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Abstract—In this paper, the dynamic behavior of the
damping system is analyzed with a two-mass pendulum
absorber, the equations of motion of non-linear
mechanical systems are built accordingly. AFC equation
systems have been identified in the non-linear
formulation. To obtain the frequency response, the Ritz
averaging method is used. A new numerical method of
determining the parameters of optimal tuning two-mass
pendulum absorber in the non-linear formulation has been
Proposed and implemented.
Index Terms—Damping System in the Non-Linear
Formulation, Two-Mass Pendulum Absorber, AmplitudeFrequency Characteristic (AFC), Parameters of Tuning of
Absorber, Determining the Optimum Parameters.

I. INTRODUCTION
In the previous article of the authors [1], a
mathematical model of the process of suppression of
forced vibrations of a vibration protection system using a
two-mass pendulum absorber was constructed. The
mathematical model was presented in the form of two
nonlinear equations, which were linearized for the
subsequent numerical investigation in a linear
formulation. The numerical analysis of dynamic effects in
a linear system has shown [1] that the level of dynamic
effects on the carrier bodies can be significantly reduced
in the region of resonance frequencies. However, the
optimum tuning of the absorber's parameters is possible
only in the presence of the amplitude-frequency
characteristic (AFC) of the system under investigation in
a nonlinear setting. Its absence restrains the introduction
Copyright © 2019 MECS

of the proposed absorbers into the practice of vibration
protection of load-bearing objects. Thus, the
determination of the frequency response of the system
under consideration in a nonlinear formulation and its use
for tuning the absorber is an actual theoretical and
practical task.

II. FORMULATION OF THE PROBLEM
The forced vibrations of a damping system of coupled
solids "a carrier body - a two-mass pendulum absorber"
under the influence of external harmonic action are
considered. Fig. 1 shows a general view of the vibration
protection system under consideration. The description of
all components of the system and their technical purpose
are given in the previous article of the authors [1], we do
not mention them here. In the meanwhile, the advantages
of the proposed pendulum absorbers in front of the
traditional damping devices were noted. In this article,
the study will be conducted without imposing restrictions
on the angles of the deviation of the axis of the pendulum
from the vertical. The purpose of the work is therefore
formulated below.
The aim of this work is to analyze construction of the
equations of the frequency response of the vibration
protection system and to determine of the optimal tuning
parameters for a two-mass pendulum absorber in a
nonlinear setting.
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use the Ritz averaging method [4 – 6]. This method is
based on the assumption that the average value of the
virtual work, which is performed during the motion of all
the elements of the system in one period, the final
outcome is zero.
When using the Ritz averaging method, it is believed
that an approximate solution of forced oscillations of a
mechanical system for each independent coordinate
X j  t  can be represented as a finite series:
n

X j  t    Aij i  t  ,

(5)

i 1

Fig.1. Damping system with a two-mass pendulum absorber under the
influence of external harmonic excitation F(t)

where  i  are some basic time functions that are
selected from the condition of the problem and the
specifics of the system; Aij  weight coefficients, which

III. CONSTRUTION OF THE EQUATIONS OF FREQUENCY
RESPONSE IN NONLINEAR FORMULATION

are determined from the condition that the average value
of virtual work for one period of oscillations is zero.
Usually, for an approximate steady-state solution, the
problems are limited to one or two terms of the series (5).
In this paper, for each independent generalized coordinate,
the following functions are suggested:

In [1], nonlinear differential equations of motion of the
system were obtained in this form:

(1    ) x0  2nx x0  02 x0 

 p( 2 sin    cos )  F0 sin(t )
x0 cos  q  2n  g sin  ,

where

  M M0

;

  m M0

;

F0  F0 M 0

(1)

x0 (t )  A11  t   A2 2 t   Asin(t   ) ,

(6)

(2)

 (t )  B11 t   B2 2 t   B sin(t   ) ,

(7)

;

02  k M 0 ; 2nx  Cx M 0 ;   ML  ml ; p   M 0 ;
  ML2  ml 2 ; q    ; 2n  C  .
The structure of these equations completely
corresponds to the structure of the equations obtained in
the fundamental monographs [2, 3], in which one of the
authors explored in detail the kinematics and dynamics of
the roller absorbers of forced oscillations. Therefore, we
use the approach developed in this study [3].
We expand the trigonometric functions in the Taylor
series and keep two terms of the corresponding series for
each function. After this, the obtained two-term segments
of the series into equations (1) – (2) is substituted. As a
result, it turns out:
(1 

  ) x0  2nx x0  02 x0


 2 
3 
q


2
n


g


x0 1 

,



6 
2 



(3)

(4)

The paper considers steady-state oscillations of the
system. When constructing the equations of the frequency
response of the damping system under consideration, we
Copyright © 2019 MECS

After substituting expressions (6) and (7) into
equations (3) and (4), a system of nonlinear algebraic
equation is obtained:

2nx A cos(t   )  (1    ) 2 Asin(t   ) 
 A02 sin(t   ) +
 B2 2

+ pB3 2 1 
sin (t   )  sin(t   )cos2 (t   ) +
6


2
 B

+ pB 2 1 
sin 2 (t   )  sin(t   ) = F0 sin(t ) ,
2


(8)
 B2 2

A 2 sin(t   ) 1 
sin (t   )  
2


2
 qB sin(t   )  2n B cos(t   ) 


3 
 p     2 
6 


 2 
 p 1 
   F0 sin t  ,
2 


where 1  t   sin t  и  2  t   cos t  .

 B2 2

 gB 1 
sin (t   )  sin(t   ) .
6



(9)

To transform equations (8) and (9) in the following
way, it multiplies these equations first by sin(t ) and
integrate them on the interval from 0 to 2 . Then it
carries out the same integration after multiplying these
equations by cos(t ) . After the corresponding
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transformations, four algebraic equations are obtained:

(02

 (1    ) ) A cos  2nx A sin  
2

 B2 B4 
pB 2 cos  1 

  F0 .
8 48 


(10)

 B2 B4 
 pB 2 sin  1 

0.
8 48 


3
1

A 2 sin   AB 2 2  cos(   )  sin   
8
4

2

gB 
(13)
 B sin   q 2  g 
  2n B cos  .
8 

To construct equations (10) – (13), the following
intermediate formulas (   t ) are used:

    sin   d  cos   J  n  1 ,

(14)

    cos   d   sin   J  n  1 ,

(15)

2 n1

0
2

 sin

2 n1

 B2 
A 1 

8 


.

(18)

The next step – multiply equation (12) on cos  and


gB 2 
B  g  q 2 

8 
cos(   )  
.
3 2
2
A  1  B 
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(11)

1
3

A 2 cos   AB 2 2  cos  sin  sin(   )  
4
8

2

gB 
(12)
 B cos   q 2  g 
  2n B sin  .
8 


 sin

2n B

equation (13) – in sin  , then add the value received. The
result is:

2nx A cos  (02  (1    ) 2 ) Asin  

2

sin(   ) 

(19)

Transformations of equations (18) and (19) will have
the first equation that links the amplitude A and B :
A

B (2n 1 ( B))2  ( 2 ( B,  ) 3 ( B)) 2

 2 1 ( B)3 ( B)

,

(20)

3
gB 2
where 1 ( B)  1  B 2 ;  2 ( B,  )  g  q 2 
;
8
8
 4nx n
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 ( B,  ) 
 3 ( B)  1 
; ( B,  )  
 ( ) 22
.
8
 1 ( B) 
  3 ( B)
Next step – find the second algebraic equation that
relates the amplitude A and B . Raise squared equations
(10) and (11), and then add them. Use equation (18) and
(19) at intermediate transformations (not given). As a
result, we obtain the required equation:

0
2

A

2

2n
 sin     sin     sin d 

F0   52 ( B,  )  2 B 5 ( B,  )  ( B,  )
,
2 ( )  (2nx ) 2

(21)

0

sin  sin      J  n   cos  2    J  n  1 ,

(16)

2

2n
 sin     sin     cos d 
0

sin      cos  J  n   sin  2    J  n  1 ,
where J  n  

2

2n
 sin  x  dx  2
0

1 3  5 
n

(17)

 2n  1 .

2 n!

After this, the problem is raised by eliminating
unnecessary variables B,  ,  and determining the
functional dependence of the amplitude A is the steadystate forced oscillations of the carrier body on frequency
.
Multiply equation (12) on sin  and equation (13) –
by cos  then subtract the second. As a result, the
following equation is obtained:
Copyright © 2019 MECS

B2 B4

; 5 ( B, )  pB 2 4 ( B) ;
8 48
( )  02  (1    ) 2 .
After extracting the amplitude A of the carrier body
with equations (20) and (21), we obtain nonlinear
algebraic equation with respect to a given implicit
function B  B( ) in this general form:
where  4 ( B)  1 

( B(), )  0 .

(22)

The exact solution of the equations of (22) related
B  B( ) cannot be found, but they can be solved on the
basis of approximate numerical methods in the right
frequency range. After setting depending B  B( ) on
the numerical formula (21), it is finally determined by the
desired amplitude-frequency characteristic A  A( )
damping system with a non-linear tuning pendulum
absorber.
I.J. Intelligent Systems and Applications, 2019, 1, 67-72
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To obtain the frequency response of a damping system
in a linear formulation [1], it is supposed to be presented
in equations (20) – (21):

1 ( B)  3 ( B)  4 ( B)  1 and  2 ( B,  )  g  q 2 .
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0.14

0.12

0.1
A(  )0.08

IV. RESULTS OF NUMERICAL ANALISIS

0.06

For illustration, it fulfils a numerical experiment for
three cases: for a damping system with an absorber, it
takes into account the nonlinearity in Fig.2; it shows a
damping system with an absorber without regard for
nonlinearity in Fig.3; it shows a system without an
absorber in Fig.4. The parameters of the system and the
level of external influence were chosen for practical
reasons: L  2,0 m ; l  1,5 m ; 0  0,03 ;   0,05 ;

0  1,5 rad / s ;

n  0,45 m / s

;

nx  0,03 s

1

;

F0  0,003g . The first four parameters were determined
for the damping system without regard for nonlinearity
following the known methods [6 – 8] and [1], the last two
parameters are in accordance with the regulatory
documents of the construction industry [9, 10].
Comparing the maximum values of amplitudes for
each AFC, the following can be noted. The maximum
amplitude for the frequency response of the system,
taking into account the nonlinearity (Fig.2), it is 2.35
times smaller than the maximum amplitude for the
frequency response of the system without an absorber
(Fig.4). With the same parameters, the maximum
amplitude on the AFC graph of the system in the linear
formulation of the problem (Fig. 3) is 2.56 times smaller
than the maximum amplitude for the frequency response
of the system without an absorber (Fig. 4).
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Fig.3. AFC of the damping system with a two-mass pendulum absorber
in a linear setting

The presented results of dynamic calculations
quantitatively and qualitatively confirm the existing
experimental data on a significant decrease on the level of
maximum amplitudes when using absorbers on high-rise
structures such as aerial masts and TV towers [11, 12].
In addition, it can be noted that the maximum
amplitudes on the curves of the amplitude-frequency
characteristic (Fig. 2 and Fig. 3) also differ by a factor of
1.09, with a larger amplitude for the system, in which
nonlinearities are taken into account in the model. Thus,
the optimal tuning of the parameters of the vibration
protection system without taking into account its
nonlinearities leads to an underestimation of the real
maximum amplitude of the forced oscillations of the
carrier body. At the same time, for the selected
parameters, if the graph of the frequency response of the
system for a problem in a linear formulation has a
symmetrical form (Fig. 3), which indicates its optimal
tuning, then the frequency response of the system in a
nonlinear formulation does not have this symmetry (Fig.
2). This indicates that the system parameters are not
optimal when the nonlinearities are taken into account.
Therefore, the optimal tuning of the system within the
framework of the linear model is not optimal within the
framework of the nonlinear model. Proceeding from this,
it is necessary to develop an appropriate method for
determining the optimum tuning parameters of absorbers
of this design, which the nonlinearities of the system
should be taken into account for the study.
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Fig.2. AFC of the damping system with a two-mass pendulum absorber
taking into account the nonlinearities
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