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Abstract: The fundamental component of the work contains a summary of the theoretical foundations of the algorithms 

of the scale-self-similar approach for the analysis of digital Mueller-matrix images of birefringent architectonics of 

biological tissues. The theoretical consideration of multifractal analysis and determination of singularity spectra of 

fractal dimensions of coordinate distributions of matrix elements (Mueller-matrix images - MMI) of biological tissue 

preparations is based on the method of maxima of amplitude modules of the wavelet transform (WTMM). The applied 

part of the work is devoted to the comparison of diagnostic capabilities for determining the prescription of mechanical 

brain injury using algorithms of statistical (central statistical moments of the 1st - 4th orders), fractal (approximating 

curves to logarithmic dependences of power spectra) and multifractal (WTMM) analysis of MMI linear birefringence of 

fibrillar networks of neurons of nervous tissue. Excellent (~95%) accuracy of differential diagnosis of the prescription 

of mechanical injury has been achieved. 

 

Index Terms: Mueller matrix, biological tissue, optical anisotropy, birefringence, fractal, singularity spectrum, wavelet 

transform, diagnostics, trauma, spleen. 

 

 

1.  Introduction 

Recently, within the framework of numerous studies in the field of biomedical polarimetry [1-7], digital methods 

for processing the obtained data - polarizing mapping [8,9], Mueller – matrix images [10-16], maps of optical  
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anisotropy [17,18] have been widely used. as a result, a number of objective criteria (markers) for detecting changes in 

the morphological structure of biological tissues caused by various pathological (cancer [19], endometriosis [20], 

inflammatory processes [21]) and necrotic (prescription of onset and differentiation of causes of death [22]) conditions. 

Statistical and correlation analysis of the biological preparation’s polarization azimuth and ellipticity, Mueller matrix 

elements coordinate distributions is the predominant algorithmic basis for determining the totality of polarimetric digital 

diagnostic markers of the above conditions [23]. 

The effective implementation of digital algorithms in the biomedical polarimetry technique and practice has 

prompted new research aimed at expanding the statistical algorithmic base using singular (distribution of the number of 

polarization-singular states of the object field [24,25]) and scale-selective wavelet [26,27] and Fourier [28,29] approaches. 

The result was an expansion of the set of objective diagnostic markers and an improvement in the polarizing biomedical 

diagnostics methods sensitivity in oncology and gynecology [30,31].  

A new step in expanding the functionality of biological preparations traditional 2D imaging polarimetry to 3D 

analysis was use phase scanning algorithms and complex amplitudes fields digital holographic reproduction [32-35]. 

At the same time, the functionality of 3D digital polarimetry was limited due to the lack of algorithms for obtaining 

and evaluating (inaccessible to statistical and correlation methods) the topological scale - self-similar information about 

the Mueller matrix images of orientation-phase topography of the architectonics of biological tissues. One of the possible 

ways to effectively overcome this biomedical diagnostics problem is use multifractal analysis or multifractal scaling [36-

41]. 

Our article is aimed at studying the relationship between the scale-self-similar structure of maps of Mueller matrix 

images (multifractal spectra) and the phase topography of the architectonics of biological tissues in order to determine 

diagnostic markers of differentiation of necrotic changes prescription of mechanical spleen injury. 

2.  Brief Theory 

2.1.  “Phase” Mueller matrix images  

We will conduct a brief theoretical analysis in the approximation of structural anisotropy (linear birefringence 𝐿𝐵) 

of fibrillar protein networks, which are the basis of architectonics in most biological tissues [4-15]. 

Optical manifestations of this mechanism are characterized by a partial Mueller matrix{𝐹𝐿𝐵} 
 

{𝐹𝐿𝐵} = ‖

1 0 0 0
0 𝑓22 𝑓23 𝑓24
0 𝑓32 𝑓33 𝑓34
0 𝑓42 𝑓43 𝑓44

‖,                                                                      (1) 

where 

 

𝑓𝑖𝑘(𝛾, 𝛿) =

{
  
 

  
 
𝑓22 = 𝑐𝑜𝑠

2 2 𝛾 + 𝑠𝑖𝑛2 2 𝛾 𝑐𝑜𝑠 𝛿 ;

𝑓23 = 𝑓32 = 𝑐𝑜𝑠 2 𝛾 𝑠𝑖𝑛 2 𝛾(1 − 𝑐𝑜𝑠 𝛿);

𝑓33 = 𝑠𝑖𝑛
2 2 𝛾 + 𝑐𝑜𝑠2 2 𝛾 𝑐𝑜𝑠 𝛿 ;

𝑓42 = −𝑓24 = 𝑠𝑖𝑛 2 𝛾 𝑠𝑖𝑛 𝛿 ;
𝑓34 = −𝑓43 = 𝑐𝑜𝑠 2 𝛾 𝑠𝑖𝑛 𝛿 ;
𝑓44 = 𝑐𝑜𝑠 𝛿 .

                                                  (2) 

 

Here 𝛾 – direction of optical axis; 𝛿 =
2𝜋

𝜆
𝛥𝑛𝑙 - phase shift between linearly orthogonally polarized components of 

the laser beam amplitude; 𝜆 – wavelength; 𝛥𝑛 – birefringence value; 𝑙 – geometrical thickness of biological layer. 

Analysis of relations (1) and (2) shows, that almost all partial matrix elements 𝑓𝑖𝑘(𝛾, 𝛿) are azimuthally (𝛾 ) 

dependent.  

This circumstance does not allow them to be used in serial and statistically reliable group measurements of 

biological tissue samples. 

The exception is the so-called Muller matrix invariants 𝑀𝑀𝐼𝑖𝑘(𝛿) 
 

𝑀𝑀𝐼𝑖𝑘(𝛾, 𝛿)
𝛾=0
→  ≡ 𝑓44(𝛿) = 𝑐𝑜𝑠𝛿;                                                             (3) 

 

𝑀𝑀𝐼𝑖𝑘(𝛾, 𝛿)
𝛾=0
→  ≡ 𝑓22 + 𝑓33 = 1 + 𝑐𝑜𝑠𝛿.                                                       (4) 

 

In the future, we will use as 𝑀𝑀𝐼𝑖𝑘(𝛿) the coordinate distributions (𝑚, 𝑛) of the matrix parameter 𝑓44(𝛿) - will be 

called phase” Mueller-matrix images 𝑓44(𝑚, 𝑛). 
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2.2.  Multifractal scaling 

We have already noted [36] that fractality is inherent not only in geometric structures, but also in various processes 

that can form scale-like distributions (fractal measures) – in our case, 𝑓44(𝑚, 𝑛)  of biological tissues histological 

sections. 

It is known from the fractal’s theory that such measures (𝑓44(𝑚, 𝑛)) can be of two types – fractal 𝑓44(𝑚, 𝑛)
ℎ or 

multifractal 𝑓44(𝑚, 𝑛)
𝐹(ℎ)  For fractal distributions 𝑓44(𝑚, 𝑛)

ℎ , the concepts of one fractal dimension ℎ ≡ ℎ0  are 

introduced. Multifractal distributions 𝑓44(𝑚, 𝑛)
𝐹(ℎ) are characterized by a set of fractal dimensions ℎ𝑟 or a singularities 

spectrum 𝐹(ℎ). To calculate the fractal dimensions of ℎ𝑟, a special approach is used, which is clearly based on the 

introduction of partial functions or generalized statistical sums [39]. 

 

𝑍(𝑟, 𝑑) = ∑ 𝑓44(𝑚, 𝑛)𝑗
𝑟(𝑑)𝑃(𝑑)

𝑖=1 .                                                                (5) 

 

Here 𝑃(𝑑) – number of multifractal distribution coating elements 𝑓44(𝑚, 𝑛)𝑗
𝑟; 𝑟 ∈ 𝑅. 

As a rule, the dependence (6) has a stepwise character 

 

𝑍(𝑟, 𝑑)~𝑑(𝑟−1)ℎ𝑟                                                                               (6) 

 

where ℎ𝑟 – generalized fractal dimension, which for the case of partial functions is written as scaling exponents 

 

𝜏(𝑟) = (𝑟 − 1)ℎ𝑟                                                                              (7) 

 

Here, the exponent (𝑟 − 1) is introduced into the exponent in order to automatically fulfill the equality 𝑍(1, 𝑑) =
1, which means the normalization conditions for the 𝑀𝑀𝐼 distribution 𝑓44(𝑚, 𝑛)𝑗

𝑟(𝑑). 

In particular, for monofractals 𝜏(𝑟) = 𝑐𝑜𝑛𝑠𝑡. 
For more complex scale-like distributions, dependence (8) is transformed into a specific multifractal spectrum 

𝐹(ℎ𝑟). 
For analytical determination of the dependence 𝐹(ℎ𝑟) , the method of wavelet transforms modules maxima 

WTMM
 
[39 – 41] is used. 

2.3.  Method of wavelet transform modules maxima 

Method WTMM includes two steps: 

 

 Wavelet transformation 𝑊(𝑎, 𝑏) of the 𝑓44(𝑚, 𝑛) set and the skeleton 𝑠𝑢𝑝|𝑊(𝑎∗, 𝑥𝑖(𝑎
∗))| determination - the 

maximum modulus local surface extremes values wavelet coefficients 𝑊(𝑎, 𝑏)  lines for each scale 𝑎  of 

scanning soliton-like function 𝑉(𝑏); 
 Construction of wavelet coefficient modules 𝑍(𝑟, 𝑑, 𝑠𝑢𝑝|𝑊(𝑎∗, 𝑥𝑖(𝑎

∗))|) local maxima partial functions and 

fractal dimension spectrum 𝐹(ℎ𝑟) determination. 

2.3.1.  Wavelet transform 𝑊(𝑎, 𝑏) 

The 𝑓44(𝑚, 𝑛)  wavelet analysis (relations (3),(4)) is based on an analytical transformation consisting in the 

decomposition of a distribution over a basis constructed from a soliton-like function (wavelet) by means of large-scale 

changes and transfers [45,46]. 

The continuous wavelet transforms of the function 𝜔𝑖𝑖(𝑥) is defined by the following formula 

 

𝑊(𝑎, 𝑏) =
1

√𝑎
∫ 𝑓44(𝑥)𝑉 (

𝑥−𝑏

𝑎
)

∞

−∞
𝑑𝑥                                                            (8) 

 

where 𝑎 is a scale parameter, 𝑏 is a spatial coordinate, and 𝑉 is a soliton–like function (wavelet) constructed on the 

basis of the Gaussian function derivatives. 

In our work, the second derivative (𝑚=2) or MHAT wavelet is used 

 

𝑉(𝑚) = (−1)𝑚
𝜕𝑚

𝜕𝑥𝑚
[𝑒𝑥𝑝 (

𝑥2

2
)] ⟹ 𝑉(2) =

𝜕2

𝜕𝑥2
[𝑒𝑥𝑝 (

𝑥2

2
)]                                          (9) 

 

The wavelet relations (9),(10) for 𝑀𝑀𝐼 (ratio (5)) can be written as the following expressions 

 

𝑊𝛿(𝑎, 𝑏) =
1

√𝑎
∫ 𝑓44(𝛿, 𝑎, 𝑥)𝑉 (

𝑥−𝑏

𝑎
)

∞

−∞
𝑑𝑥                                                   (10) 
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The expressions (8) - (10) analysis shows that the wavelet decomposition of biological tissues samples is a 

superposition parameters multi - scale distributions (fractal or multifractal measures 𝑓44𝑗
𝑟(𝑑) of the optical anisotropic 

architectonics of the fibrillar network) - expression (10)). 

In the following, we will focus on the search for the possibility’s scaling exponents 𝜏(𝑟)  (expression (7)) 

determination that characterize 𝑓44𝑗
𝑟(𝑑), based on the use of skeletons 𝑠𝑢𝑝|𝑊(𝑎∗, 𝑥𝑖(𝑎

∗))|. 

2.3.2.  The fractal dimension spectrum 𝐹(ℎ𝑟) determination 

This analytical procedure is based on the construction of partial functions using the following formula 

 

𝑍(𝑟, 𝑑) = ∑ (𝑠𝑢𝑝|𝑊(𝑎∗, 𝑥𝑖(𝑎
∗))|)𝑟𝑙∈𝐿(𝑎)                                                                   (11) 

 

According to [39-41], the following dependence 𝑍(𝑟, 𝑑)~𝑑𝜏(𝑟) holds, where the fractal dimension 𝜏(𝑟) for some 𝑟 

is determined by setting the scaling exponent 
𝑙𝑛𝑍(𝑟, 𝑑)

𝑙𝑛𝑑
⁄  dependence slope. 

Variation of 𝑟 in construction ∑ (𝑠𝑢𝑝|𝑊(𝑎∗, 𝑥𝑖(𝑎
∗))|)𝑟𝑙∈𝐿(𝑎)  allows you to get: 

 

 for fractal distributions 𝑓44𝑗
𝑟(𝑑) line dependences 𝜏(𝑟), - (ℎ(𝑟) = 𝑑𝜏 𝑑𝑟⁄ = 𝑐𝑜𝑛𝑠𝑡); 

 for multifractal distributions 𝑓44𝑗
𝑟(𝑑)  none line dependences 𝜏(𝑟) = 𝑟ℎ − 𝐷(ℎ)  with big number of fractal 

dimensions ℎ(𝑟) = 𝑑𝜏 𝑑𝑟⁄ , which characterized the multifractal spectrum 𝐹(ℎ(𝑟)). 

 

In our case, we will study the multifractal spectra of 𝑓44𝑗
𝑟(𝑑)  based on the partial functions 

𝑍(𝑟, 𝑑, 𝑠𝑢𝑝|𝑊(𝑎∗, 𝑥𝑖(𝑎
∗))|) wavelet maximal modules amplitudes skeletons 𝑠𝑢𝑝|𝑊(𝑎∗, 𝑥𝑖(𝑎

∗))| for “phase” parameter 

of the fibrillar network – (𝐹𝛿(ℎ𝑟)). 

3.  The Experimental Setup and Measurement Methodology 

A generalization of the polarization interferometry scheme [32-35] is the Mueller matrix mapping scheme on the 

base of Mach-Zehnder interferometer, which is shown in Fig. 1. 

 

 

Fig. 1. Optical scheme for polarization-interference Mueller-matrix parameters mapping. 1 – He-Ne laser; 2 - collimator – “O”; 3,11 – beam splitters 

– “BS”; 4,5 – mirrors – “M”; 7,10,13 –– polarizer’s “P”; 6,9 – quarter wave plates – “QP”; 8 – object; 12 – polarization objective – “O”; 14 – digital 
camera – “CCD”; 15 – personal computer – “PC”. 

Parallel (Ø = 2 × 103𝜇𝑚) beam of He-Ne (𝜆 = 0.6328𝜇𝑚) laser 1, formed by spatial-frequency filter 2, with 50% 

beam splitter 3 is divided into "object" and "reference" ones. 

The "object" beam with the help of a rotating mirror 5 is directed through the polarizing filter 6 - 7 in the direction 

of the spleen tissue 8 sample. The polarization-inhomogeneous image of spleen tissue 8 is projected by the strain-free 

objective 12 into the digital camera 14. 

The "reference" beam is directed by the mirror 4 through the polarization filter 9 - 10 into the plane of polarization-

inhomogeneous image histological section of spleen tissue 8.  

As a result, an interference pattern is formed, the coordinate intensity distribution of which is recorded by a digital 

camera 14 through a polarizer 13. 

Before carrying out measurements of spleen tissue, the experimental device passed metrological certification with 

the introduction of model objects ("clean air", "linear polarizer", "phase plates 0.25𝜆”, “0.5𝜆”). As 50 measurements for 

each type of object, the errors were determined ~ 1% − 2%. 
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The methodology for layer-by-layer object field measurement using complex amplitudes  𝐸𝑥  and 𝐸𝑦  digital 

holographic reconstruction is presented in [33-35]. However, detailed information is not provided in this work.  

For a better understanding of the further discussion, we will provide a brief overview of 3D digital holographic 

scanning method. 

4.  The method of 3D Mueller-matrix scanning of object field 

The method of polarization-interference determination of “phase” element f_44 (δ) of the Mueller matrix consists 

in the following set of actions: 

 

 Formation of two – “wright” (⊗ −⊗) and “left” (⊕ −⊕) circulary polarization states in irradiating and 

supporting laser beams. 

 Recording of each partial interference pattern through the polarizer-analyzer 14 with a sequential orientation 

of the transmission plane at angles 𝛺 = 00; 𝛺 = 900. 
 Recovery for each partial interference distribution using a digital Fourier transform of the coordinate 

distributions of complex amplitudes {𝐸𝑥(𝑚, 𝑛); 𝐸𝑦(𝑚, 𝑛)} of the object field in the biological layer plane 

[28,29,31-35] 

 

𝐸𝑥;𝑦
(⨂−⨁)

⇒ 𝐹𝑇𝑥;𝑦(𝜐, 𝜈) =
1

𝑀×𝑁
∑ ∑ 𝐼𝑥,𝑦(𝛺 = 0

0; 900)(𝑚, 𝑛) 𝑒𝑥𝑝 [−𝑖2𝜋 (
𝑚×𝜐

𝑀
+
𝑛×𝜈

𝑁
)]𝑁−1

𝑛=0
𝑀−1
𝑚=0                  (12) 

 

where 

 

{
𝐼𝑥
(⨂ −⨁ )(𝛺 = 00)(𝑚, 𝑛) = 𝐸𝑥

(⨂ −⨁ )(𝑚, 𝑛) (𝐸𝑥
(⨂ −⨁ )

)
∗
(𝑚, 𝑛);

𝐼𝑦
(⨂ −⨁ )(𝛺 = 900)(𝑚, 𝑛) = 𝐸𝑦

(⨂ −⨁ )(𝑚, 𝑛) (𝐸𝑦
(⨂ −⨁ )

)
∗
(𝑚, 𝑛).

  

 

𝐸𝑥,𝑦
(⨂−⨁)

 - orthogonal components of complex amplitudes for different orientations 𝛺 = 00; 𝛺 = 900; ∗ - denotes 

the complex conjugation operation; (𝜐, 𝜈) are the spatial frequencies and (𝑚 = 1120, 𝑛 = 960) are the quantity of 

pixels of the CCD camera . 

 

 For each state of the irradiating beam, the distributions of the 4
th

 parameters of Stokes vector of the object 

field of the biological layer are calculated using the reproduced distributions of complex amplitudes 

{𝐸𝑥
(⨂−⨁)(𝑚, 𝑛); 𝐸𝑦

(⨂−⨁)(𝑚, 𝑛)} using the following relations [4-9] 

 

𝑆4𝑗
(⨂−⨁)

= 𝑖(𝐸𝑥𝐸𝑦
∗ − 𝐸𝑦𝐸𝑥

∗)
𝐽

(⨂−⨁)
                                                                 (13) 

 

 Further, on the basis of relations (14), the elements 𝑓44 of the Mueller matrix is calculated using the following 

Stokes-polarimetric relations for right-and left-circularly polarized probe beams 𝑆0(⊗); 𝑆0(⊕): 
 

{
 
 
 
 

 
 
 
 
[𝑆0(⊗) = {𝐹}(

1
0
0
1

) → 𝑆(⊗) = (

𝑓11 + 𝑓14
𝑓21 + 𝑓24
𝑓31 + 𝑓34
𝑓41 + 𝑓44

)] ;

[𝑆0(⊕) = {𝐹}(

1
0
0
−1

) → 𝑆(⊕) = (

𝑓11 − 𝑓14
𝑓21 − 𝑓24
𝑓31 − 𝑓34
𝑓41 − 𝑓44

)]

}
 
 
 
 

 
 
 
 

⇒ 𝑓𝑖𝑘 = ‖

𝑓11 𝑓14
𝑓21 𝑓24
𝑓31 𝑓34
𝑓41 𝑓44

‖                             (14) 

 

From expressions (13) –(14), we obtain working relations for determining the values of 𝑓44  elements of the 

Mueller matrix 

 

𝑓44 = 0,5(𝑆4
⊗ − 𝑆4

⊕)                                                                          (15) 

 

 To implement phase scanning of the volume of biological tissues the digital Fourier transforms results are 

used to obtain complex amplitudes distributions according to the following algorithms 



Multifractal Scaling of Singularity Spectra of Digital Mueller-matrix Images of Biological Tissues: Fundamental and Applied 

Aspects 

34                                                                                                                                                                       Volume 16 (2024), Issue 2 

{
𝐸
00
⨂−⨁ → |𝐸𝑥

⨂−⨁(Ω = 00)|;

𝐸900
Θ → |𝐸𝑦

⨂−⨁(Ω = 900)| 𝑒𝑥𝑝 (𝑖(𝜑𝑦
⨂−⨁ − 𝜑𝑥

⨂−⨁))
                                               (16) 

 

By means of stepwise (𝛥𝜑) phase (𝜑𝑘) scanning of the reconstructed field complex amplitudes (relations (12)) 

using algorithms (14)-(16) we obtain layer-by-layer phase Mueller matrix images 𝑓44(𝜑𝑘 , 𝑚, 𝑛) different layers or 

depths in the volume of the histological section of biological tissue. For the 𝑓44(𝜑𝑘 , 𝑚, 𝑛)  apply the wavelet schedule 

𝑊𝛿(𝑎, 𝑏) (equations (8), (9)). 

 

 Determine the wavelet amplitudes maxima modules skeletons 𝑠𝑢𝑝|𝑊(𝑎∗, 𝑥𝑖(𝑎
∗))| for thesiograms of facies 

optical anisotropy, which serve as the basis for calculating multifractal spectra 𝐹𝛿(ℎ𝑖(𝑟)) by the WTMM 

method, - 𝑍(𝑟, 𝑑, 𝑠𝑢𝑝|𝑊(𝑎∗, 𝑥𝑖(𝑎
∗))|) ⟺ 𝑙𝑛𝑍(𝑟, 𝑑)

𝑙𝑛𝑑
⁄ . 

 The resulting set of the 𝑀𝑀𝐼 𝑓44(𝜑𝑘, 𝑚, 𝑛) multifractal spectra 𝐹(ℎ𝑗) was analyzed in a statistical approach 

using the following algorithms to calculate mean (𝑍1), variance (𝑍2), skewness (𝑍3) and kurtosis (𝑍4) [24,25] 

 

𝑍1 =
1

𝐾
∑ 𝐹(ℎ𝑗);
𝐾
𝑗=1

𝑍2 = √
1

𝐾
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2);𝐾
𝑗=1
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1
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3

1

𝐾
∑ 𝐹(ℎ𝑗

3);𝐾
𝑗=1

𝑍4 =
1

𝑍2
4

1

𝐾
∑ 𝐹(ℎ𝑗

4)𝐾
𝑗=1

  

 

where 𝐾 – CCD pixels quantity. 

5.  Objects of Investigations 

In our work, we will consider two types of biological tissues: 

 

 Group 1 - spleen tissue with a mechanical injury duration of 6 hours (21 samples). 

 Group 2 - spleen tissue with a mechanical injury duration of 24 hours (21 samples). 

 

In order to exclude the depolarizing effect on the 𝑓44(𝑚, 𝑛) structure of formalin and paraffin, native preparations 

of histological sections of the spleen of those who died were used for experimental studies. 

Histological sections were made on a microtome with rapid freezing according to the standard procedure. 

The optical-geometric parameters of histological sections of spleen tissues are presented in Table 1. 

Table 1. Optical- geometric parameters of histological sections of spleen tissues 

Parameters 𝑇 = 6 ℎ𝑜𝑢𝑟𝑠 (21 samples) 𝑇 = 24 ℎ𝑜𝑢𝑟𝑠 (21 samples) 

Attenuation (extinction) coefficient 𝜏, 𝑐𝑚−1  0.23±0.012 0.26±0.014 

Depolarization degree 𝛬,%  25 ± 1.21 34±2.15 

 

The biological tissues samples extinction coefficient (𝜏, 𝑐𝑚−1) was measured according to the standard photometry 

illuminating beam intensity attenuation method [47] using an integral light-scattering sphere [48-50]. The spleen tissues 

samples integral depolarization degree ( 𝛬,% ) measurement was carried out in the convenient Mueller-matrix 

polarimeter
 
scheme

 
[19-31]. 

Representative samples number sampling to determine the statistical significance by the cross-validation method
49

. 

The standard deviation 𝜎2 for all the statistical moments 𝑍𝑖=1;2;3;4(𝑛) was determined. The specified samples number 

(21 for each group) provided the level 𝜎2 ≤ 0.025. This standard deviation corresponds to a confidence interval 

𝑝 < 0.05, which demonstrates the statistical reliability of the 3D Mueller-matrix mapping and WTMM methods. 

6.  Experimental Results and Discussion 

6.1.  Statistical and fractal analysis 

This part of the article presents the results of comparative statistical (Fig. 2 and Fig. 3, fragments (1)-(4)) and 

fractal (Fig. 2 and Fig. 3, fragments (5), (6)) analysis of the data of the Mueller matrix mapping of the “phase” 

invariants 𝑓44(𝛿) of the architectonics of histological sections of the spleen (group 1 and group 2). 
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6.1.1.  Spleen – statistical analysis 

Fig. 2 illustrates maps (fragments (1), (2)), histograms (fragments (3),(4)) and logarithmic dependences of power 

spectra (fragments (5),(6)) of distributions 𝑓44(𝑚, 𝑛), which characterize the phase structure of birefringent networks of 

the entire volume of the histological section of the spleen. 

Fig. 3 shows similar dependences obtained by phase scanning (ratios (12)-(16)) for an optically thin (single 

scattering) layer of a histological slice of the spleen. 

It is shown that the two-dimensional distributions of the “phase” invariants 𝑓44(𝑚, 𝑛) of the optically anisotropic 

architectonics of histological sections of the spleen are coordinate-inhomogeneous, - Fig. 2, Fig. 3, fragments (1), (2). 

Histograms 𝑁(𝑓44) are asymmetric and characterized by variously localized maxima, - Fig.2, Fig. 3, fragments 

(3),(4). 

For the architectonics of the optically thin layer of the spleen (𝜑𝑘 =
𝜋
8⁄ ), there is a decrease in the range of 

variation of random values of phase invariants 𝑓44(𝛿), - Fig. 3, fragments (3), (4). 

Regardless of the prescription of mechanical injury to the spleen tissue, coordinate (𝑚, 𝑛) and probabilistic 𝑁(𝑓44) 
distributions 𝑓44(𝑚, 𝑛) sufficiently similar (Fig. 2 and Fig. 3, fragments (1), (3) and (2), (4)). 

Quantitatively, histograms of distributions of random values of phase invariants 𝑓44(𝑚, 𝑛)  from both groups 

characterizes the totality of central statistical moments of the 1
st
 - 4

th
 orders, – table 2. 

 

 

Fig. 2. Maps (fragments (1), (2)), histograms (fragments (3),(4)) and logarithmic dependences of power spectra (fragments (5),(6)) of distributions 

𝑓44(𝛿) of birefringent spleen networks. Explanations in the text. 

Comparative analysis of the values of 𝑍𝑖=1;2;3;4  averaged within statistically reliable representative samples of 

samples of histological sections of the spleen 𝑍𝑖=1;2;3;4(𝑓44(𝛿)) and 𝑍𝑖=1;2;3;4(𝜑𝑘 =
𝜋
8⁄ , 𝑓44(𝛿) ). 
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Table 2. Accuracy of differential diagnosis of the prescription of mechanical spleen injury 

𝑀𝑀𝐼 𝐹𝑓44(ℎ𝑖) 𝐴𝑐12,% 

Group 1 Group 2 

𝑍1 1.42±0.088 1.28±0.075 61.2 

𝑍2 0.69±0.047 0.61±0.038 61.2 

𝑍3 0.35±0.018 0.43±0.025 66.7 

𝑍4 0.41±0.024 0.54±0.031 71.4 

𝑀𝑀𝐼 𝐹𝑓44(𝜑𝑘 =
𝜋
8⁄ ; ℎ𝑖) 𝐴𝑐12,% 

Group 1 Group 2 

𝑍1 0.54±0.028 0.48±0.025 66.7 

𝑍2 0.14±0.007 0.11±0.006 66.7 

𝑍3 0.75±0.038 0.84±0.045 71.4 

𝑍4 1.14±0.064 1.35±0.071 76.1 

 

The difference from zero (𝑍𝑖=1;2;3;4(𝑓44) ≠ 0) of all 1
st
 – 4

th
 order statistical moments that characterize the 

distributions of random values of phase invariants 𝑓44(𝛿) at all depths of histological sections of the spleen. 

Most sensitive to the phase changes (𝜑𝑘) of the depth of the biological tissue layer were the statistical moments of 

the 3
rd

 and 4
th

 orders, which characterize the asymmetry (𝑍3) and the kurtosis (𝑍4) of the distributions 𝑓44(𝑚, 𝑛). 
Here we distinguish two boundary values of the depth of phase scanning of histological sections of the spleen: 

 

 the “maximum” is the diffuse component of the object field of the experimental sample; 

 “minimal” is a single scattered component of the object field of an optically thin layer of a spleen tissue 

sample. 

 

 

Fig. 3. Phase section 𝜑𝑘 =
𝜋
8⁄  - Maps (fragments (1), (2)), histograms (fragments (3),(4)) and logarithmic dependences of power spectra (fragments 

(5),(6)) of distributions 𝑓44(𝛿) birefringent networks of the spleen. Explanations in the text. 

By the minimum phase depth, we will understand such a value 𝜑𝑘𝑚𝑖𝑛, starting from which the values of the set of 

statistical moments of the 1
st
 - 4

th
 orders practically do not change, - 𝑍𝑖=1;2;3;4(𝜑𝑘 , 𝜔𝑖𝑖) ≈ 𝑐𝑜𝑛𝑠𝑡. 

In our case, this mode begins to be implemented starting from 𝜑𝑘𝑚𝑖𝑛 ≤
𝜋
8⁄ . 
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We did not find significant intergroup differences. The maximum differences between the values of the 1
st
 - 4

th
 

order statistical moments that characterize the phase matrix invariants of the optically anisotropic architectonics of 

spleen do not exceed 25% - 30%. As a result, the accuracy
50

 of differential diagnosis of the prescription of mechanical 

injury is low - 𝐴𝑐(𝑍𝑖=3;4(𝑓44(𝛿))) ≤ 71% − 76%. 

Based on this, we have considered the possibilities of a different, large-scale, self-similar approach to assessing the 

topographic structure of coordinate systems 𝑓44(𝑚, 𝑛) and 𝑓44(𝜑𝑘 =
𝜋
8⁄ ,𝑚, 𝑛). 

6.1.2.  Spleen – fractal analysis 

As a first step, we used the well-known method [24, 25], which is based on approximating the logarithmic 

dependences of the power spectra of coordinate distributions of 𝑀𝑀𝐼. This fractal analysis of the topographic structure 

of the distributions 𝑓44(𝑚, 𝑛) and 𝑓44(𝜑𝑘 =
𝜋
8⁄ ,𝑚, 𝑛), which characterize the optically anisotropic architectonics of 

spleen, revealed signs of their multiscale self-similarity or multifractality. This fact is indicated by the presence of 

rectilinear (100𝜇𝑚 ≤ 𝑑𝑖 ≤ 1000𝜇𝑚) and curved (1𝜇𝑚 ≤ 𝑑𝑖 ≤ 100𝜇𝑚) slope sections of logarithmic dependencies 

𝑙𝑛𝑃𝑆𝐷44 − 𝑙𝑛𝑑
−1, - Fig. 2, Fig. 3, fragments (3),(4). 

From a physical point of view, this structure of 𝑙𝑛𝑃𝑆𝐷44 − 𝑙𝑛𝑑
−1  can be related to the fact that each fractal 

measure in the distributions 𝑓44(𝑚, 𝑛)  corresponds to a certain (partial) scale-self-like (with dimension ℎ𝑗  within 

𝑑𝑚𝑖𝑛 ≤ 𝑑𝑗 ≪ 𝑑𝑚𝑎𝑥) set of the biological crystals.  

The presence of dependence 𝑙𝑛𝑃𝑆𝐷44 − 𝑙𝑛𝑑
−1, oscillations may be due to the fact that in the process of formation 

of molecular complexes take part with statistically distributed birefringence parameters. 

6.1.3.  Multifractal analysis of spleen MMI 

In Fig. 4 shows the lines of maximal modules (skeletons – “red dots” – maxima; “blue dots”- minima of wavelet 

coefficient amplitudes) wavelets coefficients of maps 𝑊𝑓44(𝑎, 𝑏) (fragments (1),(3)) and multifractal spectra 𝐹(ℎ𝑖) of 

the 𝑓44(𝑚, 𝑛) and 𝑓44(𝜑𝑘 =
𝜋
8⁄ ,𝑚, 𝑛) (fragments (2),(4)). All results relate to the prescription of the mechanical injury 

of 6 hours. 

Figure 5 shows similar results of the multifractal analysis of the distributions of 𝑓44(𝑚, 𝑛)  and 𝑓44(𝜑𝑘 =
𝜋
8⁄ ,𝑚, 𝑛) for the limitation of mechanical injury is 24 hours. 

 

 

Fig. 4. Skeletons (fragments (1),(3)) and multifractal spectra 𝐹𝑓44(ℎ𝑖) (fragments (2),(4)) of the phase 𝑓44(𝑚, 𝑛) (fragments (1),(2)) and 𝑓44(𝜑𝑘 =
𝜋
8⁄ ,𝑚, 𝑛) (fragments (3),(4)) Mueller matrix invariants of the histological section of the spleen - prescription of the mechanical injury of 6 hours. 
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A comparative analysis results of WTMM method revealed that: 

 

 Optically anisotropic spleen component 𝑓44(𝑚, 𝑛) and 𝑓44(𝜑𝑘 =
𝜋
8⁄ ,𝑚, 𝑛) are characterized by a complex 

scale - like structure, which is characterized by individual multifractal spectra 𝐹𝑓44(ℎ𝑖) , - Fig. 4, Fig. 5 

(fragments (2), (4)). 

 The multifractal spectra 𝐹𝑓44(ℎ𝑖) of 𝑀𝑀𝐼 𝑓44(𝑚, 𝑛) and 𝑓44(𝜑𝑘 =
𝜋
8⁄ ,𝑚, 𝑛) have an asymmetric structure 

with a clearly distinct extremum and a range of fractal dimension changes of 1.75 ≲ ℎ𝑖 ≲ 1.89. 

 For short-term (6 hours) injury of the spleen the multifractal spectra 𝐹𝑓44(ℎ𝑖)  are “narrower” and more 

asymmetric (Fig. 4, fragment (2),(4)) than similar multifractal spectral dependences 𝐹𝑓44(ℎ𝑖) , which are 

calculated for 𝑓44(𝑚, 𝑛) for long-term (24 hours) (Fig. 5, fragments (2),(4)). 

 

The fractal dimensions range ∆ℎ𝑖  is larger for the spectrum 𝐹𝑓44(𝑇 = 24 ℎ𝑜𝑢𝑟𝑠; ℎ𝑖)  than for 𝐹𝑓44(𝑇 =
6 ℎ𝑜𝑢𝑟𝑠; ℎ𝑖) - ∆ℎ𝑖(24 ℎ𝑜𝑢𝑠) > ∆ℎ𝑖(6 ℎ𝑜𝑢𝑟𝑠). From a physical point of view, the results obtained can be linked to the 

following considerations. First of all. Each local optically anisotropic degree in the 𝑓44(𝑚, 𝑛) and 𝑓44(𝜑𝑘 =
𝜋
8⁄ ,𝑚, 𝑛) 

corresponds to its own value of the fractal dimension ℎ𝑖, the probability and magnitude of which (𝐹(ℎ𝑖)) is determined 

by the specifics self-assembled crystallite complexes. Second. The highest probability of fractal dimension is inherent 

in the coordinate distributions 𝑓44(100𝜇𝑚 ≤ 𝑑𝑖(𝑚𝑎𝑥) ≤ 1000𝜇𝑚) of a spleen histological section. 

 

 

Fig. 5. Skeletons (fragments (1),(3)) and multifractal spectra 𝐹𝑓44(ℎ𝑖) (fragments (2),(4)) of the phase 𝑓44(𝑚, 𝑛) (fragments (1),(2)) and 𝑓44(𝜑𝑘 =
𝜋
8⁄ ,𝑚, 𝑛) (fragments (3),(4)) Mueller matrix invariants of the histological section of the spleen - prescription of the mechanical injury of 24 hours. 

Third. From the fractal geometry theory point of view, in the extreme case, the fibrillar network spatial orientation 

organization architectonics can lead to a straight line. For such situation, the multifractal spectrum degenerates into a 

delta function with the base value of the fractal dimension ℎ𝐿𝐵 ⇒ 1.0 . A different situation is realized for phase 

networks that form fractal measures in 𝑓44(𝛿,𝑚, 𝑛) . Here, the boundary geometric situation is polycrystalline 

architectonics in the form of a plane, which corresponds to another value of the fractal dimension ℎ𝐿𝐵 ⇒ 2.0.  For a real 

physical situation, such trends are found in different localization multifractal spectra main extremes (max (𝐹𝑓44(ℎ𝑖; 𝑇 =
6 ℎ𝑜𝑢𝑟𝑠)) and max (𝐹𝑓44(ℎ𝑖; 𝑇 = 24 ℎ𝑜𝑢𝑟𝑠))). In this case, the fractal dimensions variation range ∆ℎ𝑖  is larger for the 

spectrum 𝐹𝑓44(ℎ𝑖 ; 𝑇 = 24 ℎ𝑜𝑢𝑟𝑠)  than for 𝐹𝑓44(ℎ𝑖; 𝑇 = 6 ℎ𝑜𝑢𝑟𝑠)  - ∆ℎ𝑖(𝑓44(𝑇 = 24 ℎ𝑜𝑢𝑟𝑠;𝑚, 𝑛)) > ∆ℎ𝑖(𝑓44(𝑇 =

6 ℎ𝑜𝑢𝑟𝑠;𝑚, 𝑛)) .
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A quantitative statistical estimate of multifractal spectra 𝐹𝑓44(ℎ𝑖; 𝑇 = 6 ℎ𝑜𝑢𝑟𝑠) and 𝐹𝑓44(ℎ𝑖; 𝑇 = 24 ℎ𝑜𝑢𝑟𝑠)  is 

illustrated in Table 3. 

Table 3. Accuracy of differential diagnosis of the prescription of mechanical spleen injury 

𝑀𝑀𝐼 𝐹𝑓44(ℎ𝑖) 𝐴𝑐12,% 

Group 1 (𝑇 = 6 ℎ𝑜𝑢𝑟𝑠) Group 2 (𝑇 = 24 ℎ𝑜𝑢𝑟𝑠) 
𝑍3 1.54±0.087 2.03±0.11 85.7 

𝑍4 2.33±0.12 3.41±0.16 90.4 

𝑀𝑀𝐼 𝐹𝑓44(𝜑𝑘 =
𝜋
8⁄ ; ℎ𝑖) 𝐴𝑐12,% 

Group 1 (𝑇 = 6 ℎ𝑜𝑢𝑟𝑠) Group 2 (𝑇 = 24 ℎ𝑜𝑢𝑟𝑠) 
𝑍3 2.27±0.13 3.11±0.15 90.4 

𝑍4 3.13±0.17 5.17±0.26 95.2 

 

The analysis of the obtained results illustrates the high level of accuracy
50

 of differential diagnosis of the 

prescription of mechanical injury using the technique of multifractal analysis of phase 𝑀𝑀𝐼  optically anisotropic 

architectonics of histological sections of the spleen developed by us  𝐴𝑐12 (𝜑𝑘 =
𝜋
8⁄ , 𝐹𝑓44(ℎ𝑖)) = 95.2%. 

7.  Conclusions 

In the linear birefringence approximation, a Mueller-matrix analytical description of the polarization properties of 

optically anisotropic architectonics of partially depolarizing preparations of spleen tissues is proposed.  

By means of polarization-interference mapping and phase scanning of object fields of complex amplitudes of 

spleen tissue preparations reconstructed by digital holography, layered Mueller-matrix topographic maps of phase 

structure were obtained 𝑓44(𝑚, 𝑛) and 𝑓44(𝜑𝑘 =
𝜋
8⁄ ,𝑚, 𝑛) optically anisotropic architectonics of histological sections 

of spleen.  

Comparative analysis of the values of statistical moments 𝑍𝑖   averaged within statistically reliable representative 

samples of samples of histological sections of the spleen 𝑍𝑖=1;2;3;4(𝑓44(𝛿))  and 𝑍𝑖=1;2;3;4(𝜑𝑘 =
𝜋
8⁄ , 𝑓44(𝛿) )  with 

varying degrees of mechanical injury did not find significant intergroup differences. The maximum differences between 

the values of the 1
st
 - 4

th
 order statistical moments that characterize the phase matrix invariants of the optically 

anisotropic architectonics of the spleen tissues do not exceed 25% - 30%. 

Spleen tissue with different prescription of mechanical injury layer-by-layer multifractal properties were first 

demonstrated and studied using polarization-interference phase scaling by fractal analysis methods and maxima of 

wavelet transform modules complex application. 

Analysis of the logarithmic dependences 𝑙𝑛𝑃𝑆𝐷44 − 𝑙𝑛𝑑
−1 of the power spectra of the spleen 𝑀𝑀𝐼 𝑓44(𝑚, 𝑛) and 

𝑓44(𝜑𝑘 =
𝜋
8⁄ ,𝑚, 𝑛)  revealed signs of a multifractal structure of the architectonics of their optically anisotropic 

polycrystalline networks - the presence of a set of linear sections (monofractal measures) of the approximating curve 

𝐻(𝜗) for various geometric dimensions 𝑑𝑖. 

A decrease in the value of the phase scanning parameter 𝜑𝑘 ↓  of the spleen 𝑀𝑀𝐼  𝑓44(𝑚, 𝑛)  and 𝑓44(𝜑𝑘 =
𝜋
8⁄ ,𝑚, 𝑛) is accompanied by a decrease in the “number” and an increase in the “length” of linear sections of the 

approximating curve 𝐻(𝜗). 
Within the wavelet transform maxima modules method, the following parameters are set: 

individuality of multifractal spectra 𝐹𝑓44(ℎ𝑖 , 𝜑𝑘)  for spleen 𝑀𝑀𝐼 , - 𝑍𝑖=1;2;3;4 (𝐹
𝑓44(𝑇 = 6 ℎ𝑜𝑢𝑟𝑠; ℎ𝑖)) ≠

𝑍𝑖=1;2;3;4 (𝐹
𝑓44(𝑇 = 24 ℎ𝑜𝑢𝑟𝑠; ℎ𝑖)); 

in all phase scaling 𝜑𝑘  planes of myocardium and brain, the following statistical relations take place 

(
𝑍𝑖=1;2 (𝐹

𝑓44(𝑇 = 6 ℎ𝑜𝑢𝑟𝑠; ℎ𝑖)) < 𝑍𝑖=1;2 (𝐹
𝑓44(𝑇 = 24 ℎ𝑜𝑢𝑟𝑠; ℎ𝑖))

𝑍𝑖=3;4 (𝐹
𝑓44(𝑇 = 6 ℎ𝑜𝑢𝑟𝑠; ℎ𝑖)) < 𝑍𝑖=3;4 (𝐹

𝑓44(𝑇 = 24 ℎ𝑜𝑢𝑟𝑠; ℎ𝑖))
). 

The most sensitive, and therefore diagnostically promising, to changes of multifractal structure in the myocardium 

and brain 𝑀𝑀𝐼  𝑓44(𝑚, 𝑛)  and 𝑓44(𝜑𝑘 =
𝜋
8⁄ ,𝑚, 𝑛)  are the 3

rd
 and 4

th
 orders statistical moments. Its variation 

∆𝑍3;4
𝑓44( 𝜑𝑘 ↓) ranges lie in the range from 1.65 to 1.85 times.  

The high applied biomedical efficiency WTMM algorithms is demonstrated – a high level of accuracy of 

differential diagnosis of the prescription of mechanical injury has been achieved using the technique of multifractal 

analysis of phase 𝑀𝑀𝐼  optically anisotropic architectonics of histological sections of the spleen developed by us 

𝐴𝑐12 (𝜑𝑘 =
𝜋
8⁄ , 𝐹𝑓44(ℎ𝑖)) = 95.2%; 
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