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Abstract— In this paper, we prove two common fixed
point theorems. In first theorem, we prove common fixed
point theorem for two weakly compatible self maps of
type (A) satisfying an integral type contractive condition
in intuitionistic fuzzy metric space. In the second theorem,
we prove common fixed point theorem for two weakly
compatible maps satisfying an integral type contractive
condition in intuitionistic fuzzy metric space. These
results are proved without exploiting the notion of
continuity and without imposing any condition of #norm

and f-conorm.

Index Terms— Intuitionistic fuzzy metric space, weakly
compatible maps, weakly compatible maps of type (A),

common fixed point

I. INTRODUCTION

Atanassove[l] introduced and studied the concept of
intuitionistic fuzzy sets as a generalization of fuzzy sets.
In 2004, Park[2] defined the notion of intuitionistic fuzzy
metric space with the help of continuous #-norms and
continuous f-conorms. Recently, in 2006, Alaca et al.[3]
using the idea of Intuitionistic fuzzy sets, defined the
notion of intuitionistic fuzzy metric space with the help of
continuous fnorm and continuous f-conorms as a
generalization of fuzzy metric space due to Kramosil and
Michalek[4] . In 2006, Turkoglu[5] proved Jungck’s[6]
theorem in the

common fixed point setting of

intuitionistic fuzzy metric spaces for commuting
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mappings. Afterwards, many authors proved common
fixed point theorems using different variants in such
spaces. In this paper, we prove two common fixed point
theorems. In first theorem, we prove common fixed point
theorem for two weakly compatible self maps of type (A)
satisfying an integral type contractive condition in
intuitionistic fuzzy metric space. In the second theorem,
we prove common fixed point theorem for two weakly
compatible maps satisfying an integral type contractive
condition in intuitionistic fuzzy metric space. These
results are proved without exploiting the notion of
continuity and without imposing any condition of #norm

and 7-conorm.

Il. PRELIMINARIES

The concepts of triangular norms (#norm) and
triangular conorms (f~conorm) are known as the
axiomatic skelton that we use are characterization fuzzy
intersections and union respectively. These concepts were
originally introduced by Menger in study of statistical
metric spaces.

Definition 2.1[7]: A binary operation * : [0,1]x[0,1] -
[0,1] is continuous #-norm if * is satisfies the following
conditions:

(i) * is commutative and associative;

(i1) * is continuous;

(iii)a *1 =aforall a0, 1];

(iv)a *b <c *d whenever a < ¢ and b <d forall g,

b c d €]0,1].
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Definition 2.2[7]: A binary operation ¢ : [0,1]x[0,1] —
[0,1] is continuous z-conorm if ¢ is satisfies the following
conditions:

(1) © is commutative and associative;

(ii) ¢ is continuous;

(iii)a 0 0 =aforall a €0, 1];

(iv) a 0 b >c¢ ¢ d whenever a <c and b <d for all a, b,

¢, del0,1].

Alaca et al.[3] defined the notion of intuitionistic
fuzzy metric space as follows :

Definition 2.3[3]: A 5-tuple (X, M, N, * 0) is said to be
an intuitionistic fuzzy metric space if X is an arbitrary set,
* is a continuous #-norm, ¢ is a continuous #-conorm and
M, N are fuzzy sets on X*x[0, o) satisfying the following
conditions:

() M(x, y,t) + Nx, y, t) <1 forall x, yin Xand t > 0;

(i1) M(x, y, 0) = 0 for all x, y in X;

(i) M(x, y, t) = I for all x, y in X and ¢ > 0 if and only

if x=y;

(1iv) M(x, y, t) = M(y, x, t) for all x, yin Xand ¢ > 0;

(V) M(x, y, t) * M(y, z, s) £ M(x, z, t + s) for all

X, ¥,z inXands, t>0;

(vi) for all x, y in X, M(x, y, .) : [0, ©) — [0, 1] is left

continuous;

(vil) lim,M(x, y, ) = 1 for all x, y in X and ¢ > 0;

(viil) N(x, y, 0) = 1 for all x, y in X;

(ix) N(x, y, t) = 0 for all x, y in X and ¢ > 0 if and only

ifx =y;

(X) N(x, y,t) =N(y, x, t) forall x, yin X and ¢ > 0,

xi)) N(x, , ) ON(y, z, s) > N(x, z, t + s5) for all x, y, z in

Xands, t>0;

(xii) for all x, y in X, N(x, y, .) - [0, ©)—[0, 1] is right

continuous;

(xiii) lim,_N(x, y, t) = 0 for all x, y in X:

Then (M, N) is called an intuitionistic fuzzy metric on
X. The functions M(x, y, t) and N(x, y, t) denote the
degree of nearness and the degree of non-nearness
between x and y w.r.t. ¢ respectively.

Remark 2.4:[3] Every fuzzy metric space (X, M, *) is

an intuitionistic fuzzy metric space of the form

Copyright © 2012 MECS

(X, M, I-M, * 0) such that t-norm * and #-conorm ¢ are
associated as x Oy = I-((I-x) * (I-y)) for all x, y in X.

Lemma 2.5:[3] In intuitionistic fuzzy metric space
(X, M, N, * 0), M(x, y, *) is non-decreasing and N(x, y, 0)
is non-increasing for all x, y in X.

Proof: Suppose that M(x, y, *) is non-increasing,
therefore for # <s, we have

M, y, 1) = M(x,y,s).

For all x, y, z in X, we have

M(x, z, t +5)>M(x, y, t) *M(y, z, s).

In particular for z = y, we have

M@, y,t+s)> M, y,t) *M(@, y, s).

M, y, t +s) =2 Mx, y, t) *1 = Mx, y, 1),
a contradiction, hence M(x, y, *) is non-decreasing.

Again, suppose N(x, y, ¢) is non-decreasing, therefore
for t <s, we have

N, y,5) > Nx, y, t).

For all x, y, z in X, we have

N(x, z, t +5) <N, y, ) O N, z, ).

In particular for z = y, we have

N, y, t+s) <Nk, v, ) ON®©, y, s)

Nix, y, t + 5) < Nx y, t) ¢ 0 = Nx, y 1),
a contradiction, hence N(x, y, ¢) is non-increasing.

Definition 2.6[3]: Let (X, M, N, * 0) Dbe an
intuitionistic fuzzy metric space. Then

(a) a sequence {x,} in X is said to be Cauchy sequence
if, forall£> 0 and p > 0,

lim, M (Xysp, X, ) = 1

and  lim,_N(X,1p, Xy t) = 0.

(b) a sequence {x,} in X is said to be convergent to a
point x in X if, for all # > 0,

lim, oM(x, x, t) = 1

and lim,_.N(x,, x, t) = 0.

Definition 2.7[3]: An intuitionistic fuzzy metric space
(X, M, N, * 90) is said to be complete if and only if every
Cauchy sequence in X is convergent.

Example 2.8:[3] x = {L’n c N}u {0} and let *
n

be the continuous fnorm and ¢ be the continuous #-

conorm defined by a * b = ab and a O b = min{l, a + b}
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respectively, for all a, b€[0, 1]. For each ¢ € (0, oo) and
X,y € X , define (M, N) by

t

>0,
M (x,p,1) =
0 t=0
[x-y|
P e N e v
1 t=0

Clearly, (X, M, N, * Q) is complete intuitionistic fuzzy
metric space.

Definition 2.9[5]: A pair of self mappings ( f, g ) of a
intuitionistic fuzzy metric space (X, M, N, * 9) is said to
be commuting if

M(fgx, gfx,t) =1and

N(fgx,gfx,t) =0forall xe X .

Definition 2.10[5]: A pair of self mappings (f, g ) of a
intuitionistic fuzzy metric space (X, M, N, * 0) is said to
be weakly commuting if

M( fgx, gfx, t) >M(fx, gx, t) and

N(fgx, gfx, t) < N(fx, gx, 1)

forall xe X and ¢> 0.

Definition 2.11[5]: A pair of self mappings (f, g ) of a
intuitionistic fuzzy metric space (X, M, N, * Q) is said

to be compatible if
lim M (fgx,,gfx, ,t)=1,
lim N( fax, , gfk, 1) = 0

for all ¢> 0, whenever {x,} is a sequence in X such

that lim fx =lim gx, =u for some u in X.
n—»0 n—0

Definition 2.12 [8]: Two self maps fand g on a set X
are said to be weakly compatible if they commute at the
coincidence points i.e., if fu = gu for some u in X, then
feu = gfu.

It is easy to see that two compatible maps are weakly
compatible but converse is not true.

Definition 2.13: A pair of self mappings ( £ g ) of a
intuitionistic fuzzy metric space (X, M, N, * 9) is said to

be weakly compatible of type (4) if

Copyright © 2012 MECS

lim M (fgx,,ggx,,1) =1,

lim N'(/gx,,ggx,.1) =0

or

lim M (gfx,, ffx,.0) =1,

lim N (gfx, , ffx,,1) = 0

for all ¢> 0, whenever {x,} is a sequence in X such

that lim fx =lim gx =u for some u in X.
n—»0 n—>0

I1l. MAIN RESULT

Now, we prove our main theorem as follows:
Theorem 3.1: Let fand g be weakly compatible maps of
type (4) of a complete intuitionistic fuzzy metric space
(X, M, N, * 0) satisfying the following conditions:
3.1 fX) € g(X)

(3.2) any one of the mappings f or g is continuous
(t)dt j
o(t)dt j

for each x, y in X, t >0, ¢ €[0,1), where @ :R"—R is a

J’lfM(ﬁc,ﬁuct) M (gx,gv.t)

. @(2)dt,
(-3) Il—N(/y‘c,fj’,ct)

0

—N(gx.gy.t)

p(t)dt,

lebesgue integrable mapping which is summable, non

negative and such that

(3.4) j: @(t)dt > 0 for each € > 0.

Then f'and g have a unique common fixed point.
Proof: Let x, € X. Since f{X) < g(X), choose x; € X

such that gx; = fx,. Choose x,+; such that y,

= gxn+1 = /{xw
We now show that {y,} is a Cauchy sequence.

For each integer n > /, and from (3.3), we have

M (fy Sy o)

1=M (3, Yps151)
j o(t)dt

p(ydr =]
g

_I /fnl/fn'

<IIM e (/)(t)dt

0

0

o(t)dt
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and

1=N (Y Ve st) 1=N(fy» [y 1)
[ p(t)dt =[

0

o(t)dt

0

S J-I—N(gxn,gxwij P (l‘) dt

0

[ o

0
t

1-N| gx,_1,8%,,—~
> jo (e CzJ(p(t)dt.
In this fashion, we obtain

v[I—M s Y1)
0

o(1)dt < j;‘M(y°’y‘ =) o(t)dt

and

t

jHV(yn i1t o(t)dt > J;N(yo’yl ,‘71 @(t)dt.

0

Now letting # — o0 and using Lebesgue dominated

convergence theorem, it follows in view of (3.4),

limM(yn’yiz+l’t) :1

n— o

lim N(y,,»,.,,-t)=0
n— w0

Similarly,

llm M(ynJrl’ynJrZ’t) :1

111'1'1 N(yn+1’yn+2’t): 0
n—> oo

Now for any positive integer p, we have

t
M(y”’y’“rp’t)zM[yn’ynﬂ’;J*..

t —
'p_times"'*M{ynerl’yn+p’_j g =z
p

2 M (ynﬂynH’LJ*“'p_times"'*M (yn’ynH’L]
p p

and

t
N(yn’yrwrp’l‘)S N(yn’ynJrl’;jo"

.p—times..ON (yn+/,_1,yn+/,,L]
p

Since

llm M (ynsyn+lst):1

and

llm N(yn7yn+17t) = Os

n— o

It follows that

Voo t) Z1FI* ¥ 21

n?

lim M (y
and

lim N(y,,7,.,.1) < 0000..00<0 .

Thus {y,} is a Cauchy sequence in X. Since X is

complete, so there exist a point z in g(X) such that

limy =z.

n—0
Hence lim gx ., =lim fx = z. Since either for g is
n—>0 n—>0

continuous, let g be continuous, therefore

lim gfx, = gz.

Hn—>0

But f and g are weakly compatible of type (4),
lim fgx, = gz.
n—>0

Now from (3.3), we have

J'I*M(/gxmfin 1) *M(ggxn 28%y 5

o(1)dt <j0‘ é)(p(z)alz

0
and

t
88Xy 8%y~

[0 o> [ pyar

0
Letting 7 —> 00 and using Lebesgue dominated

convergence theorem, it follows in view of (3.4), that

Again from (3.3), we have

Il—M(f«'Y,,,fZJ)qo(t)dt <I;’M(gx”’gz’£)qo(t)dz

0

and

II_N(fxn,fz,t) o(1)dt >L)1—N(gx,,,gz’:,-] p(t)dt.

0
Taking 7 —> o0 and wusing Lebesgue dominated

convergence theorem, it follows in view of (3.4), that fz =

t . t .
<N ()/,,,ynm;] 0...p—times..ON [y,,aynw;] z. Hence, z is a common fixed point of fand g.

Copyright © 2012 MECS

For Uniqueness: Suppose that w (#z) is also another

fixed point of fand g. Then, we have
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1-M (z,w,t) -M(fz.f
jo o(t)dt = j ' o(t)dt

t
1-M (gz,gw,—)
< j < o(t)dt

1-M (z,w, )
= jo < o(t)dt

and
1=-N(z,w,t) =N (fz,fw:t)
[, o(t)dt = j o(t)dt
J-l N(gz.gw, ) ()dt
=N (=,
= j ' o(0)dt.
where ¢ €[0,1) , which implies z = w and so

uniqueness follows.

Theorem 3.2: Let f and g be weakly compatible self
maps of intuitionistic fuzzy metric space (X, M, N, * 90)
satisfying (3.1), (3.3), (3.4) and the following conditions:
(3.6) any one of f{(X) or g(X) is closed subset of X
Then f and g have a unique common fixed point.

Proof: From proof of above theorem, we conclude that
{y.} 1s a Cauchy sequence in X and since either f{X) or
2(X) is closed, for definiteness assume that g(X) is closed
subset of X. Note that sequence {y,,} is contained in g(X)
and has a limit in g(X), call it z. Let u in g”'z. Then gu = z.

Now we show that fu = z. From (3.3), we have

J’l—M(fxn Just)

o(t)dt <j01_M(gx” ) o(1)dt

0
and

=N (fx, ., fie,1) : guﬁ)
[ Jop(t)dt

0

o(t)dt > I;N[g

Taking n—>o0 and using Lebesgue dominated

convergence theorem, it follows in view of (3.4), that

fu=z
Since f and g are weakly compatible, therefore, it
follow that fz = fou = gfu = gz.

Now, we show that z is a common fixed point of fand

g. From (3.3), we have

Copyright © 2012 MECS

[ pwar=[ " gy
< j;‘M(gZ’g”’i)go(t)dt
- J';_M[gz’g”’ij o(t)dt

and

[ pwar =] ooy

N J-I—N{fz,z,ij o)t

_.[IN

which is a contradiction, since ¢ €[0,1), therefore,

(o(t)dt

fz =z = gz and hence, z is a common fixed point of fand
g.
For Uniqueness: Suppose that w (#z) is also another

fixed point of fand g. Then, we have

1-M (z,w,t) 1=M (fz,fw,t)
[ p(t)di = | o(t)dt
3 "M(gz’é""’?’(p(t)dt
1-M(z,
- j ¢(t)dt
and

1-N(z,w,t) 1=N(fz, fw,t)
jo o(t)dt = j (/)(t)dt
>j (t)dt

_J'IN

where ¢ €[0,1), which implies z = w and so

¢)(t)dt

uniqueness follows.

Example 3.3: Let X =[0,1]. Define

M (x,y,t) =

1LJ. Modern Education and Computer Science, 2012, 5, 25-30
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and
eyl
N(x,y,t)=11t+ ‘X—y
1 t=0

for all x, y in X and for each ¢ > 0. Define self

, X X
mappings fand g on X by f(x)= g,g(x) = B for all
x in X. Let @(¢) =t for ¢ > 0. Clearly all conditions of

2
theorem 3.1 satisfied for all ¢ € {5’1] and x = 0 is the
unique common fixed point of fand g.
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