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Abstract—Actuator failures are inevitable in practice
especially in complex systems. The unknown failure may
cause instability and catastrophic accidents during
operation of control systems. A state feedback control
scheme is proposed by using backstepping techniques.
Compared with exist results, The uncertainties caused by
total failure are seen as the bounded term and an estimator
is designed to estimate its upper bound. The stability of
closed loop system and output tracking performance can be
guaranteed by our control law and corresponding update
laws of uncertain parameters.

Index Terms—- actuator failure, backstepping, nonlinear
system, adaptive control, uncertain system

|. INTRODUCTION

Actuator failures seem inevitable in practice especially
in complex systems. The unknown failure may cause
instability and catastrophic accidents during operation of
control systems. As we all know such failures are often
uncertain in time, value and pattern, namely it is not
known when, how much and how many actuator fail. So
it is difficult to address the problem of actuator failure
compensation. To address such problem, serval different
design methods have been proposed such as multiple-
model designs and switching and tuning techniques, fault
detection and diagnosis-based designs, robust control
designs, neural network techniques, sliding model
method. It is well known that adaptive control systems
can obtain desired performance by adjusting controller
parameters with system response errors during the
operation of control system. So compared with other
methods, It avoid false alarms and delays caused by
failure detection.

In the context of adaptive control, several schemes
based on adaptive control approaches have been proposed,
see for examples in [1]-[7] and [10]-[12]. In [1] [2],
adaptive controller were proposed to linear systems with
parameter uncertainties. It was extended to nonlinear
systems in [3] with backstepping techniques to guarantee
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stability and tracking performance of closed-loop system.
The results had been extended to MIMO systems with
unknown actuator failures In [5]. An output feedback
control law was designed for strict-feedback nonlinear
systems with backstepping techniques to compensate
unknown actuator failures in [4]. In [6] an adaptive
output feedback control law was proposed to linear
systems. It was expended to the nonlinear systems with in
[7]. A state feed-back control law was proposed to
compensate unknown failures and guarantee transient
performance in [11]. In [10] the problem of compensation
of hysteric actuator failures had been discussed.

The work of this paper aim at compensating unknown
actuator failures for a class of nonlinear systems with
unknown constant parameters and bounded external
disturbance. Several different actuator failure patterns are
considered including partial loss of effectiveness, total
loss of effectiveness as shown in [6]. Note that total loss
of effectiveness denotes the output of actuator is fixed on
an unknown constant no matter how much is the input. So
the uncertainties caused by the failure of total loss can be
seen as the bounded disturbance. A state feedback control
scheme is proposed by using backstepping techniques.
Compared with exist results about compensation of
unknown actuator failures, we design an estimator to
estimate the upper bound of uncertain term caused by the
failure of total loss. The stability of closed-loop system
and output tracking performance can be ensured by our
control law and corresponding update laws of uncertain
parameters.

The remaining part of this paper is organized as
follows. In section 2, the control plants are given and the
mathematical model of actuator failures are discussed. In
section 3, control scheme is proposed. Then we give the
stability analysis. Simulations results given in section 4
on a practical systems and it confirm the control scheme
are effective.

Il. PROBLEM STATEMENT

We consider a class of nonlinear systems with
uncertain parameters and m inputs. The system model is
given as
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X =X, +9T§01(X1)
X, =X +9T¢2 (X, %;)

@)
&=¢%m+imuﬂm

y=X
where X =(X,X,,-:,X,) IS system state, y=x R is
output of system and ¢ eRP(i=12,---,n) are known
continuous function. b;(j=12,---,m)eR and e R”

are unknown constant parameters. u,(i=12,---,m) are

inputs of the system. d(t) is unknown external

disturbance.

We now consider the adaptive compensation control of
system (1) for the following actuator failure problem. As
shown in [7], the mathematical model of the failure of
i th actuator at time instant t, can be modeled as

u, _= oV, +U, (vtxt) @
oU; =0
where 0< o, <1, U, and t, are unknown constants. It is
clear that the actuator works normally namely
u, =V, denotes the constant o; =1 . Other cases are
discussed as follows

1, 0<g; <1

It indicates u; = o;v; . The i th actuator is called partial
loss of effectiveness.

2, O-i = 0

It indicates u;, =0, . The i th actuator is called total
loss of effectiveness.

With above mathematical model of actuator failures,
system (1) can be rewritten as follows
X =X, +6T(p1(x1)

X, =X, + 60" 0, (X, %)
: ©)

%, =00, (x)+ > o, + Y. bT, +d (1)
i=1 i=1

y=X

The following assumptions are necessary to design
adaptive controller

Assumption 1: System (1) is such that for any up
number m-1 of total failure actuators, the remaining
actuators can still achieve the desire control objectives.
Any actuator changes only from normal case to one of the
failure case.

Assumption 2: b =0, the sign of b, is known.

Without loss of generality, we suppose sign(b.) =1.
Assumption 3: Reference signal y, (t) and its i -order
(i=1,2,---,n-1) derivatives are known and bounded.

Our purpose is to design control scheme to guarantee
globally stability of closed loop system.

Copyright © 2011 MECS

[1I. DESIGN OF ADAPTIVE CONTROLLERS

Before propose the adaptive control scheme, to using
backstepping technology as in [8] [9], the following
coordinates transformations are introduced.

L=X-Y o (@)
z=X—o, =Y, ,(i=2--,n)
where z, is the tracking error and a_,(i=2,3,---,n) is
the virtual control in step i .
Step 1: With (3) and (4) we can get
L =%-Y,
=% +0 ¢, (%) -V, ()
=2,+a,+0" ¢,(x)
where ¢, is the virtual control. The following Lyapunov

function is considered

_ 1 1 -
V.==22+=20'T76 6
=22+ ®

where §=60-0, 6 is the estimation of @ and T is a
positive define matrix.
Virtual control ¢, can be chosen as

o =-G7 -0 @ (%) )
where ¢, is positive constant. With (5) (6) and (7), the
derivative of V, is

V=22 -0'T"9
=7, (2, +a + 9T¢1(X1)) - éTrilé
=2,(2,-c2,-0"p, (0) +6" @ (x))-0'T70  (8)
—2,2,-¢22+0 ¢, (x)z, -6'T*0
—22,-¢22 0T 0-1,)
Turning function can be chosen as
n=Tpzy ©)
Step 2: With coordinates transformations (4) and

system model, we can get the derivative of z, as follows

. v . (2)
L, =X—on Y,

oa oo, *
=X +0 0, (X,%X)——2(X, +0 ¢, ) ——L 6
3 ?,(%, %;) 6X1(2 ®) 20
oo, . @
-—— VY (10)
oY,
o,
=2+, +0" 0,(X, %) ——=(X%,+0" )
0%,
A *_aaly
00 oy, "

where «, is the virtual control in this step. The following
Lyapunov function is considered

V, =V +>7 (11)

Virtual control «, can be chosen as
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oa oa.
a, =-C17, -1 QT(%_—l(Pl) : 2
X, oX, (12)
Jou, Oa
00 ° oy, '

where c, is positive constant. With (5) (6) and (7), the
derivative of V, is

V V +2,7,
=2,2,-C22 =0 TH0-1,)+17,(z, + 0" 0, (X, %)

60:1

0, 107 gy) - %~ By
OX, oy,

z,-¢2 —6~Tl“’1(:9—rl)+zz(z3 +0"0,(%,%,)

+a,

~ oa. oa oa.
Z -0 (o, __1¢1)+_1Xz +—= 7

ox, (’5X1 00
ooy 60{1 Oy

oa
+—Ly (%, + 0 ) ——= O ——>
&, Y, ( ®) % %y, y:)

oa, , A
_f‘;(e_fz)zz

—GC,Z,

=—¢7? —czzg t2,2,-0'T (01

~ oo,
+6" (¢, _8_X11¢1)22

0 A - A
=2} —C, 2} + 12,7, —6%1(6?—12)2z -0'T ' (0-1,)
(13)
Turning function can be chosen as
oa
5, =0+0(0,—— )7, (14)
0%

Step i(i =3,---,n—1) : The same as analysis above, the
derivative of z; is

Z; =% _di—l - yﬁi)
= X +‘9T¢’i(x11 Xy o
=7, +9T§0i(x11xz”'

’Xi)_a.i—l_ y:')
X)—a, , +e,
1

z il l(xk+1+9T¢k)

k=

=7, +9T¢’i(X1’Xz”
-1 5

k _lé :
Z r 69 +a|

k=1

(15)
Considering the following Lyapunov function
e (16)

The virtual control in this step can be designed as
follows

o ==z, -2, -0 (p - Z—fﬂk)

k=1 a k
2o, Oa
+y —Ex —Y, +—= 1, 17)
Z X kzi‘ayk SAFY:
i 6ak L '
+ >y ——T
k=2 ( z aX|
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where ¢, is positive constant. We can get the derivative
of V, is as follows

V. V 1 +27,

1
_V|1+Z(Z|+l kz kliy:( 69_19+a
1
HT@(vaz“ ) Z al l(xk+1+‘9T(ﬂk))
k=1
oo 4 A aai,
—V. (g, ——= 0+a—élri -Gz, -1,

~0"(p, - Za—fﬂk)wTw.(Xlx %)
k=1 k
Lo il oo,
+Z T Z ¢|) k 2_61 T(Dk)
2 00 = a2 O%
==Y ¢z + zlz,+1—éTl"’1(é—ri)
k=1

-z, 0% Gz
k=2 00

(18)
Turning function is
=t + (g - Z—W (19)
k=1 Xy
Step n: From (3) and (4), we can get the derivative of
z, is as follows

n

. v . (n)
Z, =X, =&, Y,

=0"p,(x)+ b 0 +d(t)—c,,—y"
i=1

aivi+ibi
~ 079,00+ Dby ,+Z 0 +d(t)- Zf Sty

r

nla

_Za

n-1

(Xea +0"0) -

oa, -1
n (9 y(n)
00

(20)
Because U; represents the actuator’s output when

actuator is total loss of effectiveness . According to the
mathematical model of ith actuator, we can get U; and b,

m
are unknown constants. It is clear ZbiUi is unknown

i=1

constant and bounded. Let d(t) = Zb

i=1
be seen as the bounded external disturbance term. then
(20) can be rewritten as

z, :49ng)n(x)+2b,0'lvI +d (t) - Zl
K=1

i=1

d(t) and it can

n-1,,k
kll’

(21)

n-1 80!
(X + o' ?)—
k=1 K
If knowing the system parameters and failures, the
control input v; can be chosen as

oa, -1
n 9 y(n)
00
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v, = pa
1

P=—m
Zai 1o |
i=1

where « is the virtual control in the last step and will be

(22)

given later. According to Assumption 1, Zoi |b |>0 is
i=1

unknown constant owing to the unknown actuator failures
and unknown system parameters. So we must replace the
unknown p with its estimate p in the control law (22)
and the controller is designed as

Control law:

The virtual control « is designed as

a=-1,,-¢ 2 —sign(z,)D -6 (p, - Z—(pk)

k=1 a k
l n-1 a ‘ aa o ™
X, . %n- LYy T, Y (24)
Z o Z‘ oyt 00
15
Z _lr( Z_n_lﬂ)zk
k= = 0%

where &, D are estimation of unknown constant a and
D . D is the upper bound of d(t). 7, is the turning
function in this step and can be chosen as follows

=74 +T(p, - Z—kmz (25)
k=1
Update laws:
o=1,
R (26)
D=7nlz,|
p=-yaz,

where T is a positive define matrix and » and y are

positive constants.
We consider the foIIowing Lyapunov function

V=V, +%z +— +—Zb,a, (27)
The derivative of V is
V=V +22 0T D——Z|b|0'pp

n-1
= —Z ¢zt +2,,2,+2,(0" @, (X)+ Zbi oV, +d(t)
i=1 i=1

n—laan nla n "
- Z l(Xk+1'H§’T(Dk) y()

k=1 ayk k=1
g 1 i b 1015
06 = '

(28)
With (22) and (23), the derivative can be rewritten as
follows

Copyright © 2011 MECS

. n-1
V= ZCIZI +Zn 1Z +z (€T¢n(x)+zb (p_lb)a
i=1

i=1

“oa “oa N
Ly - L(Xy +0 0 ) -y +d(t)

n-1 m
= —Z ¢z’ +2,,2,+2,(0"p,(X) +a - Y boap
i=1

n-1 6& - k n-1 a oy .

Yr (X +0 0 ) -y +d(t)
kz; 3Yk * k=1 an K “

8 A u A~ A
Yhagy_ 2 Z o pp—-0' T 0-1,,)
26 =

= da, , A

_sz k:l (Q_Tn—l)

k=2 oo

(29)
With the virtual control « given in (24), the derivative of
Lyapunov function can be re-written as

n

n-1
] 2
V= —Zci 2’ +z,,2.+2,(0"p,(X)-2,,—C,2

~sign(z,)B 6" (¢, - Za—wmd(t)

k=1 k

Eoa, , Eoa,,  Oa,, ™
+ X,y + Ly + L+ Y

i OXy k=1 6)/ 20

= og, 1F ~
+ (o, Z_¢|)Zk z oap

k=2

Ea 0 1( T ) (n)

= Pty L+0 o)-y"
k=1 6y,k k=1 “ ‘

m ~. A
"10)——2 o pp-0'T0-1,,)

i=1
N akl

sz

n-1
_Z G Zi2 +Z,,2,+2, (HT Dn (X) —Z,,—CzZ

0-7, 1)——DD

n

~sign(z,)D - 6" (¢, - Za—fﬂk)er(t)

k=1

oa, , Eoe, )
+—2 7+ (o, — —go”l )z
00 kz‘ 00 .Z;‘ ax
m “oa oa
Nboap-y Loigry, - Lag
le . kz; x 00 )
1ax 18, o o~
__DD__Zblaipp_H r (Q_Tn 1)
Y ia
S, 0 4
-»z =0-7,,)
S 00 '

Further simplification, we can get

1.J. Modern Education and Computer Science, 2011, 5, 10-17



14 Adaptive Compensation of Unknown Actuator Failures for Strict-feedback Systems

n-1 ~
V=->¢z+2,,2,+12,(-2,, —¢,z, -sign(z,)D
i1

~ oo oa, , »
+d(t)+9T(¢n-zaT”’1¢k)— = (0-7,)
k=1 Kk
n-1 60!
+ ki Z—gol)zk Zb,alap)
k=2 = OX i=1

LA . A n-1
—EDD—QTF&(Q—T”&)—Z aak'l (t9 1)
n k=2 00

1 oA
__zbiaipp

i=1

— -y ¢z +2,(d(t) - sign(z,)D) - BD
7

i=1

eTl—* (0 (Tnl F((pn+z_(pk)z ))

k=1 a k
n-1 a
Zk k 1(9 (Tn 1+F((pn za_¢|) ))
k=2 1=1 |

cnﬁ(iwazn)—

__Zbi
Y ia
With turning function given in (25), we can get

\/':—Zn:ci
n-1

T (0-1,) - sz

oa, , 4
L(0-1)z,
00

22 42 (d(t) - sign(z.)D) - = BD
n

9% 5 7y

A 0 A
~LShopth+ az,) -2t (B-1,)z,
= 06

A 1 ~ 4
S—Zcizi2+|zn|(D—D)—;DD

-0'r" (e ) sz ae (9 z,)

—izbi Ap+ yaz,) -2

i=1

nl
(9 7,)Z,
00

S—ZC

—EZbicaﬁ(ﬁwazn)—

i=1

——D(D 712,)~0'T(0-7,)

oa, | A
=(@-7,)z,
00

n-1

o,
- z Z, S (9 )
With the update laws in (26), the derivative of V is

n

2

< —Zcizi
i=1

Theorem 1: Consider the nonlinear uncertain system (1)
with unknown parameters, external disturbance and
unknown failures which modeled by (3) of m actuators
and satisfying Assumption 1-3, under the control law in
(23) (24) (25)and the update laws in (26), all signals in
closed loop system are bounded and the asymptotic
tracking is achieved, i.e. !Lrpo(y— y,)=0.

(30)

Copyright © 2011 MECS

Proof: Based on the above analysis, signal zi,é, D, are
bounded. Then the virtual control «; and the control
input v, are also bounded. By applying the LaSalle-

Yoshizawa theorem in  (30), we can get
limz, =0, (L2,---,n) . So the asymptotic tracking is

t—w

achieved, i.e. !lm(y— y,)=0.

IV. SIMULATION STUDIES

In this section, we use the same valve control
mechanism of a liquid tank dynamics model shown in
Figs.1 as in [9]. The transfer function can be expressed as.
It can be described as follows

h(s) = G(s)(byu, () +b,u, (s) +d (5)) (31)
where h is state and denotes the height of water surface,
transfer function G(s) =k/s . k,b and b, are unknown

constants. d(s) is unknown disturbance with unknown
constant upper bound. u,(s),u,(s) are input signals of

system.
With Laplace transformation, system model (31) can
be rewritten as

h = kbyu, (t) + kb,u, (t) + kd (t) (32)
Let b =kb, and b, =kb, , d(t) =kd (t) can be seen as

unknown disturbance. The model (32) can be rewritten as
follows

h =byu, (t) + b,u, (t) + d (t) (33)
control
(_ \) control
UI—) / I j Uz
N
h
—

Figure.1 Valve control mechanism of a liquid tank

In  simulation,
k=b = b,=1
is 0.1sin(t) .

We choose 7 =y=0.5 and feedback gain ¢=20 .

the actual parameters value are
The uncertain disturbance d(s)

The initial value are chosen as follows: z(O)=O.5 ,
5(0)=0, D(0)=0.

1.J. Modern Education and Computer Science, 2011, 5, 10-17
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Let the reference signal is y,(t)=In(t) . Figs.2 is
tracking error, Figs.3 and Figs.4 are input u,(t) and
u,(t) supposing at t =10 second actuator u,(t) is stuck
at an unknown value 1.5. When all actuators work
normally, Figs.5 is tracking error, Figs.6 and Figs.7 are
input uy (t) and u,(t) .

Let the reference signal is vy, (t)=sin(t) . Figs.8 is
tracking error, Figs.9 and Figs.10 are input u,(t) and
u,(t) supposing at t =10 second actuator u, (t) is stuck

at an unknown value 1.5. When all actuators work
normally, Figs.11 is tracking error, Figs.12 and Figs.13
are input u, (t) and u,(t) .

ne ‘ T T T

Tracking error

Control input Uy (]

"o 5 10 15 20 25 30 35 40

Gontrol input u2(t)

] 5 10 15 20 25 30 35 40
t(sec)

Figure.4 Input up(t) (y,(t)=In(t) and failure)

Copyright © 2011 MECS

08 ‘ T T T

Tracking eror

Control input U t)

Control input uZ(I)

Tracking error

Figure.8 Tracking error ( y, (t) =sin(t) and failure)

1.J. Modern Education and Computer Science, 2011, 5, 10-17
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Contral input u, 1

Control input uztl)

Tracking error

Gontrol input Y it

o8 i ; i i i ; i
[u] = 10 15 20 25 0 35 40

Figure.12 Input uy(t) (yr(t) =sin(t) )

Copyright © 2011 MECS

Caontral input uQ(t)

s i i i i i i i
a 5 10 15 20 28 30 35 40

Figure.13 Input uy(t) (y,(t) =sin(t) )

V. CONCLUSION

An adaptive state feedback control law is proposed for
a class of uncertain nonlinear systems with unknown
parameters and unknown external disturbance to
compensate unknown actuator failures. The uncertainties
caused by unknown actuator failures are seen as the
bound disturbance and handled by designing an adaptive
estimator to estimate its unknown upper bound. Our
control law and update laws can guarantee the stability of
closed loop system and tracking performance.
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