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Abstract

In this paper, we have proved several results regarding edge stable sets and maximal edge stable sets in
hypergraphs. We have also proved various results regarding edge stable sets and maximal edge stable sets in
partial subhypergraphs. We have introduced the concept of secured edge stable set, maximum secured edge
stable set and il- Set in this paper and proved several results about them.
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1. Introduction

Domination related parameters for graphs have been studied by several authors. These parameters can also
be extended to hypergraphs and new parameters related to hypergraph can be defined. We introduced the
concept of edge stable sets and edge independent set in [10].In a hypergraph if minimum edge degree is at least
two; every edge independent set is an edge stable set. In this paper, we introduce some new concepts namely
secured edge stable set, maximum secured edge stable set, and il- Set for hypergraphs and proved several
results regarding them. We have proved that in a hypergraph if minimum edge degree k (k > 2) every set of k —
1 or less edges is a secured edge stable set. We have also proved that in a hypergraph with minimum edge
degree > 2, if there is a maximum secured edge stable set F of G such that e € F then BiS(G -e) < [325((3)

where BiS(G) denotes the edge stability number of the hypergraph G.

*Corresponding author.
E-mail Address:


http://www.mecs-press.net/ijwmt

72 Edge Stable Sets and Secured Edge Stable Sets in Hypergraphs

2. Preliminaries
This section contains basic definitions and notations required.

Definition 2.1(Hypergraph)[4] A hypergraph G is an ordered pair (V(G), E(G)) where V(G) is a non-empty
finite set & E(G) is a family of non-empty subsets of V(G) > their union = V(G). The elements of V(G) are
called vertices & the members of E (G) are called edges of the hypergraph G.

We make the following assumption about the hypergraph.

(1)  Any two distinct edges intersect in at most one vertex.
(2) Ifeiand e, are distinct edges with | e;|, | e,| >1thene; £ e, & e, € e

Definition 2.2(Edge Degree)[4] Let G be a hypergraph & v € V(G) than the edge degree of v = dg(v) = the
number of edges containing the vertex v. The minimum edge degree among all the vertices of G is denoted as
de(G) and the maximum edge degree is denoted as Ag(G).

Definition 2.3(Dominating Set in Hypergraph)[1] Let G be a hypergraph & S < V(G) then S is said to be a

dominating set of G if for every v e V(G) - Sthereisu € S 5 u and v are adjacent vertices.
A dominating set with minimum cardinality is called minimum dominating set and cardinality of such a set is
called domination number of G and it is denoted as y (G).

Definition 2.4(Edge Dominating Set)[7] Let G be a hypergraph & S < E(G) then S is said to be an edge

dominating set of G if for every e € E(G) - S there issome fin S > e and f are adjacent edges.
An edge dominating set with minimum cardinality is called a minimum edge dominating set and cardinality of
such a set is called edge domination number of G and it is denoted as yg(G).

Definition 2.5(Sub Hypergraph and Partial Sub Hypergraph)[3] Let G be a hypergraph & v € V(G).
Consider the subset V(G) - {v} of V(G). This set will induce two types of hypergraphs from G.

(1) The first type of hypergraph: Here the vertex set = V(G)- {v}(where {v} is not an edge of G) and the
edge set ={e’/e’ = e- {v} for some e € E(G) }. This hypergraph is called the sub hypergraph
of G & itis denoted as G - {v}.

(2) The second type of hypergraph: Here also the vertex set = V(G) - {v} and edges in this hypergraph
are those edges of G which do not contain the vertex v.This hypergraph is called the partial sub
hypergraph of G.

Definition 2.6(Edge Stable Set)[10] Let G be a hypergraph & F be a set of edges of G then F is said to be an
edge stable set of G if for every vertex x with edge degree of x > 2 there is an edge e, containing x > e, ¢ F.

Definition 2.7(Maximum Edge Stable Set)[10] Let G be a hypergraph. An edge stable set with maximum
cardinality is called a maximum edge stable set. The cardinality of a maximum edge stable set is called edge

stability number of a hypergraph & it is denoted as ﬂ;(G).

Definition 2.8(Maximal Edge Stable Set)[10] Let G be a hypergraph. An edge stable set F is said to be a
maximal edge stable set if F U {e} is not an edge stable set for every edge e in E(G) — F.
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3. Main Results

This section contains several results related to edge stable sets, secured edge stable sets and related concepts.
Several examples have also been given.

Theorem 3.1 Let G be a hypergraph & F be an edge stable set of G. Let ' = {e' 5e € F} where ¢’ = e — {v}
then F' is an edge stable set of G —v.

Proof Let G be a hypergraph & F be an edge stable set of G. Let F' = {&' 5 e € F} where e’ =e — {v}. Let x be
a vertex of G — v > edge degree of x >2in G —v.

Now, edge degree of x > 2 in G also. Since F is an edge stable set of G 3 an edge e, containing x > e, ¢ F.
Lete,/ =e,—{v}alsoe/ ¢ F'ase, ¢ F.

. F"is an edge stable set of G — v.

Example 3.2 Consider the hypergraph G whose vertex set V(G) = {1, 2, 3, 4, 5, 6} & edge set E(G) = {ey, e,
€3,€4, €5 €6}

Fig.1. Hypergraph G

Consider sub hypergraph G’ = G — {1}

€,

€

Fig. 2. Sub hypergraph G’ = G — {1}
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Here F' = {e; , e;} is an edge stable set in G’ but { ey, es} is not an edge stable set in G.

Theorem 3.3 Let G be a hypergraph & v € V(G) > {v} is not an edge of G. Let F be a maximal edge stable set
of G then F’ is a maximal edge stable set of G —v ifand only if V e € E(G) — F thereisa vertexxines>x#v &
all the edges of G containing x except e are in F.

Proof Suppose the condition is satisfied. Let ¢’ be any edge of G —v > e’ ¢ F' thene ¢ F. Since F is a maximal
edge stable set of G and the condition is satisfied 3 a vertex x = v > every edge h containing x except e is in F.

.. Every edge h' of G — v containing x except e’ is in F'.
. F" is a maximal edge stable set of G —v.

Conversely, suppose F’ is a maximal edge stable set of G —v. Let e be any edge of G>e ¢ Fthene' ¢ F'.
Since F' is a maximal edge stable set of G — v there isa vertex x of G—v>X € & & every edge h’' of G — v
containing x except e’ isin F'. Then X € e & X # v also every edge h containing x except e is in F. Thus, the
condition is satisfied.

Theorem 3.4 Let G be a hypergraph with minimum edge degree of G > 2 & let v € V(G) > {v} is not an edge
of G. Let F; be a set of edges of G —v & let F be the set of edges of G > F; = {e — {v} > e € F} then

(1) If Fyis an edge stable set of G — v then F is an edge stable set of G if and only if there is an edge e
containingv>e ¢ F.

(2) If Fyis a maximal edge stable set of G — v then F is a maximal edge stable set of G if and only if F is
an edge stable set of G.

Proof (1) Suppose F is an edge stable set of G. By definition of edge stability there is an edge e containingv > e
¢ F.

Conversely, suppose the condition is satisfied. Let x be any vertex of G.
Case 1: Suppose X =V

By the given condition there is an edge e containingv>e ¢ F.
Case 2: Suppose X # v

Since Fy is an edge stable set of G — v there is an edge h’ of G — v containing X > h" ¢ F;. Let h be the edge of
Gsh-{v}=h'thenh g F&x € h.

Thus, F is an edge stable set of G.
(2) Suppose F is a maximal edge stable set of G then obviously F is an edge stable set of G.

Conversely, suppose F is an edge stable set of G. Let e be any edge of G > e ¢ Fthene’ ¢ F,. Since F; is a
maximal edge stable set of G — v there is a vertex X of G — v 3 x € ¢’ & for every edge h’ of G — v with x e I,
h' #e' & h' e F; then for every edge h containing x with h = e, h € F. Thus, F is a maximal edge stable set of G.

Theorem 3.5 Let G be a hypergraph & v € V(G) > {v} is not an edge of G then BL(G) < (G - v).

Proof Let F be a maximum edge stable set of G. Let F; = {e — {v}/ e € F} then F, is an edge stable set of G — v
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and |F4| = |F.

<. B5(G -v) 2 |Fi| = |F| = B5(G)
< Bs(G) <B3(G-v)

Example 3.6 Consider the hypergraph and subhypergraph of the example 3.2.
Let F = {e, es ec} then F is a maximum edge stable set of G.

- Bs(G) =3

Let v = 1 & consider the sub hypergraph G — {1}. Consider the set E = {e; ,es, €5 e} then E is a maximum
edge stable set of G — {1}.

L BHG-1)=4
Hence, in this example B1(G) < (G - 1).

Edge Stability & Partial Subhypergraph:
Let G be a hypergraph & v € V(G). Now, we consider the partial sub hypergraph G —v.
We make an attempt to relate the edge stable set of G — v with the edge stable set of G.
We begin with the following example.

Example 3.7 Consider the hypergraph of the example 3.2.

Let F = {e, es eg} then F is an edge stable set of G.
Now, consider the partial subhypergraph G — {1}

€;
Fig.3. Partial Sub hypergraph G — {1}

The set F = {e,, es eq} is not an edge stable set of G — {1}.
Thus, an edge stable set of G even if it does not contain any edge containing v may not be an edge stable set
of G—v.

Proposition 3.8 Let G be a hypergraph & v € V(G). If F is an edge stable set of G — v then F is also an edge
stable set of G.
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Proof Since F is an edge stable set of G — v, it does not contain any edge containing v.

Let x € V(G) 3 x#Vv. Then x is a vertex of G —v. There isan edge hof G-v>x € h & h ¢ F. Every edge
of G-visanedge of G. Thus, hisanedge of Gox e h&x ¢ F.

Thus, F is an edge stable set of G.

Theorem 3.9 Let G be a hypergraph & v € V(G) then (G - v) < B1(G).

Proof Let F be a maximum edge stable set of G — v. By the above proposition F is an edge stable set of G.

<. Bs(G) 2 |F| = B5(G - v)
< Bs(G-v) < B5(G).

Example 3.10 Consider the hypergraph of the example 3.2.
Let F = {e, es eg} then F is a maximum edge stable set of G.

- BYG)=3

Now, consider the partial subhypergraph G — {1}
Let F' = {es e} then F’ is a maximum edge stable set of G — {1}.

S BYG-1) =2

Hence, in this example B1(G - 1) < B1(G).
We may note that a maximal edge stable set of G — v need not be a maximal edge stable set of G.

Example 3.11 Consider the hypergraph of the above example.
Let F' = {es e} then F’ is a maximal edge stable set of G — {1} but it is not a maximal edge stable set of G.

Proposition 3.12 Let G be a hypergraph. Let e be any edge of G & edge degree of every vertex in e is at least 2.
Then any edge stable set of G — e is also an edge stable set of G.

Proof Let G be a hypergraph. Let F be any edge stable set of G —e.
Let x be any vertex of G then x is a vertex of G — e also.
Now, F is an edge stable set of G — e, so 3 an edge h containing x> h ¢ F.
Now, h is an edge of G also. So, F is an edge stable set of G.
Proposition 3.13 Let G be a hypergraph. Let e be any edge of G then (G —e) < B(G).

Proof Let G be a hypergraph. Let F be a maximum edge stable set of G — e then |F| = (G —e).
Since F is a maximum edge stable set of G — e it is an edge stable set of G also.

. |FI < BL(G).
Thus, BL(G —e) < BL(G).

Proposition 3.14 Let G be a hypergraph. Let e be any edge of G > edge degree of any vertex ine > 2. Let F be
an edge stable set of G & e € F then F — {e} is an edge stable set of G —e.
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Proof Let F, = F - {e}

Let x be any vertex of G — e then x is a vertex of G also. Since F is an edge stable set of G danedgeh € G >
xeh&hegF.

Now, h = e becausee € F & h ¢ F. So, h is an edge of G — e also.

Now, F; c F. So, h ¢ F, also.

So, F —{e} is an edge stable set of G —e.

Theorem 3.15 Let G be a hypergraph. Let e be any edge of G > edge degree of each vertex x of e > 3 then
Bs(G) > Bs(G —e).

Proof Let F be a maximum edge stable set of G —e. Let F; = F U {e}. Let x be any vertex of G > edge degree
of x>2inG.

If x is a vertex of e then edge degree of X in G —e > 2.

Therefore, there is an edge h of G — e containing x> h ¢ F.

Since, h=e, h ¢ F; also.

Thus, there is an edge h of G containing x> h ¢ F;.

~ Bs(G) 2|l > |F| = B5(G - €)
© B5(G-e) <B5(G)

Theorem 3.16 Let G be a hypergraph with minimum edge degree > 2. Let e be an edge of G > edge degree of
each vertex of e > 3

(1) If Fisamaximal edge stable set of G — e then F U {e} is a maximal edge stable set of G.
(2) If Fisamaximal edge stable set of G with e € F then F — {e} is a maximal edge stable set of G —e.

Proof (1) Let F be a maximal edge stable set of G —e & let F;= F U {e}. Let h be any edge of G > h ¢ F; then
heF

Since F is a maximal edge stable set of G — e there is a vertex x in h such that all the edges of G — e
containing x are in F.

Thus, all the edges of G containing x except h are in F; (- e € F;). Thus, F; is a maximal edge stable set of G.

(2) Let F be a maximal edge stable setof Gs>e e F. Let F;=F - {e}. Lethbe any edge of G-e>h ¢ F; thenh
¢ F.

Since F is a maximal edge stable set of G there is a vertex x in h such that edge degree of x > 2 & all the
edges of G containing x except h are in F,

.. All the edges of G - e containing x except h are in F;.

Thus, F; is a maximal edge stable set of G - e.
Definition 3.17 (il- Set) Let G be a hypergraph. A maximal edge stable set with minimum cardinality is called
an il- Set of G. Its cardinality is denoted as il (G).

It is obvious that for any hypergraph G il (G) < B1(G).

Example 3.18:
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Fig.4. Hypergraph H
Consider the above hypergraph H whose vertex set V(H) = {1, 2, 3, 4, 5} and edge set E(H) = {ey, e, €3 €4}
Let F = {e; e,} then F is a maximum edge stable set of H & therefore g1(H) = 2
Let T = {e;} then obviously T is a maximal edge stable set with minimum cardinality.

Lil(H)=1
= i (H) < B,

Let G be a hypergraph and e be an edge of G. Now, we stat & prove a necessary & sufficient condition under
which il — number decreases when an edge is removed from the hypergraph.

Theorem 3.19 Let G be a hypergraph such that edge degree of each vertex of G > 2. Let e be an edge of G >
edge degree of each vertex of e > 3 then i1 (G - e) < i1(G) if and only if there isan il —setSof Gse € S.

Proof First suppose that i1 (G - e) <il(G). Let F, be an i} —set of G —e. Let F = F, U {e}. Then by the above
theorem F is a maximal edge stable set of G. Since |[F|=|Fy| + 1, Fisil —setof G&e e F.

Conversely, suppose there is an il —set Sof G > e e S. Let F; = F - {e}. Then by the above theorem F; is a
maximal edge stable set of G - e.

i (G-e) < |Fy < |F| = iX(G).

Thus, i} (G -e) <il(G)

Secured Edge Stable Set

Definition 3.20 (Secured Edge Stable Set) Let G be a hypergraph & F be a set of edges of G then F is said to
be secured edge stable set if

(1) Fisan edge stable set
(2) VeeF,thereisanedgefinE(G) - F which is adjacent to e & (F — {e}) U {f} is an edge stable set.

Example 3.21 Consider the hypergraph of the example 3.2.
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Let F = {e4 es es} then F is a secured edge stable set of G.

Remark 3.22 Let G be a hypergraph with minimum edge degree of G > k (k > 2). Let F be a set of j edges
where 1 <j <k. Then F is an edge stable set of G.

Lete € F & X € e. There is an edge h containing x > h ¢ F.

Now, h is adjacenttoe & h ¢ F.

Let Fy = (F—{e}) u {h} then |F;| = j which is less then k

. Fyis an edge stable set of G.

Definition 3.23 (Maximum Secured Edge Stable Set) Let G be a hypergraph. An edge stable set with
maximum cardinality is called a maximum secured edge stable set. The cardinality of a maximum secured edge
stable set is called the secured edge stability number of the hypergraph and it is denoted as B (G).

Proposition 3.24 Let G be a hypergraph with minimum edge degree of G > k (k > 2). Suppose 1 <j<k. If Fis
any set having j edges then F is a secured edge stable set of G.

Proof We have already proved in remark 3.22 that F is an edge stable set.

Letf € F. Let x e fthen there is an edge e containing x > e ¢ F.

Let F; = (F - {f}) u {e} then |F,| = |F| < k. Again by remark 3.22 F; is an edge stable set of G. Therefore, F
is a secured edge stable set of G.

44444444

¢
Proof Suppose for some j, F;j is a secured edge stable set of G.

Suppose f e FinFo N Fy then f e Fy. Since F; is a secured edge stable set there isan edgee > e ¢ F;
& F]-' = (F;—{f}) w {e} is an edge stable set of G.

Now, F; € {F1,F,, ... R butf ¢ F;. This is a contradiction.

L FinFam

Corollary 3.26 Let G be a hypergraph & suppose the intersection of all maximum edge stable sets of G is non-
empty then B (G) < B1(G).

Proof It is obvious that B (G) < B(G).
Suppose B, (G) = B (G)-
Let {Fy Fp .. _Fi3 be the set of all maximum edge stable sets of G. Since B (G) = BL(G) this set will

contain all (and therefore at least one) maximum secured edge stable set of G. Then by the above proposition F;
NFN N Fx = ¢. This contradicts the hypothesis.

- BL(G) < BL(G).

Proposition 3.27 Let G be a hypergraph & e be an edge of G. If F is a secured edge stable set of G — e then F is
also a secured edge stable set of G.
Proof We have already proved that F is an edge stable set of (Proposition 3.12)

Let f € F. Then f is an edge of G — e because f = e. Since F is a secured edge stable set of G — e there is an
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edgehof G—e>h ¢ F & (F—{f}) U {h} is an edge stable set of G —e. Now, h is also an edge of G & (F — {f})
w {h} is an edge stable set of G. Thus, F is a secured edge stable set of G.

Theorem 3.28 Let G be a hypergraph & e be any edge of G then B;S(G -e)< B;S(G).

Proof Let M be a maximum secured edge stable set of G — e then M is also a secured edge stable set of G.

" B (G -€) = M| < B (G).
- Be(G-e) < BL(G).

Theorem 3.29 Let G be a hypergraph with minimum edge degree > 2; if there is a maximum secured edge
stable set Fof G > e e Fthen B (G - €) < B (G).

Proof Since F is an edge stable set of G, F — {e} is an edge stable set of G —e.

Leth e F—{e}

Now, h € F & F is a secured edge stable set of G. There is an edge h’ of G > (F — {h}) U {h'} is an edge
stable set of G. It is obvious that ((F — {e}) - {h}) u {h'} is an edge stable set of G — e. Thus, F — {e} is a
secured edge stable set of G —e.

Since, ﬁ:S(G -e)< B;S(G), F — {e} must be a maximum secured edge stable set of G —e.

Thus, BL.(G-e)<BL(G).
4. Conclusion and Future Scope

It may happen that the edge stability number remains same when some edges are removed from the
hypergraph. It may be interesting to investigate and to find the lower bound of the minimum number of edges
whose removal decreases the edge stability number of a given hypergraph. It may be interesting to find the
relation between the lower bound of the hypergraph G and the lower bound for the subhypergraph or partial
subhypergraph obtained by removing a vertex from the hypergraph.
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