adjustment measures 

through quantitative analysis. 

All input variables for probabilistic power flow 

calculation are random variables, such as load power, line 

fault and so on, which can comprehensively analyze the 

operating state of the system and evaluate the distribution 

characteristics of the node voltage and the line flow, and  

it therefore has been widely used in the system operation 

analysis and evaluation [5-10]. 

According to the statistical characteristics of the 

qualified rate of the power supply voltage, probability 

power flow calculation introduced in this paper is based 

on Monte-Carlo model which analyze and calculate the 

power supply voltage quality of overall distribution lines. 

Based on the historical time series data of active and 

reactive load collected from distribution transformers, the 

stochastic fluctuation rules and their correlations [11] 



56 Voltage Quality Evaluation of Distribution Network based on Probabilistic Load Flow  

Copyright © 2018 MECS                                                    I.J. Modern Education and Computer Science, 2018, 8, 55-62 

with each other are analyzed statistically. According to 

the stochastic model, digital characteristics and 

correlation of the load, a random sampling technique is 

adopted to generate multidimensional independent 

random samples, and then corresponding linear 

transformation is carried out on the random samples 

according to the digital statistical characteristics of the 

load of each node in order to finally obtain 

multidimensional random samples which have the same 

stochastic fluctuation rule as the actual load, it therefore 

is able to accurately and conveniently simulate the 

influence of the stochastic fluctuation of the actual load 

on the qualified probability distribution of the node 

voltage. 

 

II.  STOCHASTIC LOAD FLUCTUATION MODEL 

A.  Analysis of Historical Load Power Data  

Through the statistical analysis of a large number of 

historical measured load data in the actual distribution 

network, the general fluctuation rule can be obtained. 

Figure 1 below shows the power fluctuation curves of 

active and reactive loads on the low voltage side of a 

distribution transformer. 

 

 

(a) Active power fluctuation sequence 

 

 

(b) Reactive power fluctuation sequence 

Fig.1. Active power and Reactive power sequence 

The frequency chart is used to analyse a large amount 

of historical data of the above load for a long time, and 

the approximate frequency distribution chart is shown in 

figure 2. 

 

(a) Frequency distribution of active power  

 

 

(b) Frequency distribution of reactive power  

Fig.2. Frequency distribution of active power and reactive power 

The shape of the outer profile will be closer to its 

probability density distribution function when the interval 

between frequency distribution maps becomes smaller. 

Thus, the probability fluctuation model of load power can 

be judged by the shape of the outer profile. Figure 3 

shows the load active and reactive power probability 

density curves obtained through data fitting. 

 

 

(a) The probability density curve of active power  

 

 

(b) The probability density curve of active power  

Fig.3. The probability density curve of active power and reactive power 
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B.  Analysis of Load Power Correlation of Each Node 

There is also a certain degree of correlation between 

them which will lead to a certain change in the 

fluctuation rule of line power flow and node voltage 

when the load of each node conforms a certain random 

fluctuation rule. Therefore, the correlation between node 

loads must be analyzed at the same time before the 

probability power flow is calculated, so as to evaluate the 

probability distribution of line power flow and node 

voltage accurately. Figure 4 shows the data curves of two 

groups of load active power sequence. 

 

 

(a) Weak correlation 

 

 

(b) Strong positive correlation  

 

 

(c) Strong negative correlation 

Fig.4. Active power and Reactive power sequence of different 

correlation 

Figure 4 (a)-(c) indicate weak correlation, strong 

positive correlation and strong negative correlation 

between two node loads respectively. 

 

 

 

 

III.  PROBABILISTIC POWER FLOW CALCULATION MODEL 

There are two types of probabilistic power flow 

calculation in power system [12]. Monte-Carlo simulation 

method combined with random sampling is the most 

common mathematical method for analyzing probabilistic 

statistical problems [13-16]. Its calculation results are 

accurate and comprehensive, but the calculation is time 

consuming and the computation is more complexity. 

Besides, the calculation sample requires high 

requirements. In this paper, the probabilistic power flow 

is used to evaluate the voltage quality of each node of 

10kv power supply line, the calculation speed is not 

required high. Therefore, Monte-Carlo simulation method 

is chosen to carry out analysis and calculation so as to 

obtain more accurate results. 

A.  Probabilistic Load Flow Model Based on Monte-

Carlo Simulation 

The probabilistic load flow calculation model based on 

Monte-Carlo simulation is shown as below: 

 

 fW X                                  (1) 

 

In the formula(1), x=[x1,x2,...,xn] is the system state 

variable, including node voltage amplitude and phase 

angle .w=[w1,w2,...,wn] is the power injection volume of 

each node of the system,  including the injected active 

power and reactive power of each node, and f is the 

system node power flow equations. When the load power 

of each node is a stochastic variable, that is, w is 

uncertain. 

Suppose the probability distribution function of node i 

injecting power wi is: 

 

 i i iY F w     1, 2,i n                    (2) 

 

Based on the probability distribution function of 

injection power of each node shown in formula (2),the 

injected power vectors of m row node satisfying this 

distribution are randomly generated on the computer, and 

the sample matrix of  the system nodal injection power 

with a scale of m is obtained: 
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                           (3) 

 

For the first row elements [w1l,w2l,..., wnl] of the node 

injection power sample matrix shown in formula (3), the 

corresponding system state vectors [x1l,x2l,..., xnl] are 

obtained by using the power flow calculation of formula  
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(1).Therefore, the corresponding system state matrix 

obtained by calculating the row vectors in the nodal 

injection power sample matrix is: 
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                          (4) 

 

The probability distribution curve and digital 

characteristics can be obtained by carrying out both 

digital statistics on each column of elements of the 

system state matrix and the branch power flow matrix. 

When the sample size m becomes bigger, the fitting 

accuracy will be higher, but the calculation amount 

becomes larger and the time consumed more accordingly 

at the same time. 

B.  Random Sample Simulation of Node Load Power 

Historical data of the load power of each node can be 

acquired through the power consumption information 

acquisition system. However, the number of load samples 

of each node is not equal because the integrity of the 

collected data of each node load is inconsistent. The 

consistency of the load sample size of each node must be 

ensured at first when probabilistic load flow is used to 

evaluate and analyse the node voltage quality. Therefore, 

a random sampling method introduced in this paper takes 

into account the correlation of node load power to 

generate samples that satisfy the random variation law of 

actual load. 

Through the analysis in section 2 of this article, it 

reveals that the actual active and reactive power of the 

distribution node load has random fluctuation. For the 

statistical analysis of a large number of historical data, 

the normal distribution can be used to approximately 

describe the probability distribution law of the load 

power. The general multidimensional normal distribution 

shown in formula (5) can be used to simulate [17]: 

 

 ~ ,X N                               (5) 

 

In equation (5), X represents the random variable 

vector of all node loads. μ is the expectation vector of 

node load power. ∑ is the covariance matrix of node load 

power, its diagonal element is the self-variance of the 

corresponding node power and the non-diagonal element 

is the covariance of the corresponding two node power. 

The formula (5) is transformed as follows: 

 

1 1 X LX                              (6) 

 

Then the new multidimensional random variable X1 

will satisfy: 

 

 1 1~ ,  TX N L L L                       (7) 

Thus, after the statistical characteristic values   and 

  of the load power of all nodes is obtained through 

statistical analysis, as long as a standard normal 

distribution X~ N(0,I) of the corresponding dimension is 

generated, and then make LXX  11  ,in which L is the 

result of Cholesky decomposition of ,namely   =LLT. 

Then the multidimensional normal distribution taking 

into account the load power correlation can be obtained. 

C.  Load Power Sampling 

It can be seen from section 3.2, for each distribution 

load with known load power correlation, m sample data 

with corresponding dimensions conforming the N (0, I) 

distribution are generated by random sampling at first and 

then the sample data is linearly transformed as described 

above according to the digital characteristics and 

correlation of each distribution load power, so as to 

obtain multidimensional random samples with known 

digital characteristics and correlation. The following is 

the normal sampling algorithm flow for distribution 

transformer load power data: 

(1) Calculate the covariance of load power of each 

distribution transformer. 

(2) According to the known variance of each 

distribution transformer load power, the covariance 

matrix C=(cij) of each distribution transformer load 

power is obtained on the basis of step 1. 

(3) According to the covariance matrix C, a lower 

triangular matrix of the linear transformation matrix A is 

constructed, and the element aij in the matrix a is obtained 

by the following formula: 

 

 1 1 1 1  i i ia c c i N             (8) 
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(4) Form samples with known load power digital 

characteristics and correlations, the steps are: 

 

1) Generate the initial sample data which is M in size 

and equal in dimension to the number of distribution 

transformer nodes and conforms N(0, I) distribution 

through independent sampling. 

2) Based on the linear transformation matrix A and 

according to the expected value vector of each 

distribution transformer load power, each distribution 

transformer load power sample with known distribution 

load digital characteristics and correlation is formed. 

 

The probabilistic power flow can be calculated by 

substituting all the distribution transformer load samples 

generated from the above random sampling into the 

formula (1). 
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IV.  SIMULATION ANALYSIS EXAMPLE 

The above probabilistic load flow calculation taking 

into account the load power correlation is used to 

evaluate the power supply voltage quality of the10k V E 

Hong I distribution line in Zhuzhou city, Hunan province. 

The line structure is shown in figure 5.The distribution 

transformers include common distribution transformers 

and special distribution transformers. Due to the fact that 

the distribution transformer mostly adopts the no-load 

voltage regulation distribution transformer at present, the 

common distribution transformer gear is usually in the 

middle gear, i.e. the change ratio is 10kv/400 v. 

According to the requirements of national grid standards 

for power supply voltage deviation, the normal 

fluctuation range of 220V single-phase power supply 

voltage is 198-235.4v, and the normal fluctuation range 

of 10kV power supply voltage is 9.3~ 10.7kv. For the 

special transformer of 10kV, the low voltage side voltage 

is self-regulated by users. 
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Fig.5. E Hong I of Zhuzhou city 10kV distribution line 

The qualified control range of 10kv bus voltage in 

transformer substation is 10 ~ 10.7kv, in which 0.1kv is 

the interval. Under the condition that the 10kv bus 

voltage is within the qualified range, we can calculate the 

probability distribution of the voltage on the low voltage 

side of each common distribution transformer within the 

qualified range. The average value of the sum of the 

probabilities that voltages on the low voltage side of all 

the common distribution transformer are within the 

acceptable range is taken as the comprehensive 

probability that the low voltage side voltages of the 

common distribution transformer are within the qualified 

range. Since the voltage qualification rate is a long-term 

statistic on the slowly changing static voltage, the longer 

the statistical time is, the more consistent it should be 

with the voltage probability distribution, that is, the long-

term voltage qualification rate should be equal to the 

probability that the voltage is within the qualified range. 

Figure 6 shows the comprehensive probability that the 

voltage on the low voltage side of the common  

 

 

distribution transformer is within the qualified range 

under different bus voltages. As can be seen from the 

curve in figure 6, when the 10kv bus voltage is between 

10kv and 10.2kv, the voltage on the common distribution 

transformer low voltage side of the line is basically 

within the qualified range. When the bus voltage 

increased from 10.2kv to 10.4kv, the probability of the 

voltage within the qualified range dropped rapidly to 

nearly zero. 

Considering the pressure drop factor of 400V low 

voltage line and the requirement of reducing network 

active power loss, the voltage should be as close as 

possible to the upper limit on the premise of meeting the 

qualification rate of voltage. The average value of the 

sum of the expected values of all common distribution 

transformers low-voltage side voltages is taken as the 

comprehensive expected value of the common 

distribution transformers low-voltage side voltages, and 

its value changes with the 10kv bus voltage as shown in 

figure 7.  
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Fig.6. The probability of distribution transformer low voltage side 

voltage in qualified range with different bus voltage 

 

Fig.7. Expected value of distribution transformer low voltage side 

voltage with different bus voltage 

Figure 7 shows that when the 10kv bus voltage is 

controlled within the qualified range, the comprehensive 

expected value of the common distribution transformer 

low voltage side voltage is also close to 0.99 at least, and 

is basically linearly increasing with the bus voltage. 

Combined with fig. 6 and fig. 7, the 10kv bus voltage 

should be as stable as possible at about 10.2kv, so as to 

ensure that the qualified rate of the voltage on the low 

voltage side of the common distribution transformer and 

the expected value of the comprehensive voltage can 

meet the requirements at the same time. Further 

calculation and analysis show that when the 10kv bus 

voltage is stable at 10.22kv, the qualified rate of the low 

voltage side voltage of the common distribution 

transformer is 97.31% at least and the lowest expected 

value is 1.004pu. At this time, the qualified rate and 

expected value of voltage on the low voltage side of each 

common distribution transformer are shown in figure 8 

and 9. 

 

 

Fig.8. The probability of distribution transformer low voltage side 

voltage in qualified range when bus voltage is 10.22kV 

 

Fig.9. Expected value of distribution transformer low voltage side 

voltage when bus voltage is 10.22kV 

Figure 10 is the probability density curve and 

probability distribution curve of all common distribution 

transformer low-voltage side voltages at this time. It can 

be clearly seen from the curve that all common 

distribution transformer low-voltage side voltages are 

basically between 1 and 1.02, and the qualified 

probability reaches 0.9951. 

 

 

(a) 

 

 

(b) 

Fig.10. The Probability Density and cumulative probability curve of 

distribution transformer low voltage side voltage 

From the above calculation results and analysis, it can 

be seen that the overall voltage quality of the common 

distribution transformer low voltage side of the 10kv line 

is determined by the bus voltage when the common 

distribution transformer gear is in the middle position and 

there is no adjustment and the random fluctuation 

characteristics of each distribution transformer load are 

known at the same time. If the probability of 10kv bus 

voltage above 10.3kv is high, the overall voltage 

qualification rate of the common transformer low-voltage 
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side will be lower. Therefore, in order to ensure that the 

qualification rate of the voltage on the low voltage side of 

common distribution transformer meets the requirements, 

it is necessary to strictly control the voltage level of 10kv 

bus or readjust the distribution transformer gear. 

 

V.  CONCLUSION 

The qualified rate of power supply voltage [18] is an 

important evaluation indicator to measure the quality of 

power supply voltage. As a commitment to users, it must 

meet certain indexes. The distribution network covers a 

wide area and has a large number of distribution 

transformers. At present, it is unlikely to fully monitor the 

voltage quality on the low voltage side of the distribution 

transformer. According to the consistency between the 

statistical characteristics of the voltage qualification rate 

for a long time and the probability that the voltage is 

within the qualified range, based on the analysis of the 

random fluctuation model of distribution transformer load, 

the probability that the voltage of the common 

distribution transformer low voltage side of 10kv 

distribution lines is within the qualified range and the 

influence of 10kv bus voltage on the voltage qualification 

rate of the common distribution transformer  low voltage 

side are analysed through probability power flow. The 

analysis results show that under the circumstance that the 

random fluctuation model of distribution transformer load 

is known, bus voltage controlled within a reasonable 

range can significantly improve the qualification rate of 

voltage on the low voltage side of the common 

distribution transformer. However, the actual 10kv bus 

voltage is also changed randomly due to changes in 

power flow in the main network. Therefore, in order to 

maintain the qualified rate of the distribution transformer 

low voltage side voltage of the line to meet the 

requirements, it is necessary to adjust the distribution 

transformer gear reasonably. 
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