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Abstract: In this paper, we introduce new results of vertex connected dominating set and vertex connected domination 
polynomial of vertex identification, edge introduced and t-tuple of complete graph, also we determine  new results of vertex 
connected dominating set and vertex connected domination polynomial of  vertex identification, edge introduced and t-tuple 
of wheel graph  . 
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1. Introduction

A vertex connected dominating set F is a set of vertices of a graph G = (V, E) such that every vertex in V - F is adjacent
to at least one vertex in F and the sub-graph <F> induced by the set F is connected. The vertex connected domination 

number ( )vc G  is the minimum of the cardinalities of the vertex connected dominating sets of G.

The domination polynomial was first introduced by the author in his Ph.D. thesis in [12]. The connected domination 
number of a graph was studied in [5]. And the connected dominating set and connected domination polynomial was 
introduced in [9].  For more information and motivation of domination polynomial and connected domination polynomial 
refer to [1, 2, 3, 4, 7, 10, 11, 13, 14, 15]. 

A simple graph in which each pair of distinct vertices is joined by an edge is called a complete graph, which is denoted 

by nK , and the wheel graph is the join of K1 and cycle graph, that means 1 1n nW K C   . The vertex identification 

graph 1 2G G is obtained from G1 and G2 by identifying the vertex u G1 with v G2. The edge introduced graph∈ ∈

1 2:G G of two graphs is obtained from G1 and G2 by introducing the edge e=uv between a vertex u G1 with a vertex ∈

v G2 [6, 8].∈  
Let {(G1, u1), (G2, u2), …, (Gt, ut)} be a family of not necessary distinct connected graphs with roots u1, u2, …, ut, 

respectively. A connected graph G= G1 G2… Gt is called the multiple coalescence of G1, G2,…,Gt provided that the 

vertices u1, u2, …, ut are identified to reform the coalescence vertex u. The t-tuple coalescence graph is denoted by | |tG
is the multiple coalescence of t isomorphic copies of a graph G [8]. 
In this paper we determine new results of vertex connected domination polynomial of vertex identified graph; edge 
introduced graph and t-tuple coalescence graph of some standard graphs, for instance, complete and wheel graphs. 

Definition 1.1:[9] Let G be a connected graph of order n and let ( , )vcd G i   denoted the number of vertex connected 

dominated sets with cardinality i. Then the vertex connected domination polynomial ( , )vcD G x   of G is defined by 

( )

( , ) ( , )
vc

n
i

vc vc
i G

D G x d G i x


   (1) 

where ( )vc G is the vertex connected domination number of G and the roots of the vertex connected domination

polynomial of G is denoted by ( ( , ))vcZ D G x . 
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Theorem 1.2: [9] 

1) For any complete graph nK  of n vertices, then,  

                           
1( , ) (1 )n

vc nD K x x   .              (2) 

2) For any wheel graph nW  with order n. Then, 

1 1 2 3( , ) (1 ) ( 1) ( 1)n n n n
vc nD W x x x x n x n x          .                                   (3) 

2. Vertex Connected Domination Polynomial of complete Coalescence Graphs 

In this section, we introduce new results of vertex connected dominating set and vertex connected domination 

polynomial of some coalescence graphs of complete nK  graph.   

Definition 2.1: Let
1 2n nK K  be the vertex identification graph of order n1+n2-1 and let 

1 2
( , )vc n nd K K i denoted the 

number of vertex connected dominating sets with cardinality i. Then the vertex connected domination polynomial of

1 2n nK K   is defined by 

  
1 2

1 2 1 2

1 2

1

( )

( , ) ( , )
vc n n

n n
i

vc n n vc n n
i K K

D K K x d K K i x


 

 

   ,                                       (4) 

where  
1 2

( )vc n nK K  is the vertex connected domination number of 
1 2n nK K  and the roots of the vertex connected 

domination polynomial of 
1 2n nK K is denoted by 

1 2
( ( , ))vc n nZ D K K x . 

Example 2.2: Consider the graph 3 3K K as shown in Fig.1.  

 
 
 
 

Fig.1. A graph 
3 3K K . 

We have:  

If i=1, 3 3( ,1)vcd K K =|{1}|=1, 

If i=2, 3 3( , 2)vcd K K =|{(1, 2), (1, 3), (1,4), (1, 5)}|=4, 

If i=3, 3 3( ,3)vcd K K =|{(1, 2, 3), (1, 2, 4), (1, 2, 5), (1, 3, 4), (1, 3, 5), ( 1, 4, 5)}|=6, 

If i=4, 3 3( , 4)vcd K K = |{(1, 2, 3, 4), (1, 2, 3, 5), (1, 2, 4, 5), (1, 3, 4, 5)}|=4, 

If i=5, 3 3( ,5)vcd K K = |{(1, 2, 3, 4, 5)}|=1, 

Hence,  
5 4 3 2

3 3( , ) 4 6 4vcD K K x x x x x x      . 

Proposition 2.3: The following properties hold for the coefficients of 
1 2

( , )vc n nD K K x , for all n1, n2≥3. 

i) 
1 2

( ,0) 0.vc n nd K K   

ii) 
1 2 1 2 1 2( ,1) ( , ) 1vc n n vc n nd K K d K K n n i      . 

iii) 
1 2 1 2

1 2
1 2

2
( , 2) ( , 2)

1vc n n vc n n

n n
d K K d K K n n

  
       

 
. 

iv) 
1 2 1 2

1 2
1 2

2
( ,3) ( , 3)

2vc n n vc n n

n n
d K K d K K n n

  
       

 
.                                             (5) 

v) 
1 2 1 2

1 2
1 2

2
( ,4) ( , 4)

3vc n n vc n n

n n
d K K d K K n n

  
       

 
. 

vi) 1 2
1 2

2
( , ) ( , )

1vc n n vc n n

n n
d K K i d K K n n i

i

  
        

.

: 

3 

2 

1 

5 

4 
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Theorem 2.4: The vertex connected dominating set of 
1 2n nK K   is given by 

  
1 2

1 2 2
( , )

1vc n n

n n
d K K i

i

  
    

.                                                           (6)                                          

If n1=n2, then
2 2

( , )
1vc n n

n
d K K i

i

 
    

, i=1, 2, …, 2n-1.  

Moreover, 
1 2

( , ) 1vc n nK K i   . 

Proof: By using Proposition 2.3, we get the result. 

Theorem 2.5: The vertex connected domination polynomial of 
1 2n nK K   is given by 

  1 2

1 2

2( , ) ( 1)n n
vc n nD K K x x x     .                                                     (7) 

Proof: By using Definition 2.1 and Theorem 2.4, we have  

  
1 2

1 2 1 2

1

1

( , ) ( , )
n n

i
vc n n vc n n

i

D K K x d K K i x
 



    

                              
1 2 1

1 2

1

1

1

n n
i

i

n n
x

i

 



  
   
  

                             1 21 21 2 1 2 1 2 12 3

1 2

22 2 2
...

20 1 2
n nn nn n n n n n

x x x x
n n

              
                    

   

                             1 21 21 2 1 2 22

1 2

22 2
1 ...

21 2
n nn nn n n n

x x x x
n n

           
                 

   

                              1 2 2
1 2

0

2n n
i

i

n n
x x

i

 



   
   

  
  

                              1 2 1( 1)n nx x    . 

Hence, 1 2

1 2

2( , ) ( 1)n n
vc n nD K K x x x     . 

And the vertex connected dominating roots are 0 with multiplicity 1 and -1 with multiplicity n1+n2-2. 

Definition 2.6: Let
1 2
:n nK K  be the edge introducing connected graphs of order n1+n2 and let

1 2
( : , )vc n nd K K i  

denoted the number of vertex connected dominated sets with cardinality i. Then the vertex connected domination 

polynomial of 
1 2
:n nK K  is defined as 

1 2

1 2 1 2

1 2
( : )

( : , ) ( : , )
vc n n

n n
i

vc n n vc n n
i K K

D K K x d K K i x






  ,                                         (8) 

where
1 2

( : )vc n nK K  is the vertex connected domination number of
1 2
:n nK K . 

Example 2.7: Consider the graph K4:K4 as shown in Fig. 2. 
 
 
 
 
 

Fig. 2. A graph K4:K4. 

Then, we have: 

If i=1, 4 4( : ,1)vcd K K =0, 

If i=2, 4 4( : , 2)vcd K K =|{ (4, 5)}|=1, 

If i=3, 4 4( : ,3)vcd K K =|{(1, 4, 5), (2, 4, 5), (3, 4, 5), (4, 5, 6), (4, 5, 7), ( 4, 5, 8)}|=6, 

2 

3 

4 5 

6 

7 

1 8 
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If i=4, 4 4( : , 4)vcd K K = |{(1, 2, 4, 5), (1, 3, 4, 5), (1, 4, 5, 6), (1, 4, 5, 7), (1, 4, 5, 8), (2, 3, 4, 5), (2, 4, 5, 6), (2, 4, 5, 

7), (2, 4, 5, 8), (3, 4, 5, 6), (3, 4, 5, 7), (3, 4, 5, 8), (4, 5, 6, 7), (4, 5, 6, 8), (4, 5, 7, 8)}|=15, 

If i=5, 4 4( : ,5)vcd K K = |{(1, 2, 3, 4, 5), (1, 2, 4, 5, 6), (1, 2, 4, 5, 7), (1, 2, 4, 5, 8), (1, 3, 4, 5, 6), (1, 3, 4, 5, 7), (1, 3, 

4, 5, 8), (1, 4, 5, 6, 7), (1, 4, 5, 6, 8), (1, 4, 5, 7, 8), (2, 3, 4, 5, 6), (2, 3, 4, 5, 7), (2, 3, 4, 5, 8, ,(2, 4, 5, 6, 7), (2, 4, 5, 6, 8), 
(2,4,5,7,8), (3, 4, 5, 6, 7), (3, 4, 5, 6, 8), (2, 4, 5, 7, 8), (4, 5, 6, 7, 8)}|= 20, 

If i=6, 4 4( : ,6)vcd K K =|{(1, 2, 3, 4 , 5, 6), (1, 2, 3, 4, 5, 7), (1, 2, 3, 4, 5, 8), (1, 3, 4, 5, 6, 7), (1, 3, 4, 5, 6, 8), (1, 2, 4, 

5, 6, 7), (1, 2, 4, 5, 6, 8), (1, 2, 4, 5, 7, 8), (1, 4 , 5, 6, 7, 8), (2, 3, 4 , 5, 6, 7), (2, 3, 4 , 5, 6, 8), (1, 3, 4, 5, 7, 8), (2, 3, 4 , 5, 
7, 8), (2, 4 , 5, 6, 7, 8), (3, 4, 5, 6, 7, 8)}|=15 

If i=7, 4 4( : ,7)vcd K K =6, 

If i=8, 4 4( : ,8)vcd K K =1, 

Hence,  
8 7 6 5 4 3 2

4 4( : , ) 6 15 20 15 6vcD K K x x x x x x x x       . 

Proposition 2.8: The following properties hold for the coefficients of
1 2

( : , )vc n nD K K x   

i) 
1 2 1 2

( : ,0) ( : ,1) 0vc n n vc n nd K K d K K  . 

ii) 
1 2 1 2

1 2
1 2

2
( : , 2) ( : , ) 1

0vc n n vc n n

n n
d K K d K K n n

  
    

 
. 

iii) 
1 2 1 2

1 2
1 2

2
( : ,3) ( : , 1)

1vc n n vc n n

n n
d K K d K K n n

  
     

 
.                                 (9) 

iv) 
1 2 1 2

1 2
1 2

2
( : , 4) ( : , 2)

2vc n n vc n n

n n
d K K d K K n n

  
     

 
. 

v) 
1 2 1 2

1 2
1 2

2
( : ,5) ( : , 3)

3vc n n vc n n

n n
d K K d K K n n

  
     

 
. 

vi) 
1 2 1 2

1 2
1 2

2
( : , ) ( : , ( 2))

2vc n n vc n n

n n
d K K i d K K n n i

i

  
       

. 

Theorem 2.9: The vertex connected dominating set of edge introducing between two complete graphs is given by 

1 2

1 2 2
( : , )

2vc n n

n n
d K K i

i

  
   

, for all 1 22 i n n   .                                            (10) 

If 1 2n n n  , then 
2 2

( : , )
2vc n n

n
d K K i

i

 
   

, i= 2, …, 2n. 

Moreover, 
1 2

( : ) 2vc n nK K  . 

Proof: By using Proposition 2.8, we get the result. 

Theorem 2.10: The vertex connected domination polynomial of
1 2
:n nK K  is given by 

  1 2

1 2

22( : , ) ( 1)n n
vc n nD K K x x x    .                                                                      (11) 

Proof: By using Definition 2.6, we have  
1 2

1 2 1 2
2

( : , ) ( : , )
n n

i
vc n n vc n n

i

D K K x d K K i x




  , and by Theorem 2.9, we have   

 
1 2

1 2

1 2

2

2
( : , )

2

n n
i

vc n n
i

n n
D K K x x

i





  
   
  

                            1 21 21 2 1 2 1 22 3 4

1 2

22 2 2
...

20 1 2
n nn nn n n n n n

x x x x
n n

             
                    

  

                            1 21 21 2 1 2 22 2

1 2

22 2
1 ...

21 2
n nn nn n n n

x x x x
n n
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                         1 2 2
1 22

0

2n n
i

i

n n
x x

i

 



   
   

  
  

                         1 2 22 ( 1)n nx x    . 

Hence,  
1 2

1 2

22( : , ) ( 1)n n
vc n nD K K x x x    .     

And the vertex connected dominating roots of
1 2

( : , )vc n nD K K x are 0 with multiplicity 2 and -1 with multiplicity

1 2 2n n  . 

Theorem 2.11: The vertex connected dominating set of t-tuple coalescence of complete graph nK is given by 

  | | ( 1)
( , )

1
t

vc n

t n
d K i

i

 
   

. And
| |( ) 1t

vc nK  .                                              (12) 

Proof: Let
| |t
nK  be the t-tuple coalescence of complete graph nK , the vertex connected dominating set of 

| |t
nK  of size 

one is one and the vertex connected dominating set of
| |t
nK   of size 1i   is ( 1)t n  , then | | ( 1)

( , )
1

t
vc n

t n
d K i

i

 
   

. 

Theorem 2.12: The vertex connected domination polynomial of t-tuple coalescence of complete graph nK  is given by 
| | ( 1)( , ) ( 1)t t n

vc nD K x x x   , for all n and 2t  .                                        (13) 

Proof: By Definition 1.1, we have: 
( 1) 1

| | | |

1

( , ) ( , )
t n

t t i
vc n vc n

i

D K x d K i x
 



  , and by Theorem 2.11, we have 

( 1) 1
| |

1

( 1)
( , )

1

t n
t i

vc n
i

t n
D K x x

i

 



 
   
  

                   2 3 ( 1) 1( 1) ( 1) ( 1) ( 1)
...

0 1 2 ( 1)
t nt n t n t n t n

x x x x
t n

           
                  

 

                   2 ( 1)( 1) ( 1) ( 1)
1 ...

1 2 ( 1)
t nt n t n t n

x x x x
t n

        
                

 

                   
( 1)

( 1)

0

( 1)
( 1)

t n
i t n

i

t n
x x x x

i






  
    

  
  

                                  

Hence, 
| | ( 1)( , ) ( 1)t t n

vc nD K x x x   . 

And the vertex connected dominating roots of
| |( , )t

vc nD K x  are 0 with multiplicity 1 and -1 with multiplicity ( 1)t n  . 

3. Vertex Connected Domination Polynomial of wheel Coalescence Graphs 
 

In this section, we determine the vertex connected dominating set and vertex connected domination polynomial of 
wheel coalescence graphs. Also we determine the vertex connected dominating set and vertex connected domination 
polynomial of vertex identification and edge introducing between complete and wheel graphs.  

Proposition 3.1: The following properties hold for the coefficients of 
1 2

( , )vc n nD W W x , for all n1, n2≥3. 

i) 
1 2

( ,0) 0vc n nd W W  . 

ii) 
1 2 1 2

1 2
1 2

2
( ,1) ( , 1) 1

0vc n n vc n n

n n
d W W d W W n n

  
       

 
. 

iii) 
1 2 1 2

1 2
1 2

2
( ,2) ( , 2)

1vc n n vc n n

n n
d W W d W W n n

  
       

 
. 

iv) 
1 2 1 2

1 2
1 2

2
( ,3) ( , 3)

2vc n n vc n n

n n
d W W d W W n n

  
       

 
.                                     (14)
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v) 
1 2 1 2

1 2
1 2

2
( , 4) ( , 4)

3vc n n vc n n

n n
d W W d W W n n

  
       

 
. 

vi) 
1 2 1 2

1 2
1 2

2
( , ) ( , )

1vc n n vc n n

n n
d W W i d W W n n i

i

  
        

 

Theorem 3.2: The vertex connected dominating set of vertex identification of two wheel graphs is given by

1 2

1 2 2
( , )

1vc n n

n n
d W W i

i

  
    

.  (15) 

If n1=n2=n, then
2 2

( , )
1vc n n

n
d W W i

i

 
    

, i=1, 2, …, 2n-1. 

Moreover, 
1 2

( ) 1vc n nW W   .

Proof: By using Proposition 3.1, we get the result. 

Theorem 3.3: The vertex connected domination polynomial of
1 2n nW W is given by

1 2

1 2

2( , ) ( 1)n n
vc n nD W W x x x     .  (16) 

Proof: By using Definition 1.1, we have 
1 2

1 2 1 2

1

1

( , ) ( , )
n n

i
vc n n vc n n

i

D W W x d W W i x
 



   , and by Theorem 3.2, we have

1 2

1 2

1
1 2

1

2
( , )

1

n n
i

vc n n
i

n n
D W W x x

i

 



  
    



1 21 21 2 1 2 1 2 12 3

1 2

11 1 1
...

10 1 2
n nn nn n n n n n

x x x x
n n

              
                    

1 21 21 2 1 2 22

1 2

11 1
1 ...

11 2
n nn nn n n n

x x x x
n n

           
                 

 1 2 2
1 2

0

2n n
i

i

n n
x x

i

 



   
   

  


1 2 2( 1)n nx x    .

Hence, 1 2

1 2

2( , ) ( 1)n n
vc n nD W W x x x     . 

And the vertex connected dominating roots of 
1 2

( , )vc n nD W W x  are 0 with multiplicity 1 and -1 with multiplicity

1 2 2n n  .

Proposition 3.4: The following properties hold for the coefficients of
1 2

( : , )vc n nD W W x , for all 1 2, 3n n  .

i) 
1 2 1 2

( : ,0) ( : ,1) 0vc n n vc n nd W W d W W  .

ii) 
1 2 1 2

1 2
1 2

2
( : , 2) ( : , 2) 1

0vc n n vc n n

n n
d W W d W W n n

  
     

 
. 

iii) 
1 2 1 2

1 2
1 2

2
( : ,3) ( : , 3)

1vc n n vc n n

n n
d W W d W W n n

  
     

 
.  (17) 

iv) 
1 2 1 2

1 2
1 2

2
( : , 4) ( : , 4)

2vc n n vc n n

n n
d W W d W W n n

  
     

 
. 

v) 
1 2 1 2

1 2
1 2

2
( : , ) ( : , )

2vc n n vc n n

n n
d W W i d W W n n i

i

  
      

 

Theorem 3.5: The vertex connected dominating set of
1 2
:n nW W  is given by 



 Vertex Connected Domination Polynomial of some Coalescence of Complete and Wheel Graphs  7 

Copyright © 2020 MECS I.J. Mathematical Sciences and Computing, 2020, 6, 1-8

1 2

1 2 2
( : , )

2vc n n

n n
d W W i

i

  
   

.  (18) 

If n1=n2=n, then 
2 2

( : , )
2vc n n

n
d W W i

i

 
   

, i=2, …, 2n. 

Moreover, 
1 2

( : ) 2vc n nW W  .

Proof: By using Proposition 3.4, we get the result. 

Theorem 3.6: The vertex connected domination polynomial of
1 2
:n nW W  is given by 

1 2

1 2

22( : , ) ( 1)n n
vc n nD W W x x x    .  (19) 

Proof: By Definition 1.1 and Theorem 3.5, we have 
1 2

1 2 1 2
2

( : , ) ( : , )
n n

i
vc n n vc n n

i

D W W x d W W i x




 
1 2

1 2

2

2

2

n n
i

i

n n
x

i





  
   


1 21 21 2 1 2 1 22 3 4

1 2

22 2 2
...

20 1 2
n nn nn n n n n n

x x x x
n n

             
                    

1 21 21 2 1 2 22 2

1 2

22 2
1 ...

21 2
n nn nn n n n

x x x x
n n

           
                 

 1 2 2
1 22

0

2n n
i

i

n n
x x

i

 



   
   

  


1 2 22 ( 1)n nx x    .

Hence, 1 2

1 2

22( : , ) ( 1)n n
vc n nD W W x x x    . 

And the vertex connected dominating roots of
1 2

( : , )vc n nD W W x  are 0 with multiplicity 2 and -1 with multiplicity

1 2 2n n  .

Theorem 3.7: The vertex connected dominating set of t-tuple coalescence of wheel graph nW  is given by 

| | ( 1)
( , )

1
t

vc n

t n
d W i

i

 
   

and 
| |( ) 1t

vc nW  .  (20) 

Proof: The proof is similar to the proof of Theorem 2.11. 

Theorem 3.8: The vertex connected domination polynomial of t-tuple coalescence of wheel graph nW is given by 
| | ( 1)( , ) ( 1)t t n

vc nD W x x x   .  (21) 

Proof: By using Definition 1.1 and Theorem 3.7, we get the result. 

Theorem 3.9: The vertex connected dominating set and vertex connected domination polynomial of
1 2n nK W   is

given by 

 
1 2

1 2 2
( , )

1vc n n

n n
d K W i

i

  
    

 and 1 2

1 2

2( , ) ( 1)n n
vc n nD K W x x x     .  (22) 

Proof: The proof is similar to the proof of Theorems 2.4 and 2.5. 

Theorem 3.10: The vertex connected dominating set and vertex connected domination polynomial of
1 2
:n nK W   is 

given by 

1 2

1 2 2
( : , )

2vc n n

n n
d K W i

i

  
   

.  (23) 

If 1 2n n n  , then 
2 2

( : , )
2vc n n

n
d K W i

i

 
   

, i=1, 2, …, 2n-1. 

Moreover, 
1 2

( : ) 2vc n nK W   and 1 2

1 2

22( : , ) ( 1)n n
vc n nD K W x x x     .  (24) 

Proof: The proof is similar to the proof of the Theorems 2.9 and 2.10. 
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4. Conclusion
In this paper, we studied the vertex connected domination polynomials of some graph coalescence. In the future one

can compute the vertex domination polynomial of some other coalescence and t-tuple of other graphs. 
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