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Abstract: A SMC for the ball-on-sphere system was designed in this work. The mathematical system’s model was first
derived and a SMC was designed. Then, Lyapunov’s method was used to test for the convergence on the sliding surface, and
convergence of the system's states to the sliding surface was guaranteed. To reduce chattering, a super twisting SMC was
designed. A controller that is linear was first given to the system and the simulation results showed that, while there is
disturbance, achieving origin’s asymptotic stability is not viable. A SMC was then applied next, while there is disturbance,
origin’s asymptotic stability was attained in finite-time. Then a 2nd order SMC was applied and the results showed faster
origin’s asymptotic stability in finite time. Therefore, the real effect of applying a 2nd order SMC is faster asymptotic stability
of the origin. To reduce chattering, a ST SMC was applied and the chattering was observed to be reduced efficiently.
Index Terms: SMC; ST SMC; Ball-on-sphere; Chattering; System

1. Introduction
For control engineering research and education, a lot of experimental setups for control laboratory, such as inverted
wedge, inverted pendulum, and ball and beam [1], [2], [3], have been explored over the past decades. Experiments of these
setups are often not stable, under actuated, and inherently nonlinear and because of that, they are testbeds for nonlinear
control engineering research.
For nonlinear control systems, there are some challenging, and perhaps popular, testbed. One of them is the ball-onsphere system which could be considered a balancing system. The basic components of the system are; 2 motors, a sphere,
and 2 friction wheels [4]. The motors drive the friction wheels. The ball on the sphere’s top can be balanced by controlling,
along the horizontal axes, the sphere’s rolling. This balancing is the main control objective of ball-on-sphere system.
Because the system is under-actuated in nature, nonlinear, and unstable, controlling becomes a challenging task [5].
As an important balancing system, the system of ball-on-sphere finds applications from aerospace and transportation
to robotics engineering. These application areas include rockets and space-ships' modelling and stabilization, humanoid
robot or human postural standing modelling, self-transport machine, missile guidance, and robotic upper limit or human's
unstable system modelling and simulation [6].
There are so many uncertain system class. One of the most powerful methodologies in controlling these kinds of
systems is the sliding mode control (SMC). Some perturbations act in the control input’s directions. These kinds of
perturbations are called matched perturbations. The sliding mode controller consists of a switching term, of a highfrequency, that thoroughly indemnifies matched perturbations. The action of indemnifying matched perturbations happens
when the trajectory stays on the “sliding manifold”. A sliding manifold is the state space’ subspace [7].
Constraining the movement of the closed-loop’s state paths to reach the default sliding surface and to keep their
motion on the, for all succeeding time, sliding surface using a law of switching control that is of high speed is the SMC’s
main idea. The system dynamics are ordained to compel its evolution on the default sliding surface when the state
trajectories’ motion is restricted to the sliding surface. This way, the system becomes unaffected by external disturbance
and parametric variation [8].
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The control objectives define the sliding surface. And based on the performance required in the closed-loop,
discontinuous control synthesis is done to make the sliding system paths get to the sliding surface. This happens regardless
of parametric variations and uncertainties [9].
The phenomenon whereby oscillations, of finite-amplitudes, finite-frequency, appear in systems employing SMC is
described as chattering [10]. Small actuators’ time constant, switching imperfections, and time delays in switching caused
these oscillations. Consequently, in the sliding surface’s neighbourhood, chattering is produced by the discontinuity in the
feedback control [11]. Closed-loop control system's un-modelled dynamics excitation of sliding mode controller highfrequency switching can also cause these oscillations. The neglected dynamics in the process of system modelling are unmodelled dynamics. This could be of the neglected dynamics of the actuators and sensors. And these, un-modelled
dynamics, are considerably faster than the dynamics of the main system [10]. Consequently, leading to problems such as
mechanical parts heating, saturation, and consumption of significant energy [12] and also, electrical power circuits'
significant heat losses and significant wear and tear for the moving mechanical parts [10].
One of the techniques for chattering reduction is the super twisting slide mode controller (ST-SMC). A similar
rejection of disturbance and robustness properties of SMC can be provided by ST-SMC without the effect of chattering.
ST-SMC suppresses the effect of chattering, therefore, its introduction in literature is a substantial breakthrough because
the main downside of the ordinary SMC is chattering effect [13].
For the analysis of a nonlinear system, one of the powerful tools is the direct method of Lyapunov. The method is
about generalized energy notion associated with systems of mechanical domain: if the total energy of a mechanical system
decreases in all-time instances, then the mechanical system's motion is stable. Construction of an energy-like function that
is scalar, called "Lyapunov function", and checking if it decreases in all-time instances is the main idea behind nonlinear
systems stability analysis using the direct method. The generality of this method makes it powerful: it can be applied to all
control systems’ kinds, linear or nonlinear, time varying, infinite dimensional, time invariant, finite-dimensional, timeinvariant. Nevertheless, the method has its limitation which is the difficulty in finding the Lyapunov function [8].
This paper aims to design a SMC for ball-on-sphere system.
To achieve the aim of the paper the following objectives will be executed and these objectives are the relevance to the
aim of the research;
• Investigation of the system dynamics and derivation of system’s mathematical model.
• Designing of SMC for the system.
• Testing for convergence on the sliding surface using Lyapunov’s method.
• Designing of ST SMC for chattering reduction.

2. Literature review
The system of the ball-on-sphere laboratory experimental control problem is considered in [14]. They showed that
system decoupling, around the equilibrium, into 2 separately ball and wheel systems is viable. To achieve closed-loop
system’s stability, they designed a controller and the design was done based on SMC and full-state-feedback linearization.
The control scheme’s effectiveness is validated and demonstrated by the experimental and simulation results.
Sliding mode of a high order and dynamic SMC are studied in [15]. The additional dynamics added by the dynamic
SMC can be regarded as compensators. An augmented system is the sliding system that has compensators. These
compensators can also be called extra dynamics and are desired for a system's stability improvement and getting the
desired performance and behaviour of the system.
The armature current and shaft speed are controlled in [16] as output variables. Separately excited DC motor is
manipulated by its armature and field voltages variables. To alleviate the error of steady-state and peak overshoot of the
DC motor variable structure systems based on SMC is used. Based on the obtained results, there is very little impact of
outputs change on each other and against input disturbances, the controller is robust. MATLAB/SIMULINK was used to
simulate the model.
An SMC that is hierarchical and that is state-dependent switching gain based is proposed in [17] for under actuated
mechanical systems stabilization. 1st-level and 2nd-level sliding surfaces are the basis of the controller. The Lyapunov
stability theorem was used in proving the surfaces’ asymptotic stability. For the enactment of the suggested technique of
control, 2 mechanical systems that are nonlinear and under actuated are used and numerical simulation is used to verify the
feasibility. Bounded external disturbances are tackled efficiently by the proposed controller and robust performance is
observed. When the convergence rate is compared with that of the integral SMC and ordinary SMC, it is observed that the
proposed controller's rate is faster.
Nonlinear systems with active suspension are controlled in [18] using the dynamic SMC scheme. The sliding surface
function, in the proposed scheme, is formed linearly with control inputs and system states. In the construction of the SM
feedback controller, a term of fuzzy dynamic is utilized. Results show that the perturbations of the system did not affect the
achievement of the sliding mode.
For a bi-directional DC-DC converter, a 2nd order SMC based on ST-SMC is used in [19]. 2 sliding mode controllers
are designed for boost and buck modes DC-DC converter which could be switched to realize the current/voltage output
regulation for different DC-DC converter working conditions. Simulation is done in PLECS for different DC-DC converter
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working conditions. The results show the robustness and better performance for the 2nd order SMC for bi-directional DCDC converter when compared with PID.
Under unknown external disturbances and model uncertainties, a novel adaptive ST-SMC for micro-gyroscope is
proposed in [20]. They employed a high order ST-SMC strategy for the accuracy of trajectory tracking and regulation and
improvement of the rate of convergence of reaching the sliding surface. This strategy not only combines the advantage of
the conventional SMC with ST-SMC but also ensures that, for any initial state, the control system that’s designed can get
to the sliding surface and equilibrium in a lessened finite time and chattering problems are avoided. Lyapunov theory of
stability is used to design an adaptive algorithm for the estimation of the angular velocity and unknown parameters of the
micro-gyroscope. Finally, the simulation results show the proposed scheme's effectiveness. By comparative analysis study,
ST-SMC is found out to be superior to the conventional SMC.
For robot manipulator’s position tracking with external disturbances and uncertainties of parameter, an improved
SMC scheme, which is the reformed conventional SMC approach, is developed in [21]. The scheme uses saturated-type
SMC laws. It is shown that the asymptotic stability is achieved. The advantage of the proposed scheme can be seen from
the simulation results.
[22] deals with sliding modes as a principle mode of operation, variable structure system's design aspects, basic
concepts, and mathematics. Data processing and control algorithms that are used in systems of a variable structure are
analysed. Control functional goals and electric drives' versatility as SMC methodology potential is demonstrated.
SMC of DC drives is considered in [23]. Dynamic modelling of DC machine and sliding mode control design are
given.
A guide, for practicing control engineers, to SMC is presented in [24]. An accurate assessment of the chattering
phenomenon is offered. Also, control design solutions for catalogues implementable SMC and a reference frame for future
research in SMC are provided.
The remaining part of the paper is ordered in the following sequence. The system dynamics and derivation of
system’s mathematical model is presented where system equations are derived. Then, a SMC is designed for the system.
Followed by convergence test on the sliding surface using Lyapunov’s method. A ST SMC is then designed for chattering
reduction. After that, simulation, analysis, results, and discussions are presented. Finally, a conclusion is drawn from the
obtained results.

3. Dynamic and mathematical modeling of ball-on-sphere system
Model of the system is adopted and dynamical equations are derived [5], [25]. Independency is assumed, in all
directions, around the point of equilibrium which means the system can be considered linear even though the dynamic
equations are nonlinear and this means that interdependency of their parameters in various directions. With these
assumptions, the system can be considered 2-D in all directions. With this, it is simplified to a system of ball and wheel.
The system parameters are; βx , θx which are angles of sphere and ball in the x-direction, βy , θy which are angles of sphere
and ball in the y-direction, IB and Ib which are ball and sphere’s moments of inertia and m mass is ball’s mass, R and r
which are ball and sphere radii [26].

Fig. 1. System’s schema in 2-D [14].

Fig. 2. System of ball-on-sphere [26].
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Equations are derived using the Euler-Lagrangian method as follows [27]:
L=T−V

(1)

where V is the potential energy L is the Lagrangian, T is the kinetic energy.
∂

∂L

� �−

∂t ∂q̇

∂L

∂q

= Q i , i = 1,2,3,4

(2)

where Q is the generalized torque, q the generalized coordinate and torque and.
Q1 = 0

�(R + r)m + Ib
�−Ib

R+r
r2

r2

R+r
r2

Q3 = 0

Q 4 = Ty

(3)

R
� θ̈x + �−Ib 2 � β̈x − mg sin(θx ) = 0

R(R+r)

�(R + r)m + Ib
�−Ib

Q 2 = Tx

r

(4)

2

R
� θ̈x + �IB + Ib 2 � β̈x = Tx
r

(5)

R
� θ̈y + �−Ib 2 � β̈y − mg sin�θy � = 0

R(R+r)
r2

r

(6)

2

R
� θ̈y + �IB + Ib 2 � β̈y = Ty
r

(7)

We linearize the system about the point of equilibrium by taking the angles, θ and β, to be small at the point [28].
That is sin(θ) = θ, cos(θ) = 1, cos(β) = 1 and sin(β) = β.
Then putting these assumptions into equations (4) – (7) gives;

aθ̈x + bβ̈x − mgθx = 0

(8)

aθ̈y + bβ̈y − mgθy = 0

(10)

cθ̈x + dβ̈x = Tx

(9)

cθ̈y + dβ̈y = Ty

where
a = �(R + r)m + Ib

R+r
r2

R

�, b = �−Ib 2 �, c = �−Ib
r

(11)

R(R+r)
r2

�, d = �IB + Ib

R2
r2

�

So, equations (8) – (11) are the linearized model of the ball-on-sphere system. These equations can be separated into
the ball’s and sphere’s equation of motion, respectively.
θ̈x = c1 θx + c2 Tx
� ̈
θy = c1 θy + c2 Ty

(12)

β̈x = c3 θx + c4 Tx
� ̈
βy = c3 θy + c4 Ty

where
c1 =

mgd

ad−bc

c2 = −

b

ad−bc

c3 =

mgc

bc−ad

(13)

c4 = −

a

bc−ad

Assuming Tx and Ty to be the inputs and θx , βx , θy and βy to be the outputs of the system. By numbering the state
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variables, arbitrarily, we have;
ӽ1 = θx , ӽ2 = βx , ӽ3 = θy , ӽ4 = βy , ӽ5 = θ̇x , ӽ6 = β̇x , ӽ7 = θ̇y , ӽ8 = β̇y

(14)

From equations (8) – (14) we get;

ӽ̇ 1 = ӽ5
ӽ̇ 2 = ӽ6
ӽ̇ 3 = ӽ7
ӽ̇ 4 = ӽ8
ӽ̇
=
⎨ 5 vx1 − wTx
⎪ ӽ̇ 6 = zx1 − pTx
⎪ӽ̇ 7 = vx3 − wTy
⎪
⎩ ӽ̇ 8 = zx3 − pTy
⎧
⎪
⎪
⎪

where
v = c1 ,

w = −c2 ,

(15)

z = c3 , p = −c4

4. SMC for ball-on-sphere system
SMC design has 2 stages [29] and the relevance between the two stages is stated below:
i.
ii.

Sliding surface design so that sliding movement satisfies design requirements.
Control law designing so that system’s state attracts the switching surface.

Let the sliding surface be defined as
s= �

d

dt

+ γ�

n−1

e

(16)

where e = xd − x path error, x is the system path, xd is the reference path, γ is strictly non-negative, and n is the
order the system.
Then, n=2 for 2nd –order system, hence, the sliding surface is
(17)

which implies

s = ė + γe

(18)

From equation (12)

ṡ = ë + γė

ṡ = θ̈xd − c1 θx − c2 Tx + γ�θ̇xd − θ̇x �
Setting equation (19) to zero, that is ṡ = 0, gives the equivalent control as;
The sliding mode control is

ueq = c2−1 �θ̈xd − c1 θx + γ�θ̇xd − θ̇x ��

where un = ksgn(s) is the switching control.

uSMC = ueq + un

(19)

(20)

(21)

Then, the SMC law for the position of the ball along x and y directions is:
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�

uSMC,b,x = c2−1 �θ̈xd − c1 θx + γ�θ̇xd − θ̇x � + ksgn(s)�
uSMC,b,y = c2−1 �θ̈yd − c1 θy + γ�θ̇yd − θ̇y � + ksgn(s)�

(22)

Similarly, from equation (13) and applying the same procedure, SMC law for the position sphere along x and y
directions is:
�

uSMC,s,x = c4−1 �β̈xd − c3 θx + γ�β̇xd − β̇x � + ksgn(s)�
uSMC,s,y = c4−1 �β̈yd − c3 θy + γ�β̇yd − β̇y � + ksgn(s)�

(23)

For the existence of a SM in a sliding manifold and for the system to attain, in finite of time and independent of the
initial condition, the sliding manifold, this condition is to be met [14]:
ṡ s ≤ −Ӡ|s|

here Ӡ is a constant rigorously positive.

(24)

5. Test for convergence on the sliding surface using Lyapunov’s method
Let y = 0 be a point of equilibrium of ẏ = h(y) and h: J → Rn . Again, let vn : J → R be a continuous function that is
differentiable such that
i.
ii.
iii.

vn (0) = 0
vn (y) > 0 in J − {0}
v̇ n (y) < 0 in J − {0}

Then y = 0 is “asymptotically stable” [8].

To satisfy equation (24), which is the reachability condition, let the control input be taken as
Tx = θ̈xd − c1 θx + γ�θ̇xd − θ̇x � + ksgn(s) and 𝑐2 = 1

(25)

Substituting equation (25) into equation (19) gives

|s|

ṡ = −ksgn(s)

ṡ = −k . Consequently,
s

but

sgn(s) =

|s|
s

ṡ s = −k|s|

which implies

(26)

Assuming a function vn (y) exists of the state y over time t such that
1

2
⎧ vn (y) = 2 {s(y)}
∂
v̇ (y) = [{s(y)}2 ]
∂t
⎨ n
⎩
v̇ n (y) = ṡ s

(27)

It is evident from equations (26) and (27) that vn (0) = 0, v(y) > 0, v̇ n (y) < 0, and this implies asymptotic stability
since k is a constant that is rigorously positive.
Hence, the reachability condition is satisfied and system state convergence to the sliding surface is guaranteed
whenever the controller is given to the system.
Similarly, it can be shown that for the input control along the y-axis the reachability condition is satisfied and system
state convergence to the sliding surface is guaranteed when the controller is given to the system.

6. ST SMC for ball-on-sphere system
A type of 2nd –order SMC known as the ST algorithm can be used as a technique for chattering reduction. The
algorithm is as shown below [30]:
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un = un1 + u̇ n2

(28)

un1 = −√k�|s|sgn(s)

(29)

where

u̇ n2 = −1.1ksgn(s)

(30)

Here, k is gain which is positive and its value can be sufficiently large. To achieve good close-loop performance, this
gain can be progressively increased.
For chattering reduction, the equivalent control and the super twisting algorithm can be coupled to give a good
performance. Substituting (29) and (30) into (28) gives
un = (−√k�|s|sgn(s)) + �−1.1ksgn(s)�

(31)

By coupling equation (22) and equation (31) we get the ST SMC law for the position of the ball along x and y
directions as:
�

uSMC,b,x = c2−1 �θ̈xd − c1 θx + γ(θ̇xd − θ̇x ) + (−√k�|s|sgn(s)) + �−1.1ksgn(s)��

uSMC,b,y = c2−1 �θ̈yd − c1 θy + γ(θ̇yd − θ̇y ) + (−√k�|s|sgn(s)) + �−1.1ksgn(s)��

(32)

Similarly, by coupling equation (23) and equation (31) we get the ST SMC law for the position of the sphere along x
and y directions as:
�

uSMC,s,x = c4−1 �β̈xd − c3 θx + γ(β̇xd − β̇x ) + (−√k�|s|sgn(s)) + �−1.1ksgn(s)��

uSMC,s,y = c4−1 �β̈yd − c3 θy + γ(β̇yd − β̇y ) + (−√k�|s|sgn(s)) + �−1.1ksgn(s)��

(33)

7. Simulations, analysis, results, and discussion

To control the system, the system’s physical parameters are presented in Table 1. These parameters are arbitrarily
chosen for simulation.
Desired initial conditions are also specified as presented in Table 2. These parameters are also arbitrarily chosen for
simulation.
The simulation was done using MATLAB/SIMULINK
Table 1. System’s considered parameters [27].
Parameter

Value

Ball’s mass (m)
Ball’s radius (r)
Sphere’s radius (R)
Ball’s moment of inertia (Ib )
Sphere’s moment of inertia (IB )
Gravitational acceleration (g)

0.06000
0.01250
0.15000
3.75 × 10−6
0.99
9.81

Table 2. System’s initial conditions of the system.
Initial parameter
θx0
βx0
θy0
βy0
θ̇x0
β̇x0
θ̇y0
β̇y0

Copyright © 2020 MECS

Value
1
0
1
0
-2
0
-2
0

Units
kg
m
m
kg. m2
kg. m2
m/s 2

Units
radian
radian
radian
radian
radian/s
radian/s
radian/s
radian/s
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A. Linear Controller
Using the system’s state space model, when a linear controller is applied, it is observed that the controller does not
provide, while there is disturbance, origin’s asymptotic stability but it provides origin’s asymptotic stability, Fig 3. and Fig.
4, in the absence of disturbance. As it is observed from Fig 5. and Fig 6., the system states oscillate around zero with
disturbance. Gain values of 3 and 4 were used for controlled-output and its derivative, respectively. sin 2t is the applied
disturbance.

Fig 3. Response with a linear controller with no disturbance along x direction.

Fig 4. Response with a linear controller with no disturbance along y direction.

Fig 5. Response with a linear controller with disturbance along x direction
.

Copyright © 2020 MECS
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Fig 6. Response with a linear controller with no disturbance along y direction.

B. SMC
Using same system parameters, as for the linear controller, using the SMC the states of the system attain, in finite time,
zero even while there is disturbance. Comparing Fig 3., Fig 4. and Fig 7., Fig. 8, the settling time of the SM response is
noticed to be smaller than that of the linear control. Fig 9. and Fig 10. Show sliding mode controller sliding variable. Fig
11. and Fig 12. show the sliding phase and the reaching phase (sṡ < 0). Fig 13. and Fig 14. show the zoomed view of the
sliding phase and the reaching phase which show a zigzag motion that indicates the presence of chattering. Fig 15. and Fig
16. show the effort of the sliding mode controller.

Fig 7. Response with SMC with disturbance along x direction.

Fig 8. Response with SMC with disturbance along y direction.

Copyright © 2020 MECS
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Fig 9. Sliding variable along x direction.

Fig 10. Sliding variable along y direction.

Fig 11. Reaching and sliding phases along x direction.

Copyright © 2020 MECS
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Fig 12. Reaching and sliding phases along y direction.

Fig 13. Zoomed view of reaching and sliding phases along x direction.

Fig 14. Zoomed view of reaching and sliding phases along y direction.
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Fig 15. SMC along x direction.

Fig 16. SMC along y direction.

C. 2nd –order SMC
Fig 17., Fig 18. show the 2nd –order SMC response. It is noticed that system states attain, in finite time, zero.
Comparing with the SMC's response, Fig 7. and Fig 8., it is evident that the controlled-output and its derivative reach zero
faster with 2nd –order SMC. Fig 19. and Fig 20. show the sliding variable for the 2nd –order SMC. And Fig 21. and Fig 22.
show the 2nd –order SMC effort where system dynamical collapse is attained in the 2nd –order SM since dynamics of
systems are equal and zero.

Fig 17. Response with 2nd –order SMC along x direction.

Copyright © 2020 MECS
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Fig 18. Response with 2nd –order SMC along y direction.

Fig 19. Second-order sliding variable along x direction.

Fig 20. Second-order sliding variable along y direction.
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Fig 21. 2nd –order SMC along x direction.

Fig 22. 2nd –order SMC along y direction.

D. ST SMC
Fig 23., Fig 24. and Fig 25., Fig 26, show the ST sliding variable and the ST SMC, respectively. The reference
trajectory used for this control is 2cost. It is noticed that the ST SMC has effectively reduced the chattering amplitude and
the sliding variable is driven, in finite time, to zero.

Fig 23. ST sliding variable along x direction.

Copyright © 2020 MECS
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Fig 24. ST sliding variable along y direction.

Fig 25. ST SMC along x direction.

Fig 26. ST SMC along y direction.

8. Conclusion
The paper aimed to design a SMC for ball-on-sphere system. The aim was achieved by first, developing the
mathematical model of the system, then designing a SMC, testing for convergence on the sliding surface, and designing a
ST SMC for chattering reduction. The responses show that even with disturbance a SMC can provide origin’s asymptotic
stability, which confirms the robustness and convergence of SMC in finite time. The 2nd –order SMC provides faster
asymptotic stability of the origin. Super twisting SMC is observed to be an efficient chattering reduction method.
Chattering is the major problem with SMC. This work provides an efficient way of reducing chattering which gives an
addition to the current state of the method.
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