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Abstract 

Multiple input mult iple output (MIMO) is one of the key technology to accomplish the goal of the future 
wireless broadband communication. This paper deals with the bit error rate (BER) and capacity performance 
of the Vert ical Bell laboratories layered space-time (VBALST) MIMO systems with a linear receiver such as 
minimum mean-square error (MMSE) and zero forcing (ZF) over Nakagami-m channel. Both the BER and 
the capacity of MIMO systems have been analyzed for different modulat ion techniques and also with  various 
configurations of MIMO systems. We have also analyzed the VBLAST MIMO system perfo rmance in a 
higher SNR region.  
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1. Introduction 

From the perspective of today’s broadband communication scenario, the need of high-capacity and highly-
reliable wireless communication has been growing noticeably over the last few decades. Most of the wireless 
communicat ion systems developed before the mid 1990s may be referred to as single input single output 
(SISO) systems [1]. Later on more researches have been carried on exploring the possibilities of a MIMO 
system by exploit ing the diversity at both the transmitter and receiver. From the perspective of research 
growth in MIMO technology, channel modeling, capacity analysis, space-time coding (STC), spatial 
multip lexing (SM) and multi-user detection techniques are the main point o f interest for the researchers. At 
this age of 4th generation broadband communication, the growing demand of higher data rate under the 
constraint of limited availab le bandwidth, multi-input and multip le-output (MIMO) systems offer the 
possibility of spatial multiplexing  which enables very h igh spectral efficiencies [2, 3, 4] and also this leads to 
the development of  an  appropriate signal processing architecture to support the spectral requirement. Vertical 
Bell laboratories layered space-time (V-BLAST) [2, 5, 6] is a MIMO arch itecture known to have spectral 
efficiencies of 20-40 bps/Hz at 24-34 dB average SNR without coding [7].  
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In the wireless environment the electromagnetic wave gets polluted by some physical phenomenon such as 
absorption, reflection, refraction, d iffraction, and scattering etc. Because of the existence of physical object  in  
their propagating path, such as trees, buildings, hills etc. [8]. Because of those phenomena the randomly  
varying phase, amplitude and the angle of arrival of multipath component added up constructively and 
destructively and give rise to a rapid ly fluctuating signal at the receiver front end.   

For the practical purposes different fading channel can be modeled, out of which most important fading 
distributions are Rayleigh and Rician [9]. Recently Nakagami distribution has been of great interest because 
Nakagami-m fad ing channel can be considered as a universal one as it represents various fading condition in a 
wireless channel [9, 10]. Nakagami-m fad ing channel can provide severe conditions than the Rayleigh and 
Rician model and can be considered to fit into the mobile communicat ion channel [9] .W ith the variation in  
the Nakagami fading  parameter-m a wide range of distribution can be realized. It becomes the Rayleigh 
distribution when m = 1 and fo r m > 1 the Rician fad ing can be closely approximated. Also it  becomes the 
one-sided Gaussian distribution (m → 0.5), and Nakagami -m distribution covers no fading channel as m goes 
to infinity [11, 12]. So analysis of Nakagami channel is very important. 

In this paper we analyze the capacity and BER performance of the V BLAST MIMO system with MMSE 
and ZF receiver [13] system in Nakagami-m fading channel and also we present the simulation result to 
analyze the system performance with the variation in the fading parameter m. We also quantify the BER and 
capacity performance advantage of the MMSE-V-BLAST over the ZF-V-BLAST.  

2. Mathematical Model  

2.1. Channel Model 

 
Fig. 1. MIMO system architecture. 

We consider a MIMO system, as in figure 1, with tN  transmitting antenna and rN receiv ing antennas. 
The received signal y can be described by  

𝑌𝑌 = 𝐻𝐻𝐻𝐻 + 𝑛𝑛                                                    (1) 

Where the transmit  symbols vector x satisfies P2xE ≤






 (P is the total power), and n is the 1rN ×  

additive white Gaussian noise vector. The vector H represents the slowly vary ing flat fad ing (Nakagami-m) 
channels for the wireless transmission. The channel is assumed to be independent and identically distributed 
(i.i.d) and th is follows a Nakagami –m fading probability  distribution function (pdf). Let γ  represent the 
instantaneous SNR and it can be defined as 
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𝛾𝛾 = 𝛽𝛽2 𝐸𝐸𝑠𝑠
𝑁𝑁0

                                                                                    (2) 

Where β  is the fading amplitude, sE is the energy per symbol, and 0N is the noise spectral density. The 
probability distribution function of β  for the Nakagami-m fad ing channel is given by  

𝑃𝑃𝛽𝛽 (𝛽𝛽) = 2
𝛤𝛤(𝑚𝑚 )

 �𝑚𝑚
Ω

� 𝛽𝛽2𝑚𝑚 −1 𝑒𝑒𝑒𝑒𝑒𝑒 �−𝑚𝑚  𝛽𝛽2

Ω
�, β ≥ 0, m ≥  1

2
                                                                              (3) 

Where Γ (.) represents the gamma function, 




=Ω 2βE  and m is the parameter of fading depth that ranges 

from 0.5 to infinity and this parameter is responsible for the variation in fad ing condition. 

The fading parameter m is defined by the equation as given below 

 𝑚𝑚 =
𝐸𝐸2 �𝛽𝛽2 �

𝑣𝑣𝑣𝑣𝑣𝑣 [𝛽𝛽2 ]                                                                                                  (4) 

Then the pdf of the instantaneous SNR γ is given by [14]  

𝑃𝑃𝛾𝛾 (𝛾𝛾) = 1
𝛤𝛤(𝑚𝑚 )

 �𝑚𝑚
𝛾𝛾�

�
𝑚𝑚

𝛾𝛾𝑚𝑚 −1 𝑒𝑒𝑒𝑒𝑒𝑒 �−𝑚𝑚 𝛾𝛾
𝛾𝛾�

� , 𝛾𝛾 ≥ 0                                                                                                     (5) 

  
Fig 2. The PDF and CDF plots of Nakagami-m distribution. 

2.2. BER Calculation 

The moment generating function (MGF) [12, 15] of the SNR in Nakagami-m fading is given by  

𝜑𝜑𝛾𝛾 (𝑠𝑠) = ∫ 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑠𝑠𝑠𝑠) 𝑃𝑃𝛾𝛾 (𝛾𝛾)
∞

0 𝑑𝑑𝑑𝑑 = � 𝑚𝑚
𝑚𝑚 +𝑠𝑠𝑠𝑠

�
𝑚𝑚

 , 𝑚𝑚 ≥  1
2

                                                                (6)  

The conditional- error probability (CEP) for MSK is given by  
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𝑃𝑃𝑠𝑠 (𝛾𝛾) = 1
𝜋𝜋

 ∫ 𝑒𝑒𝑒𝑒𝑒𝑒 �
−𝛾𝛾  𝑠𝑠𝑠𝑠𝑠𝑠2 ( 𝜋𝜋

𝑀𝑀 )

𝑠𝑠𝑠𝑠𝑠𝑠2 𝜃𝜃
�𝜋𝜋− 𝜋𝜋

𝑀𝑀
0 𝑑𝑑𝑑𝑑                                                                            (7) 

The average symbol error rate in Nakagami channel for positive values of fading depth ‘m’ is given by  

𝑃𝑃𝑠𝑠�  = ∫ 𝑃𝑃𝑠𝑠 (𝛾𝛾)
∞

0 𝑃𝑃𝛾𝛾 (𝛾𝛾)𝑑𝑑𝑑𝑑                                                                                                      (8) 

    = 1
𝜋𝜋

 𝐼𝐼𝑆𝑆  �0, 𝜋𝜋 − 𝜋𝜋
𝑀𝑀

 , � 𝛾𝛾�
𝑚𝑚

�  𝑠𝑠𝑠𝑠𝑠𝑠2 � 𝜋𝜋
𝑀𝑀

� , 𝑚𝑚�                                                                                                       (9) 

As in [6], the generalized form of sI  can be expressed as 

𝐼𝐼𝑆𝑆  (𝜃𝜃𝐿𝐿  , 𝜃𝜃𝑈𝑈  , 𝑐𝑐 , 𝑑𝑑) = � �
𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃

𝑐𝑐 + 𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃
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𝑑𝑑𝑑𝑑

𝜃𝜃𝑈𝑈

𝜃𝜃𝐿𝐿
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𝑐𝑐

𝑐𝑐+1
�𝜋𝜋

2
+ 𝜆𝜆(𝑐𝑐  ,𝜃𝜃𝑈𝑈 )� ∑ 1
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�𝜋𝜋
2

+𝑑𝑑−1
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𝜆𝜆𝑐𝑐 ,𝜃𝜃𝐿𝐿𝑘𝑘=0𝑑𝑑−114𝑐𝑐+1𝑘𝑘2𝑘𝑘𝑘𝑘+1𝜋𝜋ℎ=0𝑘𝑘−12𝑘𝑘ℎ𝑠𝑠𝑖𝑖𝑛𝑛2𝑘𝑘−ℎ𝜆𝜆(𝑐𝑐 ,  𝜃𝜃𝐿𝐿𝑘𝑘−ℎ                                                                                   
(10) 

Where d is a positive integer and  

𝜆𝜆( 𝑞𝑞 , 𝜃𝜃 ) = 𝑡𝑡𝑡𝑡𝑡𝑡−1 ��� 𝑞𝑞
1+𝑞𝑞

�  𝑐𝑐𝑐𝑐𝑐𝑐(𝜋𝜋 − 𝜃𝜃) �                                                                        (11) 

As in [16], from the power series expansion of equation (3) we find that at  the higher SNR region the PDF 

of the fad ing amplitude )(β  is inversely vary with  the signal SNR level. And the proportionality relation  
changes with the variation in Nakagami fading shape parameter. For m= 0.5 (one-sided Gaussian), the PDF 
changes inversely with SNR levels whereas for m=1 (Rayleigh fading) and m=2 (Rician fading) it is 
proportional to the inverse of the square and fifth power of the SNR level respectively. Therefore, the error 
probability rate in Nakagami fading channel with m=0. 5 is worse than that of Rayleigh and Rician channel. 

2.3. Linear Receiver: 

2.3.1 Zero Forcing (ZF): 

The Zero forcing receiver, is a Simple linear receiver, with low computational complexity. Zero forcing  
implements matrix (pseudo) inverse (+). The ZF estimated received signal is given by:  

𝑥𝑥� = (𝐻𝐻 𝐻𝐻 𝐻𝐻)−1𝐻𝐻𝐻𝐻 . 𝑥𝑥 = 𝐻𝐻 + 𝑥𝑥                                                       (12) 

Where superscript H denotes Hermitian transpose.  

And the output SNR for the ZF receiver can be obtained as 𝜌𝜌𝑧𝑧𝑧𝑧 = 𝑆𝑆𝑆𝑆𝑆𝑆
(𝐻𝐻𝐻𝐻 𝐻𝐻)−1 
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The ZF minimizes interference but suffers from noise enhancement and shapes the received signal, therefore 
it is free of ISI. The ZF receiver works best with high SNR level. 

2.3.2 Minimum Mean Square Error (MMSE): 

MMSE [17, 18] receiver is another type of linear detector which min imizes the mean squared error between  
the transmitted symbols. MMSE detector helps to jointly minimize both the noise and interference or we can 
say that the MMSE detector seeks to balance between the cancellation of the interference and reduction of 
noise enhancement. Therefore MMSE detector outperforms the ZF detector in the presence of noise.  
The MMSE receiver gives a solution to:  

𝑥𝑥� = � 1
𝑆𝑆𝑆𝑆𝑆𝑆

𝐼𝐼 + 𝐻𝐻𝐻𝐻 𝐻𝐻�
−1

. 𝐻𝐻𝐻𝐻 𝑥𝑥                                        (13)  

And the output SNR for the ZF receiver can be obtained as  

𝜌𝜌𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
𝑆𝑆𝑆𝑆𝑆𝑆

�𝐻𝐻𝐻𝐻 𝐻𝐻 + 𝐼𝐼 1
𝑆𝑆𝑆𝑆𝑆𝑆�

−1 − 1 

The above two linear equalizat ion algorithm is based on multiply ing the received vector by a detection 
matrix and then decoding the symbols separately. Another approach in VBLAST receiver design is successive 
interference cancellation to achieve better performance at the cost of much higher complexity. 

From the mathematical relation one can estimate that ZF is the limiting form of the MMSE for SNR 
approaches to infinity. But from the simulation we observed that the bit error rate of MMSE and ZF receiver 
do not converge even for large SNR. Therefore we find that there is always a SNR gain of MMSE equalizer 
over the ZF receiver for large SNR values. 

2.4. Capacity Calculation 

The capacity of a MIMO channel can be written as 

𝐶𝐶 = 𝑙𝑙𝑙𝑙𝑙𝑙2 𝑑𝑑𝑑𝑑𝑑𝑑�𝐼𝐼𝑁𝑁 + 𝑆𝑆𝑆𝑆𝑆𝑆. (𝐻𝐻 𝐻𝐻𝐻𝐻 )�                                                                 (14) 

Where SNR is the average signal to noise ratio at each receiver antenna. 
The capacity of a sub-channel in a MIMO system with a linear detector (LD) can be written as  

𝐶𝐶𝐿𝐿𝐿𝐿 = 𝑙𝑙𝑙𝑙𝑙𝑙2 (𝐼𝐼𝑁𝑁 + 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆)                                                                  (15) 

For zero forcing receivers, the capacity associated with the channel can be written as 

𝐶𝐶𝑍𝑍𝑍𝑍 = 𝑙𝑙𝑙𝑙𝑙𝑙2 �1 + 𝑆𝑆𝑆𝑆𝑆𝑆
�𝐻𝐻𝐻𝐻 𝐻𝐻�−1�                                            (16) 

Similarly fo r MMSE receiver 
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𝐶𝐶𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 𝑙𝑙𝑙𝑙𝑙𝑙2 � 1
�𝐼𝐼𝑁𝑁 +𝑆𝑆𝑆𝑆𝑆𝑆 .𝐻𝐻𝐻𝐻 𝐻𝐻�−1�                                             (17) 

As we know that the min imization of the mean square error (MSE) leads to the maximizat ion of the SNR, 
therefore MMSE based detector achieves higher SNR in comparison to that of a ZF based detector. And this 
advantage leads to the gain in channel capacity with MMSE based over that with the ZF based detector. 

The capacity gain of MIMO systems with MMSE receiver over the ZF receiver have been analyzed as 
follows  

Then ZFCMMSEC −  

= 𝑙𝑙𝑙𝑙𝑙𝑙2 � 1

�𝐼𝐼𝑁𝑁 +𝑆𝑆𝑆𝑆𝑆𝑆 .𝐻𝐻𝐻𝐻 𝐻𝐻� −1 �1 + 𝑆𝑆𝑆𝑆𝑆𝑆

�𝐻𝐻 𝐻𝐻 𝐻𝐻 �−1�
�                                    (18) 

For large SNR, (𝐼𝐼𝑁𝑁 + 𝑆𝑆𝑆𝑆𝑆𝑆. 𝐻𝐻𝐻𝐻 .𝐻𝐻)−1 can be expanded as follows  

= (𝑆𝑆𝑆𝑆𝑆𝑆 . 𝐻𝐻𝐻𝐻 𝐻𝐻)−1[1 + 𝐼𝐼𝑁𝑁 (𝑆𝑆𝑆𝑆𝑆𝑆. 𝐻𝐻𝐻𝐻 𝐻𝐻) −1]−1 

Using the relation (1 + 𝑥𝑥)−1 = 1 − 𝑥𝑥 + 𝑥𝑥2 − 𝑥𝑥3 + 𝑥𝑥4 −  … … … we have  

= (𝑆𝑆𝑆𝑆𝑆𝑆 . 𝐻𝐻𝐻𝐻 𝐻𝐻)−1 − [𝐼𝐼𝑁𝑁 (𝑆𝑆𝑆𝑆𝑆𝑆. 𝐻𝐻𝐻𝐻 𝐻𝐻) −2]+�𝐼𝐼𝑁𝑁
2(𝑆𝑆𝑆𝑆𝑆𝑆. 𝐻𝐻𝐻𝐻 𝐻𝐻)−3� −  … … 

= (𝑆𝑆𝑆𝑆𝑆𝑆 . 𝐻𝐻𝐻𝐻 𝐻𝐻)−1 − [𝐼𝐼𝑁𝑁 (𝑆𝑆𝑆𝑆𝑆𝑆. 𝐻𝐻𝐻𝐻 𝐻𝐻) −2] + 𝑂𝑂(𝑆𝑆𝑆𝑆𝑆𝑆) −3 

Thus for large SNR level the equation (18) can be written as 

= 𝑙𝑙𝑙𝑙𝑙𝑙2 �
1

[(𝑆𝑆𝑆𝑆𝑆𝑆 . 𝐻𝐻𝐻𝐻 𝐻𝐻)−1 − [𝐼𝐼𝑁𝑁 (𝑆𝑆𝑆𝑆𝑆𝑆. 𝐻𝐻 𝐻𝐻 𝐻𝐻)−2] + 𝑂𝑂(𝑆𝑆𝑆𝑆𝑆𝑆)−3] �1 + 𝑆𝑆𝑆𝑆𝑆𝑆
(𝐻𝐻𝐻𝐻 𝐻𝐻) −1�

� 

= 𝑙𝑙𝑙𝑙𝑙𝑙2 �
𝑆𝑆𝑆𝑆𝑆𝑆

[𝑆𝑆𝑆𝑆𝑆𝑆 + (𝐻𝐻𝐻𝐻 𝐻𝐻) −1][1 − {𝐼𝐼𝑁𝑁 (𝑆𝑆𝑆𝑆𝑆𝑆. 𝐻𝐻 𝐻𝐻 𝐻𝐻)−1} + 𝑂𝑂(𝑆𝑆𝑆𝑆𝑆𝑆) −2]� 

= 𝑙𝑙𝑙𝑙𝑙𝑙2 (𝑆𝑆𝑆𝑆𝑆𝑆) − 𝑙𝑙𝑙𝑙𝑙𝑙2 {1 − (𝑆𝑆𝑆𝑆𝑆𝑆)−1𝐼𝐼𝑁𝑁 . (𝐻𝐻𝐻𝐻 . 𝐻𝐻)−1 + 𝑂𝑂(𝑆𝑆𝑆𝑆𝑆𝑆)−2} − 𝑙𝑙𝑙𝑙𝑙𝑙2 [𝑆𝑆𝑆𝑆𝑆𝑆 + (𝐻𝐻𝐻𝐻 𝐻𝐻)−1]      ---- (19)
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3. Result Analysis: 

 
Fig. 3: BER vs. SNR curves for VBLAST MIMO systems in Nakagami channel. 

Above figure 3 represents a comparative study between MMSE and ZF receiver in Nakagami channel with  
variation in fad ing factor m. With the increase in m , the channel statistic changes and turns AWGN channel 
for higher values of m. Th is phenomenon has been established through the simulation as in figure 3.  
 

 
Fig. 4. BER vs. SNR curves for 4 x 4 VBLAST MIMO systems in Nakagami channel with different modulation. 

The above figure 4 represents the performance analysis of 4 x 4 VBLAST MIMO systems in the Nakagami 
channel (with fading factor m = 3) with different digital modulation schemes.  
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Table1: BER Comparison Of Different Modulation Techniques. 

Modulation 
Techniques 

Detector 
 

BPSK QPSK 8PSK 
BER VALUES 

SNR=1 dB 
MMSE 0.01025 0.06592 0.2759 

ZF 0.04688 0.1382 0.4106 

SNR=11 dB 
MMSE 0.0004883 0.004883 0.03662 

ZF 0.004395 0.01855 0.0625 
 

As in the table it is clear that with the increase in the modulation order the BER performance of the system 
gets degraded and also the MMSE receiver provide better performance with respect to the ZF receiver. From 
the theoretical point of view at high SNR level the MSSE receiver tends to behave like a ZF receiver, but 
from the practical scenario, these two receivers do not fully converge at high SNR level. As in figure 4 with 
the increase in SNR values the difference in BER level for the above said receivers decrease. 
 

Fig.5: BER Performance comparison of MIMO system in Lower (1 dB) and higher (11dB) SNR region.  

 

  
Fig.6. Capacity vs. SNR curves for VBLAST MIMO system in Nakagami channel with QPSK modulation. 
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From figure 6 it is clear that with the increase in m factor value the spectral efficiency of the MIMO 
systems gets better. And also as MMSE receiver provides better SINR with respect to ZF receiver, it  
outperforms the ZF receiver in terms of spectral efficiency. 
 

 
Fig. 7: Capacity vs. SNR curves for different VBLAST MIMO system in Nakagami channel (m=0.5) with QPSK modulation. 

Above figure represents a comparative analysis between the different configuration of MIMO systems in  
same channel condition (Nakagami channel with  m=0.5) and with the same d igital modulat ion scheme. As in  
figure with the increase in the number of antennas in transmitter and receiver side the difference in channel 
capacity for MIMO systems get enhanced.  
 

 
Fig. 8: Channel capacity comparison of MIMO system in lower (1 dB) and higher (11dB) SNR region. 

Figure 8 shows the variation in channel capacity with the variat ion in  the number of antennas and signal 
SNR level. For a particular antenna configuration with the increment on signal SNR level the channel 
capacity increases accordingly 
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Fig 9. CCDF of capacity 

Above figure 9 shows CCDF of the capacity in Nakagami channel as a function of the capacity. From the 
above figure one can  conclude that the MMSE based receiver provides capacity gain  in comparison to that of 
ZF receiver. 

4. Conclusion 

In this paper, we present the BER and capacity performance of linear receivers in MIMO Nakagami-m 
fading channel.  We also quantify the BER and capacity performance advantage of the MMSE-VBLAST over 
the ZF-VBLAST through simulation and also we find out that the simulated results follow the mathematical 
relation as presented in this paper. And also we find that at high SNR region MMSE and ZF receivers do not 
perform similarly in comparison to the low SNR region.   
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