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Abstract

In the present paper first and foremost we introduce a generalization of a classical Fibonacci sequence which is
called a Fibonacci-Like sequence and at hindmost we obtain some relationships between Lucas sequence and
Fibonacci-Like sequence by using two cross two matrix representation to the Fibonacci-Like sequence. The
most worth noticing cause of this article is our proof method, since all the identities are proved by using matrix
methods.
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1. Introduction

Fibonacci numbers have many applications as well as interesting properties almost in every field of science
such as in Physics, Biology, Computer Science, Engineering, Mathematics (Algebra, Geometry and Number
Theory itself). Furthermore Fibonacci and Lucas numbers have long interested mathematicians for their
intrinsic theory and applications. Fibonacci numbers and Lucas numbers continue to provide invaluable
opportunities for exploration, and contribute handsomely to the beauty of mathematics, especially number
theory, one can see the citations [9, 10, 13].

The Fibonacci and Lucas sequences are defined by the recurrence relations:
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Definition 1. [13]
For the integer, the Fibonacci sequence is defined by the recurrence relation as

F=F.,+F ,,n>2 F =0 F=1 "

Definition 2. [13]
For the integer, the Lucas sequence is defined by the recurrence relation as

L=La+L,n=2L,=21=1 @)
The generalized Fibonacci sequence W, =W, (a, b; p, q) is defined as follows:
Wn = an—l - anfz , Wo =4, W1 =b ©)

where a, b, p and q are arbitrary complex numbers with q 0. Since these numbers were first studied by

Horadam [4], they are called Horadam numbers. Singh et al. in [11] delineated generalized identities on the
relations between Fibonacci and Lucas sequences. Thongmoon in [12] gave identities about the common
Factors of Fibonacci and Lucas numbers. Cerin in [2] obtained properties on the factors of summation of
consecutive Fibonacci and Lucas numbers.

In 1960 Charles H. King introduced the matrix for classical Fibonacci numbers which is known as Q-matrix
[9] and Q-matrix is given as
o 11
1o

Cerda [1] studied Horadam sequence (1.3) by matrix methods. Here the author considered two cases of {\Nn}:

o {U,} isdefinedby y, =0 and U, =1

. {\/n} is defined by v, =2 and v, = p

Keskin and Demirturk [6] obtained some new identities for Fibonacci and Lucas numbers by matrix methods.
Kilic [7] obtained some summation identities for Fibonacci numbers by matrix methods. In [8] koken and

Bozkurt studied and defined a Lucas Q, -matrix which is similar to the Fibonacci Q -matrix [9] and the Q, -
matrix is defined as

n I:n+1 I:n
52 , for even n
I:n—l

1 I-n+1 Ln
52 , forodd n
1

n n—

where F and | are the n™ Fibonacci and Lucas numbers, respectively. Jun and Choi in [5] studied the
properties of generalized Fibonacci numbers by matrix methods they defined the generalized Fibonacci
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sequence as

q, = asMpe) Oy +0, 0 N>2,0,=0, 0 =1

where @ and b are positive real numbers and

&(n)=

0 ifn is even
1 if n is odd

In [5] the authors defined the (2 x 2) matrix M for the above sequence.

ab b n2ln) n-co)[<0pellg g,
M = and M"=a 2 b ?
a 0 ad, a i,

In addition to this Dasdemir in [3] obtained some identities of Pell, Pell-Lucas and Modified Pell numbers by
the matrix methaods, in [3] the author defined some two cross two matrices as

31 6 2 2 2
N = , R= and R=
NN

2. Fibonacci-Like sequence and its Matrix Representation

In this section we define a generalization of Fibonacci sequence which is called Fibonacci-Like sequence
also we introduce a 2% 2 matrix representation for Fibonacci-Like sequence.

Definition 3
For the integers n>2 and p >1, the Fibonacci-Like sequence is defined by the recurrence relation as

Tn :Tn—l+Tn—2' nz 2’ TO = p’ Tl = p (4)

and a 2x 2 matrix representation for Fibonacci-Like sequence and is given by

N N~
N~ Do

3. Main Results

In this section we present some main results of this article by using a matrix representation T to Fibonacci-
Like sequence defined in equation (4).



On the Relations between Lucas Sequence and Fibonacci-like Sequence by Matrix Methods
Lemma 1 If x isasquare matrix with X2 = X + | then
pX" =T, X+T,,1,n=2

Proof.
To prove the result we shall use induction on n
Let N=2 we get

PX? =T,X +T, |
pX?=pX +pl
X2 =X+l

Hence the result is true for =2

Assume that the result is true for n. Now we show that that the

pX™ =T X +T,,1

Therefore,

T X AT, 1 =T, +T, )X +T |

T XAT I =(X+1)T,,+T , X
T X+T ,1=X*T ,+T , X
T X+T , 1=X*T ,+T ,X
T X+T 1 =X(XT ,+T,,1)

T, X +T,, 1 =pX (X")
T X+T  1=px™
as required.

Now we show that
pXEV =T  X+T, ,1,n>2

Let

23
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Y=1-X=-X"
Therefore,
Y2=(1-X)
YZ2=12-2X + X?
YZ=1-2X+X+1
Yi=1-X+1
Y2=Y +1
This show that
pY"=T Y+T I
ple X =T, (1= X)+T, , 1
X ) =T, (1=X)+T, , |
p(-)"X " =T, X +(T,, +T, ,)I
pX " = (D)™ T, X +(=1)"T, I
Since (-1)"™T,,=T,, and (-1)™*T =T, then, we have
X" =T, X+T, |

Hence the result.

15
Theorem 1 Let T = 2 2 then
11
2 2
5 ST,
|2 2p (©)
Tn—l i
2p 2
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Proof. Since T2 =T +| then by lemma (3.1), we have

pT"

pT"

Since T,+T,,=pL, then

L, 5T,
2 2p T, 0 |
+
Tn—l i 0 Tn—2 |
| 2p 2
_Tn_l +2T,, ST, ]
B 2 2
Tn—l Tn—l + 2Tn—2
L 2 2 i
Tn—l + Tn—2 + Tn—2 5Tn—l
2 2
Tn—l Tn—l + Tn—2 + Tn—2
2 2
T,+T,, ST,
oT" = 2 2
Tn—l Tn +Tn 2
2 2
I an 5Tn—1
oT" = 2 2
Tn—l an
L 2 2
L, 5T,
2 2
T"= P
Tn—l i
| 2p 2

Hence the result.

Theorem 2 For the positive integer n, we have

p’L%—5T2, =4p*(-1)'

Proof. Since

25
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153
2 2
T= =T"=(-1)
11 | = (-2
2 2
Again,
L 5T
Tn: 2 2p 3|Trl :Li— Tn—{l
T, L, 4 4p?
2p 2

Hence we conclude that

Hence the result.

Theorem 3

2p°L,., = p°L, L +5T,,T,,, n>1 s>1

(8)

2T, ., =T ,L+L T ,,n>1s>1
Proof.
Tn+s =TI‘I TS
i 5Tﬂ71 5 5T571
2 2 2 2
TH+S: p p
Tnfl h Tsfl 5
2p 2 2p 2
i5+ Toa Ty L STey +5h5
T _ 2 2 2p 2p 2 2p 2p 2
T b LTy ghhals Lo b
2p 2 2 2p 2p 2p 2 2

p2 Ln LS + 5Tn—l TS—l

5(L, T, +T,, L)

n _"s-1

TMs =

4p* 4p
Tn—l Ls + I‘n Ts—l 5Tn—l Ts—l + szn Ls
4p 4p?
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But,
Ln+s 5Tn+5—1
T n+s — 2 p
Tn+s—1 Ln+s
2p 2
Gives,
m — pZLn Ls + 5Tn—l Ts—l
2 4p?
2 szn+s = szn Ls + 5Tn—l Ts—l
and,
Tn+s—1 _ Tn—l Ls + Ln Ts—l
2p 4p
2Tn+s—l :Tn—l Ls + Ln Ts—l

Hence the theorem.

Theorem 4
2p*(-1)° L, = p’L, L, -5T,, T,,, n=1 s>1
2(_1)5Tn—571 =T,L-L T, 1<s<n

Proof. Since
L 5T, L 5T,
2 2 2 2
TS = P =T = P
T, L T L
2p 2 2p 2
Then by theorem (2), we have
L 5T,
2 2
T 1 : p
(_ 1) Ts—l Ls

27
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5 5T, 5 _ 5T,
2 2 2 2
T T TS =T = p 1 g p
LEPR O S PP
2p 2 2p 2
h 5T, 5 5Ty,
s _ 1 2 2p 2 2p
)T L ||JTa L
2p 2 2p 2
szn Ls _ 5Tn—l Ts—l 5(Tn—l Ls — I-n Ts—l)
4p® 4
TS = (_ l)—s p p
Tn—l Ls — Ln Ts—l p2 Ln Ls — 5Tn—1 Ts—l
4p 4p*
But,
Ln—s 5Tn—s—l
2 2
T n-s — p
Tn—s—l Ln—s
2p 2
Then,
2
Ln—s — (_1)*5 p I-n Ls ‘Z’Tn—l Ts—l
2 4p
2 pZ (_1)S Ln—s = p2 Ln Ls _5Tn—1 Ts—l
and,
Tn—s—l — (_ l)*S Tn—l Ls — I-n Ts—l
2p 4p
2(_1)5Tn—s—1 :Tn—l Ls - Ln Ts—l
Theorem 5

LL=L,+(-1)°L,, 1<s<n

S
2(-1)° T, = Tooss * (1) Tos ,1<s<n

(10)
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Proof. Since
I-n2+s 5T2n+s—1 (_ 1)5 Lrgs ( 1)5 5-214-5—1
TM™s — . ) p and (_1)ST n-s _ . ) p
n+s—1 n+s -1 S _“nis-1 1 S n+s
T (o (U
Therefore,
Ln+s + (_ 1)5 Ln—s S [Tms—l + (_ 1)5Tn—s—1]
2 2
-|—n+s +(_1)5Tn—s — p
Tn+s—1 + (_ 1)5Tn—s—l Ln+s + (_ 1)S Ln—s
2p 2

On the other hand,
T 4 (-1 T =T " T +(-2)°T"T*

T (<) T =TT+ (-1)°T

L 5T, L 5Ty,
n+s S n-s n 2 2 p _1 s 2 2 p
T™ 4 (-1)°T =T T . +E—1;S n .
s-1 s st _
2p 2 2p 2
L, 5T,
2 2 L, O
T s +(_1)5Tn—s — p |: S :|
T Lo[l0 L
2p 2
L, L, 5T, L
2 2
Tn+s +(_1)s-|- n-s p
Tn—l Ls Ln Ls
2p 2

Hence,
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30
and
Tn+s—1 + (_ l)sTn—s—l _ Tn—l Ls
2p 2p
Tn—l Ls = Tn+s—1 + (_ 1)5Tn—s—1
L = Tn+s—l + (_ 1)STn—s—1
’ Tn—l
Theorem 6

2 2
4p’L,,., =p°L L, L, +5(L,T,,T.
4p2Tx+y+z—1 = p2 (Lx LyTz—l +Tx—1 y

z-1 +Tx—1 Ly Tz—l + Tx—l T

L) x21 y>1 221

y-1 "=z

L +L, Ll )+5T,T,,T,,

where x>1, y>1,z>1 and x+y+z>1

Proof. By the definition of the matrix T", we have

Again,

T Xty

T Xz

Ty

L

X+y+2

2

T X+y+z _
Tx+y+z—1

2p

ST S TV =

Tx+ y-1

2p

i Lx+y L Tx+y—1 h

Z

2 2 2p 2p
Tx+y—l i + Lx+y h

[ 2p 2 2 2p

[ p2L,., L, +5T,, 1 Tos

X+y =z

X+y+z-1
2p
Lx+y+z

2

5Tx+y—1 ﬁ 5T171
2p 2 2p
Lx+y Tz—l i

2 2p 2

Lx+y 5TZ_1 + Tx+ y-1 i

2 2p 2p 2

SETHy—l + Lx+y LZ

2p 2p 2 2

5 (Lx+y Tz—l +Tx+y—l Lz )

4p® 4p
Tx+y—1 Lz + Lx+y Tz—l 5Tx+y—1 Tz—l + szx+y Lz
4p®

4p

(11)
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Equating corresponding terms of the the two matrices, we get

Liyer Pl Li+5T T

X+Y+2Z X+y S x+y-1 "z-1

2 4p?

4 p2 Lx+y+z = (2 p2 L><+y )Lz + 5(2Tx+y—1) Tz—l

Using theorem (3), we have

apL,,,,, = (L, L, +5T,, T, )L, +5(T,, L + LT, )T,
4p® Lyiysr = p? L L L, +5T,,T, L, +5T,, L T, ,+5L, T, ,T,,
4 p2 Lx+y+z = p2 Lx I-y Lz + S(Lx Ty—l Tz—l + Tx—l Ly Tz—l +T><—1 Ty—l Lz )
and,
Tx+y+z—l — Tx+y—1—l Lz + Lx+y Tz—l
2p 4p

4 pTx+y+z—l = p(ZTx+y—l ) LZ + (2 pLX+y )Tlfl

4 psz+y+z—1 = pZ (2Tx+y—1) Lz + (2 p2 L><+y )Tz—l
Using theorem (3), we have

4p7T, 0= P2(TL L, + L T, )L, +(p?L, L, +5T, T, )T,

x-1 =y X ' y-1

4 psz+y+z—1 =

P T, L L +p°LT

y-1

Lz + p2 Lx Ly Tz—l + 5T><—1 Ty—l Tz—l

ATl L+ L L L )+5T, T, T,

4p2T pZ(Lx LyTz x-1 %=y =z X —y-1

X+y+z-1 =
Hence the theorem.

Theorem 7

1)
L=( ) p°L,, L, —5T T 1<x<z,y>1ly+z2>1

y X+y —z x-1 "y+z-1?

_|
|
©
/-\l x
[y
~—
x

LT L 1<x<z,y2ly+z2>1

y-1 = L X | y+z-1 _Tz—l X+y 1

31
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Proof. Let us consider a product
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Lo 5T, L, . 5Ta Ty
5 2 2p Y 27 2p p
T Tzfl Lz h - T 1 L Tyfl
— p N P A
2p 2 2p Y 2 p
p°L, L, +5T, T,y
2 2
B = P
T L +LT,
2p
From theorem (3), we have
2
2p sz Lm_
B, = 2p =T then
2Ty+z—1 rel
2p P
L 5T, , -
o 20 | T L,
. 2 2p y y
= L 1=IT .
YT, L] |
2p 2 JLPILP
Let
L 5T,
B |2 2P I_LL, (TaT, _ P°L L, -5T,,T,,
C L L 4 4p? 2 4p?
2p 2
Again by theorem (4), we have
X X
B, = 2() ZLH _D IZ'H #0, for z#x
4p 2p
Therefore,
-1
L, L 5T, L.,
2 2p
h ) Tz—l Lz Tyﬂil
p 0 2 p
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L L, -5T,
y 2 x| o Xty
2p’(Y"| 2 2P
T = T
oyt L,, -T,4 L, y+z-1
p 2p > p
L i 5Tx,1 Ty+z—1
B T M T I
MES L, , To, LT
p 2 p X+Y 2 p
L szz Lx+y _STx—l Ty+z—1
ety
y_p4 LZ*X Lx Ty+z—1 _Tz—l Lx+y
2p
Therefore,
(.
I—y = L— p Lz Lx+y _5Tx—l Ty+z—l
T 2p(-1)~
= p( ) Lx Ty+z—1 _Tz—l Lx+y
p L,
2p*(-1)”
Ty71 = L— Lx Ty+z—1 _Tz—l Lx+y
Theorem 8
(-1~
L, = L, T,.-T,L., 1sx<z,y>1
Tz—x—l
p*(-1)"
1= 5T Ly — L, Lw, 1<x<z,y21
Proof. Let us consider a product
i 5T L 5 L+ 5T, h
5 2 2p Y 27 2p p
3 = Ty_l =
i SE T i L + 5Tz—1 h
2 2p 2 2p p

33
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p’L L, +5T T,

2 2
B,=| | P
2p°
From theorem (3), we have
2
2p Lx+y
2 2 Lx+
B, = zp =[ y] then
2p Ly+z LV+Z
2p°
Lo STalr
2 2p Ly
B, = '|'y7l =
LoogTa|| 2 L
2 2p |L P
Let
5 5T,
2 2 _
B, = P :i5h_£5h384:5(LxTz—l Lsz—l)
L T 2 2p 2 2p 4p

—z 521
2 2p

Again by theorem (4), we have

B, = = X1 %0
4p 4p 2p
Therefore,
-1
L] (L 5T
2 2p | | Ly
e I N
P 2 2p
L, 5h _ _5Tx—1
_2pCyt|T2e 2p || b
y_—l 5Tz—x—l L L I—
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Ly » & |_X+y _ 5& |_y+Z
;o |22pCY7) 2p 2p
y_—l 5Tz—x—1 Lz Lx
p - ? Lx+y + ? Ly+z
Ly 5<TZ—1 L><+y _Tx—lLyﬂ)
T |- 2p(-1)* 2p
25T, L.L,., L L,
p —_— - - 7
2
Therefore,
L = 2 p(_ 1)7X 5(Tz—l Lx+y _Tx—lLyﬂ)
’ 5Tz—x—l 2 p
(1"
I‘y = T—Tz—l Lx+y _Tx—lLy+z
z—x-1
and

p 5Tz—x—1 2

T )X

L= p( 1) Lx Ly+z -L Lx+y
p 5Tz—x—l

Hence the result

4. Conclusion

35

In this article we presented a generalized Fibonacci sequence called Fibonacci-Like sequence and after that

some relations have been obtained between Lucas sequence and Fibonacci-Like sequence by matrix methods.
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