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Abstract—This research is based on the determination of
the parameters of the PID and fractional-order PID
controllers designed for quarter-car suspension system.
Initially, without considering the active suspension
structure, the performance of the passive suspension
system under different wheel load index is presented by
using the transfer function of the system. Then, by adding
a wheel-load, the classical PID controller is designed and
applied to the current controlled hydraulic actuator as a
part of active suspension system. The parameters of this
controller are determined by three heuristic optimization
algorithms; Particle Swarm Optimization (PSO),
Differential Evolution (DE) and Gravitational Search
Algorithm (GSA). As the second part of this study after
evaluating the performance of classical PID controller,
fractional-order PID controller is designed and applied to
the problem to improve the performance of the classical
PID controller. Similarly, the parameters of this controller
are also obtained by using the same optimization
algorithms. In the paper, for modeling the road, instead of
sinusoidal (road with hill) or random changes, a saw
tooth signal is preferred as a relatively harder condition.
Implementation results are showed that the performance
of the fractional-order PID controller is much better that
PID controller and also instead of relatively complex and
expensive controller, it is possible to use fractional-order
PID controller for the problem.
Index Terms—PID Control, Fractional-order PID control,
Particle Swarm Optimization, Differential Evolution,
Gravitational Search Algorithm, suspension system,
quarter-car.

i. To absorb the vibration due to the imperfect
conditions of the way,
ii. To comfort of the passengers from way conditions,
iii. To transfers braking force to the wheel and protect
the integrity between wheel and car body.
Similar to air platforms, wheeled vehicles are under
three main oscillation force as graphically presented in
Fig. 1. Saltation: movement of the car from up to down
caused from light rough road at high speed Swing:
movement of the front and end of the car caused from
heavy rough road at relatively slow speed (fast speed isn‟t
suggested) Rollover: movement of the left and right of the
car, caused from turns. Each of these movements
corresponds to the force on the suspension system from
ground to car body. In other words, the change at the
position of the wheel causes these oscillations, and it is
expected from the suspension system to handle these
conditions and guarantee (if it is possible) a safe and
comfort travel.
Swing

Saltation

Rollover

I. INTRODUCTION

Fig.1. Three oscillation behavior on the wheeled (road) vehicle.

Suspension systems are installed between car body and
wheel to absorb the undesired vibration which occurs due
to the road condition. Road handling capability of any
transportation vehicle (wheeled vehicles) is the key factor
for safety and comfort of the passengers, and it has direct
relation with suspension system. The necessity of
suspension systems can be summarized as:

In a general manner, the models of the suspension can
be divided into three forms with respect to the control
perspective: passive, semi-active [1] and active [2]
suspension systems. Passive suspension systems are predesigned and plug-in devices such that almost all
parameters are determined at the production phase. Hence,
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based on the road conditions, it isn't possible to obtain
"robust" response from this device configuration. The
advantage of these systems are their relatively low cost,
since they generally contain less number of devices (also
do not have interconnected devices such as actuator,
pneumatics and hydraulics related to suspension system)
when compared to other model. Semi active suspension
systems have variable damping force and damping
coefficients [1], which can be changed by using control
algorithms. These systems remain between active and
passive systems. An active suspension system, which is
the problem environment of this paper, is the enriched
version of the passive systems with controllable actuators.
These systems can able to supply energy when it is
desired [3]. These actuators are controlled by usin current
or voltage (based on the structure) change.
Suspension systems are divided into two categories as
Depended Systems and Independent Systems. Depended
systems indicate a physically connected systems. These
systems do not prefer as front suspension systems (at
modern automobiles) for years due to their weight and
corresponding oscillation. But they are generally
preferred as rear suspension systems. The second group is
named as independent suspension system where
suspensions at each wheel are independent from each
other; only anti-roll bar is connected. The well-known
independent suspension system is "McPherson"
developed in 1947 [4]. As the suspension systems are
divided two parts, the corresponding models are similarly
divided into three groups: Quarter-car [5], half-car [6]
and full-car models [7]. Quarter car model is considered
for only one wheel of the vehicle. It is assumed that the
designed suspension is for independent suspension
system which is the theme of this paper. Half-car model
is used for dependent suspension systems, where two
suspensions are considered as one system. Full-car model
is for overall car model, both front and rear suspension
systems are considered.
This paper organized as two main sections following
the introduction and literature review section. Section 3 is
given for explaining "whats" and "hows" of the paper.
The problem (active and passive suspension system),
solution (PID and fractional-order PID controllers) and
used mathematical tools (optimization algorithms PSO,
DE and GSA) are explained in that section. Section 4 is
the "results" section. In that part the performance of the
controllers and implementation details are presented.

II. LITERATURE REVIEW
The control proposals for suspension systems are vary
from classical control approaches, robust control, optimal
control, to intelligent methods. However, among them
one of the oldest and problem oriented control methods is
called "Preview Control". The preview control is based
on the detection of the road defect, and then based on
these data, the control action is formed [3]. This
controller can be considered as continuous time optimal
control algorithm. Even the performance of this controller
is better than classical controller, the necessity for extra
Copyright © 2018 MECS
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sensors at front and rear bumper [6] makes the controller
expensive for the proposed performance. Optimal control
is applied to both quarter-car [8] and half car models [9].
The survey for optimal control and its design is presented
by Sharp and Peng [8]. Krtolica and Hrovat [9], in their
paper, they determine optimal closed-loop system eigenvalues for a desired damping ration (0.707). Model
predictive control (as an adaptive control scheme) is one
of the interesting control algorithm for suspension
systems. Full-car [7] and semi-active suspension models
[1] are evaluated as a part of this controller. Since the
model predictive control is a relatively time consuming
problem especially for a slow suspension and relatively
fast car system. Canale et.al. [1] are proposed a fast
model predictive control technique. They also compared
their proposed control algorithm with the most basic
controllers which are called sky-hook (similar to on-off
controller, only two state) and clipped (state-based
controller like more stated version of on-off controller)
controllers.
Since the controller design idea for suspension systems
is based on the robustness of the car body, robust control
is frequently applied to the problem. In general, linear
matrix inequality (LMI) optimization is applied to H∞
control algorithm for active suspensions [5, 10, 11]. Du
and Zhang [12], applied robust state feedback controller
to a time delayed suspension system. Like optimal control,
the idea is to find desired closed loop poles which give
the desired performance. Also Bououden et. al. [13]
proposed a robust predictive control method, where
quarter-car model is selected and suspension system
modeled with Takagi-Sugeno (T-S) fuzzy approach.
Fuzzy controller is another controller approach for the
problem. Li et. al. [14] designed state and output
feedback controllers by converting the problem into
optimization problem and solving with an optimization
algorithm. In that paper, the system also is onstructed
with T-S fuzzy system and uncertainties are also
considered. Uncertainties at actuator, sprung and unsprung masses is a module that taking into account for
control design. Li et. al. [15] designed adaptive slidingmode control (nonlinear control algorithm) and solved the
problem by using T-S fuzzy approach. Adaptively and
fuzzy is merged on [16] and [17]. Chiou et. al. [16]
suggested a Fuzzy PID controller (the outputs of Fuzzy
and PID controllers are summed at the controller module)
and their parameters are optimized by using PSO.
Similarly, at D'Amato and Viassolo paper [17], Fuzzy
controller parameters optimized by Genetic Algorithm
(GA). GA also applied for active suspension system
where parameters of the system are estimated [18, 19].
Optimization is an important tool for determination of
the controller parameters as explained previously. It is
also possible to optimize the parameters of the
components formed the suspension system. In [20], Sun
et. al., in [21] Prabakar et. al. and in [22] Yao et. al. used
optimization algorithm to find the MR damper parameters.
As a different perspective, Prabakar et. al. preferred a
multiobjective (non-dominated sorting genetic algorithm
NSGA-II) for MR damper parameters. Multiobjective
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optimization is applied to find the controller parameters
for semi-active [23] and active suspension systems by
estimating the controller gain matrix of the state feedback
controller [24].
PID controller as a classical control algorithm is also
applied to solve active suspension problem and optimized
with heuristic algorithms. In [25], Dangor et. al. proposed
a cascaded controller where the parameters of the PID
controller are optimized with PSO [26, 27], GA [28] and
DE [29] (even there are many paper for PID parameter
optimization, this paper compares three well-known
optimization algorithms). The results of the paper
showed that PSO and DE presents almost same
performance and GA optimized parameter controller
presented the worst performance.
Hence evaluation of the results from this paper, in this
research PID controller parameters are optimized PSO
and DE. Also to find a change to improve the PID
performance, Gravitational Search Algorithm (GSA) [30]
is selected as third optimization algorithm. In this paper
first the classical PID controller parameters are optimized
by using these three optimization algorithm. Then, to
improve the performance of the controller, fractionalorder PID controller is designed and optimized as the
second part of the study.

Spring and damper (with coefficients „k1‟ and „b‟) are
placed between wheel and car body with mass „M1‟.
Mathematical model of the system is presented in Eq.s 1
and 2.

III. MATHEMATICAL DESCRIPTION OF THE PROBLEM AND
TOOLSET

B. Passive Model Evaluation

In this section, the problem environment, mathematical
description of the problem, control algorithms and the
optimization algorithms used for solving the control
problem are discussed.
A. Problem Definition

M 1x  b( y  x )  k1 ( y  x) 

M 2 y  b( y  x )  k1 ( y  x)  k 2 (u  x) 

M1

(1)
1 
Q
A

(2)

The necessary power is distributed from hydraulic
actuator by altering the valve opening which is
proportionally equal to flow (Q). The flow is adjusted
with the current and modeled as first-order system as
given Eq. 3.

Q  c f Q  k f i

(3)

The aim of this paper is to design controller for
adjusting the difference between road change and body
position. Therefore, initially the effect of the change at
the level of the wheel to the car position is explained
from passive suspension model. Then, controller
designed for active suspension system.

y

M1
k1

b
x

M2

In this paper, the controllers are designed to regulate
hydraulic actuator for minimizing the difference between
reference load pattern and corresponding car body
trajectory for safety and passenger comfort. Fig. 2
illustrates the active suspension system.

1 
Q
A

k2

u

Fig.3. Approximated Description of the Passive Suspension System.

y
Q

k1

b

M2

x
k2
u

Fig.2. Approximated Description of the Active Suspension
System Model.

The parameters at the figure 2 from bottom to top are;
„u‟ position change at the bottom of the wheel; the model
of the road is applied from this point. The wheel is
modeled as an unsprung mass „M2‟ with a spring „k2‟.
Copyright © 2018 MECS

Fig.4. Step Response of the Passive Suspension System with Respect to
Different Wheel Load Rating.

Figure 3 illustrates quarter-car passive suspension
model, and Eq.s 4 and 5 give the mathematical
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description for this model. Then, transfer function is
obtained from differential equations.
M1x  bx  (k1  k 2 ) x  by  k2 y  k1u
M 2 y  by  k 2 y  bx  k 2 x

(4)
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overshoot and settling time of the transient response.
Table 2 gives the summary of these effects.

GC ( s)  K P 

The contribution of the PID controller parameters isn‟t
accepted for fractional-order PID controller (FOPID).
However, FOPID controller has 2 more degrees flexible
than classical PID controller which increases the
flexibility of the controller and it is possible to better
adjust the dynamic properties of the systems.

Gain:2.63
Pole:-0.0438+31.6i
Damping:0.00138
Overshoot: 99.6%

Table 1. Transient Response Properties of the Passive Suspension
System with Respect to Different Wheel Load Rating

Peak Time:

(6)

(5)

Initially, impact of the car body is investigated from
step response of the system. For this purpose, by
considering the wheel load index, various car body
weights are applied to the transfer function and
corresponding step response plots are given in Fig. 4.
To obtain Fig. 4 only the weight of car body („M1‟) is
changed and step responses are presented. From figure
(and also it is possible to observe from transfer function)
as the size of the body increases, the performance
indicators for the transient response also decreases, which
are numerically presented in Table 1.

Wheel Load
Rating:
Rise Time:
Settling
Time:
Overshoot:

KI
 KDs
s

265kg

400kg

600kg

900kg

1320kg

0,1267

0,1606

0,2003

0,2579

0,3178

2,2203

3,6691

5,2068

7,9106

11,4728

0,5794

0,6211

0,6742

0,7165

0,7513

0,3697

0,4737

0,5684

0,6968

0,8445

Even PID controller are designed for active suspension
system, a classical root locus design by using only a
proportional gain „K‟ is made and results are graphically
demonstrated in Fig. 5. The aim of this design is to show
and answer the question that “Why a detailed/complex
controller algorithm is needed for this problem?”. Fig.5
gives the root locus design of the only proportionally
controlled suspension system. Fig. 5a gives the value of
the gain for critically stable system, and gain larger than
2.63 makes the system unstable. In contrary, Fig. 5b gives
the desired damping ration value (0.707) and
corresponding gain value 4.09. In other words, with only
proportional gain it isn‟t possible to obtain a stable
system with a desired closed loop poles as demonstrated
in Fig.5c. Hence, in this paper, PID controllers are
designed and parameters are optimized. In the next
section, PID controller (both classical and fractionalorder) are explained with the optimization algorithms.

Gain:2.63
Pole:-0.041+31.6i
Damping:0.0013
Overshoot: 99.6%

(a)

Gain:4.09
Pole:-9.54+9.52i
Damping:0.708
Overshoot: 4.3%

(b)

C. PID and Fractional-order PID Controller
The classical PID controller is presented in Eq. 6.
Three parameters are needed to be optimized for the
desired performance. In brief, proportional parameter (KP)
decreases the rise time and steady state error. However,
for a relatively large steady state error integral term (KI)
is needed to eliminate this error. The disadvantage of the
integral term is the increase at the overshoot. But this
increase and decreases is always depended on the
structure of the plant. Therefore, in some cases the
increase at overshoot and settling time is relatively small.
In other cases, derivative term is needed to decrease
Copyright © 2018 MECS

(c)
Fig.5. Root Locus Plots for the Passive Suspension System a) critically
stable condition, b) desired damping ratio line and c) corresponding
unstable system for a desired response
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GCF ( s)  K ' P 

K 'I
'

 K 'D s  '

s
 K p  Ki s  K d s 

(7)

For a different value of λ and µ, fractional-order PID
controller becomes classical PID controller, where for
λ'=1 and µ‟=1 correspond to the classical PID controller,
for λ‟=1 and µ‟=0 correspond to the PI controller, for
λ‟=0 and µ‟=1 correspond to the PD controller, and for
λ‟=0 and µ‟=0 correspond to the proportional controller.
Table 2. PID Parameters Effects on Transient Response Properties
Closed
Loop
Response
KP
KI
KD

Rise
Time

Overshoot

Settling
time

Decrease
Decrease
-

Increase
Increase
Decrease

Increase
Decrease

 y
n

ref

 yout

2

(8)

i 1

where n is the number of data collected from simulation
environment, yref is the reference trajectory (in other
words the desired behavior of the suspension system with
respect to the normalized reference position) and yout is
the output of the overall system.
A. Fundamentals of Particle Swarm Optimization
Particle Swarm Optimization (PSO) is proposed by
Kennedy and Eberhart in 1995 [26]. The algorithm is
inspired from the interconnected behaviors of the animal
swarms. The algorithm is based on the motions of the
overall population and members of the population (called
“particles”). Each particle has three properties and the
overall swarm has one. Each particle has position,
velocity, and personal best position which is the record of
the minimum objective position of each particle. Also
swarm has record of the best particle and its objective
value. The algorithm begins with the randomly
initialization of the particles position and velocity. Then
by using the position of each particle objective values are
Copyright © 2018 MECS

(9)

B. Fundamentals of Differential Evolution

One of the objectives of this paper is to present a
comparative study between well-known nature inspired
optimization algorithms, which are Particle Swarm
Optimization [27], Differential Evolution [29] and
Gravitational Search Algorithm [30]. These algorithms
are briefly explained at the subsections given below. The
detailed information related to the optimization
algorithms and their behavior can be read from the
references at each sub-section. Even the algorithm is
changed at each implementation, the objective (fitness)
function is remained the same as mean square of the error
which is defined as difference between reference
trajectory and the output of the overall system.
1
n

v ( k  1)  v ( k )  c1rand1 ( pbest  x ( k ))
 c 2 rand 2 ( gbest  x ( k ))

Steady
State
Error
Decrease
Eliminate
-

IV. OPTIMIZATION

J

calculated. By using the objective value vector, the
particle which has minimum objective value is recorded.
At the same time, personal best positions and their
objective value are also saved to a vector. At the last step
of the algorithm, the position and velocity of each particle
is updated by using the function defined in Eq. 9. In this
function, two optimization parameters, positions,
personal best position and global best solutions are
applied to the function. In other words, each particle goes
to a random position between personal best position and
global best position.

Differential Evolution (DE) algorithm was proposed by
Storn and Price in 1995 [29]. Similarly, to evolutionary
algorithms (like GA [28]), DE has four operators:
initialization, mutation, recombination and selection. The
algorithm begins with randomly selected initial vector (x).
Then this initial vector applied to a mutation operator.
The mutation operator is a function that takes the initial
(x) vector and form a new vector (v) with the same size.
The following equation (Eq. 10) corresponds one of the
possible mutation operator.
vi (k  1)  xr1 (k )  F xr 2 (k )  xr 3 (k )

(10)

where three vectors (r1, r2 and r3) are selected randomly
and difference of two vectors are multiply by an
optimization parameter F. After two vector sets (x and v)
have obtained, they applied to recombination operation.
From these two vector sets, only one set of vector is
selected (u) by using the optimization parameter (CR) and
a random value from recombined set, selection from
recombined vector is made by comparing the value based
on "is it smaller or larger than this optimization parameter
(CR)". The last operator is the selection. Among two
vector set (x and u) the vectors which has the smallest
objective value is selected as survived to the next
iteration.
C. Fundamentals of Gravitational Search Algorithm
Gravitational Search Algorithm (GSA) is developed by
Rashedi et. al. in 2009 [30]. The algorithm is based on the
interaction between masses by taking the “law of
gravitation” as the basis of the algorithm, the GSA
method was developed. The GSA algorithm is a
sequential process of four steps: i) initialization of the
population (same for three optimization algorithms).
Positions and velocities are assigned randomly at the
beginning of the algorithm; ii) objective functions are
calculated from the position vector. The calculated
objective function values are stored in a vector and then
best and worst objective values are find and recorded.; iii)
update and physical law calculations are evaluated. The
gravitational constant G(t), velocity V and position X
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vector is updated in this step (Eq.s. 11 and 12). Each
member assigned to a mass value in this section. The
mass of members are the normalized objective values. By
using these masses, the forces upon on each mass
(member) are calculated. The force is proportion to the
acceleration with the mass values. At the end of this step
the accelerations are calculated. In other words, any
member with the smallest objective value has the largest
mass. Therefore, other masses are dragged to this mass.
But also there are some larger masses and corresponding
movement depends on the objective values of masses.
The position and velocities are updated by using the
following equations; iv) repeat steps 2 and 3 until the
termination condition(s) are met.
vi (t  1)  randi vi (t )  ai (t )

(11)

xi (t  1)  xi (t )  vi (t )

(12)
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without control action
PSO optimized PID control

Fig.6. The change at the road and corresponding car body vertical
position change with and without PID controller.

GSA
DE
PSO

V. IMPLEMENTATION RESULTS AND DISCUSSION
In the previous sections, the performance of the passive
suspension system is investigated with respect to the
different wheel load index. Then to indicate the
importance of the controller and necessity for a relatively
complex control algorithm, a simple proportional
coefficient is applied to unity feedback system and with
the aid of root locus, the performance of the system
discussed. In the following sections, first classical PID
controller is designed for active suspension system. Then
to improve the performance of the PID controller, a
fractional-order PID (FOPID) controller is applied to the
overall system instead of classical PID controller.

(a)
|PSO-GSA|
|DE-GSA|
|DE-PSO|

A. Classical PID Controller
In Eq. 6, the laplace transform of the PID controller is
presented. The controller has three parameters that need
to determine for a desired performance. In the previous
studies [25], it was showed that the conventional PID
tuning algorithms are present undesired transient
response for many cases when compared with the
optimization algorithms. Therefore, in this paper three
optimization algorithms are applied to find controller
parameters. Fig 6 shows the comparison between one of
the solutions and the open-loop (no controller)
performance.
In Fig. 2, active suspension system model is presented.
The change at the level of the wheel is applied as the
input of „u‟. In this paper, the saw tooth input is preferred
as the change at the road. In previous papers, step change,
sinusoidal change and random change are considered as
road model. The reference point in the figures indicates
omitting the height difference. The car body and the top
of the wheel remain at the different heights of the car (for
some time interval the distance becomes negative for this
reason). However, in the figures these differences are
cancelled to present graphics efficiently.

Copyright © 2018 MECS

(b)
Fig.7. a) The trajectory of the suspension system for different
optimization algorithms and b) error difference between
optimization algorithms.

Fig. 7a illustrates the trajectory of the wheel system
controlled via classical PID controller optimized with
PSO, DE and PSO algorithms. The minimum mean
square error for DE, PSO and GSA are calculated as 1.33
10-3, 1.52 10-3 and 3.69 10-3 respectively. The best
objective value is obtained from PID controller optimized
with DE algorithm. Even the DE gives the best result, the
performances are almost the same for all optimization
algorithms. Fig. 7a gives the trajectory for all
optimization algorithms and Fig. 7b gives the error
differences with respect to the position change. The
performances of PSO and DE are almost the same but
GSA presents relatively bigger error.
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The trajectory of the wheel is graphically illustrated on
Fig. 7. Even the small overshoot occurs and results is
much better for open loop response (in Fig. 6), the small
overshoot and undershoot decreases the comfort of the
passenger. Therefore, to improve the performance of the
controller as the next step, FOPID controller parameters
are optimized by using the same algorithms.
B. Fractional-order PID Controller
Fractional-order PID is a non-integer-order of the
conventional PID controller. Like PID controller, there
are PID parameters are needed to be tuned which are KP,
KI and KD. Beside them, non-integer orders of the sparameter are needed to be tuned. Therefore, there are
five parameters (additional parameters are λ and µ) are
optimized. Fig. 8 gives the performance of the FOPID
controller with optimized parameters. The minimum
errors are obtained for PSO, DE, and GSA are 5.61x10-3,
1.15x10-3, and 1.04x10-3. From the figure the best
performance is obtained for PSO algorithm with a very
small overshoot. The performance of the DE almost
remains the same for classical and fractional order PID
implementations. However, GSA presents a much better
performance and error reduced from 3.69x10-3 to
1.04x10-3. From the results, the best performance is
obtained from PSO algorithm.

the study, the passive suspension system is investigated
and showed with the aid of classical control design
method that only a „complete‟ control algorithm can able
to handle to problems of the comfort of passengers and
the road handling. Then, classical PID controller is
applied to the problem. The parameters of PID controller
are obtained by three optimization algorithms; PSO, DE
and GSA. From previous studies it is expected that PSO
and DE presents almost same performance. These
findings are also verified in this study. But to improve the
impact one more optimization algorithm GSA is applied
and also almost same performance is reach for all
optimization algorithms. Even the PID performances is
acceptable, it is possible to improve the obtained
performance by slightly change the controller structure.
For this purpose, fractional-order PID algorithm is
designed. Similarly, parameters are optimized by using
optimization algorithm. The results are more promising
but differences between optimization algorithms become
clearer. The best performance is obtained from PSO
algorithm. For all implementation GSA presents the
worst performance. The best results from FOPID
controller is a very small overshoot and bigger
undershoot at the hill fall moment. The results suggest
that instead of using more complex and expansive control
algorithms, it is possible to use low-cost FOPID
algorithm with a proper selection of control parameters
without need of any additional hardware.

GSA
DE
PSO
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