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Abstract
A new linear programming-based algorithm has been demonstrated to find the best way for arc routing. In most
arc routing problems, the main goal is to minimize the total cost on the lane. To find the minimum cost giving
lane, the existing algorithms find the smallest possible sum of weights by ticking the shortest paths [7-12]. The
proposed computer-based algorithm is based on focusing the minimized total cost with some constraint criteria
of fixed values. The routes are marked with a series of variables that may differ according to the lane choice
and more accurately estimates the exact total cost considering the remaining weight. Finally, a stochastic model
for a private company vehicle transport has been discussed with some possible solution expectations.
Index Terms: Arc Routing Problem, Linear Programming, Proposed Algorithm, Travelling Salesperson
Problem, Arc Routing with Uncertainty.
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ARP
Arc Routing Problem
AR
Arc Routing
e-node Eulerian-node
EV
Expected Value
WS
Wait-and-See

VRP
EC
TSP
RP
CPP

Vehicle Routing Problem
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1. Introduction
Shortest routes always give the possible minimum cost but not the minimized cost under the given
restrictions. The minimized cost will be obtained by considering the possibly changing weight on the lane and
cost for that exact weight. The study of finding the total minimized cost has been sectorized into a variety of
problems. The vehicle routing problem is recognized as one of the most renowned combinatorial optimization
problems as it has many realistic applications in the field of transportation (includes product distribution,
collection, logistics, etc.). It is a special kind of arc routing problem and also effective in modeling a variety of
optimization cases like routing protocols, network management, stochastic approaches, street mapping, etc. Arc
Routing Problems seeks the best lane on its way with the minimized total cost (time or energy). [2,13-17]
Mathematical programs seek to optimize the objective function of decisions. Linear Programming is the
mathematical technique for optimizing (maximizing output or minimizing cost) a linear function of several
variables. A linear programming problem can be as the following canonical form:
Optimize (Maximize or Minimize) 𝑧 = 𝑐 𝑇 𝑥
Subject to 𝐴𝑥 (≥, 𝑜𝑟 =, 𝑜𝑟 ≤ ) 𝑏
and 𝑥 ≥ 0
where 𝑥 is the vector of variables and 𝑐, 𝑏 are co-efficient vectors.
The linear function which has to be optimized is called the objective function and all the conditions
expressed by linear relationships are called the constraints of the linear programming problem. [6]
Minimizing the total cost is the perspective of this study with the optimizing concepts as for CPP type problems,
the objective function helps to make the decision on the minimized total cost of linear form. The constructed
algorithm could be used in every section of arc routing (routing protocols, network management, stochastic
approaches, street mapping, VLSI, drone routing, etc.), although in this paper it has been discussed through
vehicle routing.
2. Preliminaries
2.1. Eulerian Circuit
A Eulerian circuit in a graph is a sequence of edges that begins at a vertex of the graph and travels from
vertex to vertex by crossing every edge for once and ends at the same vertex. [2]
For example, we may consider the following graph: (The graph has Eulerian circuits named 𝑎𝑒𝑐𝑑𝑒𝑏𝑎 and
𝑎𝑏𝑒𝑑𝑐𝑒𝑎.)

𝑎

Fig. 1. Eulerian Circuit
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2.2. Arc Routing
The process of choosing the best lane on the route is called Arc Routing or Graph Routing. It mainly focuses
on the route itself. A graphical problem including an Eulerian circuit will be called a Graph Routing Problem or
Arc Routing Problem. [3]
For example, we may consider the famous undirected Chinese Postman Problem. It aims to minimize the
total costs such as time or travel distance for the postman. There is another type of problem described by Eiselt
[1995] called undirected capacitated arc routing problem. In this case, demands placed on each edge, and each
edge must meet the demand.
2.3. Arc Routing with Uncertainty
Arc Routing is the study of the best wayfinding for any route which may minimize the total costs like time or
travel cost. Arc Routing with uncertainty describes also same, the best wayfinding for any route with the
presence of any random parameters on the way. That is, choosing the best way from several possible routes
where the objective of routing includes some random parameters where the ultimate focus is minimizing total
costs.
If there are 𝑛 nodes (except depot since it is fixed) on a route and we have to deliver in all nodes with
completing an Eulerian circuit (return back to the depot). Then there is total 𝑛! routes that may complete a
Eulerian circuit. Although half of the routes are the repeat of another half routes, for the minimized total cost,
we have to consider all the 𝑛! possible routes. There is only one way which is the best of these possible routes
which will give us the minimized cost (time and travel cost). Now if we consider one of the 𝑛 nodes have
random values like 𝑝 or 𝑞, where these two values give us two different ways for minimized cost. This is the
consideration of uncertainty in the case of arc routing. Finding the best way in uncertainty situation will be the
focus of this study.
For example, we may consider the following graph routing:
Here if we denote the depot with 𝑂, there are 3 Eulerian nodes 𝐴, 𝐵 and 𝐶 (nodes for possible Eulerian
circuit, shortly, e-node). So, there is 3! = 6 ways to complete a Eulerian Circuit:
𝑂𝐴𝐵𝐶𝑂, 𝑂𝐵𝐶𝐴𝑂, 𝑂𝐶𝐴𝐵𝑂, 𝑂𝐴𝐶𝐵𝑂, 𝑂𝐵𝐴𝐶𝑂, 𝑂𝐶𝐵𝐴𝑂; which will be the facts for arc routing.
Arc Routing is finding the best way from these 6 possible routes. Now if one of the e-nodes (𝐴, 𝐵, 𝐶)
includes some random values, the best possible route finding will be then some subject of concern. In that case,
possible routes could be from any of the 6 (not 3), since repeated routes sometimes could give the minimized
costs. We may also call it stochastic arc routing. [4]
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Fig. 2. Arc Routing

3. Some Observations
3.1. Arc Routing with 2 e-nodes

Let us suppose that 𝑂 be the depot (same starting and ending point) and 𝐴, 𝐵 are two Eulerian nodes (enodes). There are only two possible ways to complete an Eulerian Circuit (EC): 𝑂𝐴𝐵𝑂 and 𝑂𝐵𝐴𝑂. Let 𝑡 be the
total product amount to be delivered and 𝑎, 𝑏 are the required amount product at nodes 𝐴, 𝐵 respectively. Also,
let 𝑥0 , 𝑥1 and 𝑥2 be the distances of the first, second and third stages respectively.
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Fig. 3. Arc Routing with 2 e-nodes

Here 𝑡 is the total amount to be delivered. Some companies always take some more products in the delivery
van which may satisfy:
𝑡−𝑎−𝑏 ≥0

Also, the objective is to minimize the total cost. For the above problem, the objective function could be of
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the form:
𝑀𝑖𝑛 𝑥0 𝑡 + 𝑥1 (𝑡 − 𝑎) + 𝑥2 (𝑡 − 𝑎 − 𝑏)
= 𝑀𝑖𝑛 𝑡(𝑥0 + 𝑥1 + 𝑥2 ) − 𝑎(𝑥1 + 𝑥2 ) − 𝑏𝑥2

(1)

Example 1. If we take 𝑂𝐴, 𝐴𝐵 and 𝐵𝑂 as 2, 1 and 3 respectively and total deliver capacity for the van is 5.
Then for two e-nodes (𝐴, 𝐵) with requirements 𝑎 = 2 and 𝑏 = 2; there are 2! = 2 ways: 𝑂𝐴𝐵𝑂 and 𝑂𝐵𝐴𝑂.
For 𝑂𝐴𝐵𝑂: 𝑥0 = 2, 𝑥1 = 1, 𝑥2 = 3 and for 𝑂𝐵𝐴𝑂: 𝑥0 = 3, 𝑥1 = 1, 𝑥2 = 2
These give the total cost,
𝑇𝐶 = 𝑀𝑖𝑛 𝑡(𝑥0 + 𝑥1 + 𝑥2 ) − 𝑎(𝑥1 + 𝑥2 ) − 𝑏𝑥2
Subject to, 𝑡 − 𝑎 − 𝑏 ≥ 0
𝑡 = 5, 𝑎 = 2, 𝑏 = 2
𝑥0 = 2, 𝑥1 = 1, 𝑥2 = 3; or 𝑥0 = 3, 𝑥1 = 1, 𝑥2 = 2
𝑡, 𝑥0 , 𝑥1 , 𝑥2 ≥ 0
Solving using LP solver gives 𝑇𝐶1 = 16 for 𝑂𝐴𝐵𝑂 and 𝑇𝐶2 = 20 for 𝑂𝐵𝐴𝑂. That is 𝑂𝐴𝐵𝑂 is the required
path.
3.2. Arc Routing with 3 e-nodes

Let us suppose that 𝑂 be the depot (same starting and ending point) and 𝐴, 𝐵, 𝐶 are three Eulerian nodes (enodes). There are 3! = 6 possible ways to complete an Eulerian Circuit (EC): 𝑂𝐴𝐵𝐶𝑂, 𝑂𝐶𝐵𝐴𝑂, 𝑂𝐵𝐶𝐴𝑂,
𝑂𝐴𝐶𝐵𝑂, 𝑂𝐶𝐴𝐵𝑂, 𝑂𝐵𝐴𝐶𝑂. Let 𝑡 be the total product amount to be delivered and 𝑎, 𝑏, 𝑐 are the required
amount product at nodes 𝐴, 𝐵, 𝐶 respectively. Also, let 𝑥0 , 𝑥1 ,𝑥2 and 𝑥3 be the distances of the first, second,
third and fourth stages respectively. We will get these stage distances for every possible EC.
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Fig. 4. Arc Routing with 3 e-nodes

Here 𝑡 is the total amount to be delivered. Some companies always take some more products in the delivery
van which may satisfy:
𝑡−𝑎−𝑏−𝑐 ≥0

Also, the objective is to minimize the total cost. For the above problem, the objective function could be of
the form:
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𝑀𝑖𝑛 𝑥0 𝑡 + 𝑥1 (𝑡 − 𝑎) + 𝑥2 (𝑡 − 𝑎 − 𝑏) + 𝑥3 (𝑡 − 𝑎 − 𝑏 − 𝑐)

= 𝑀𝑖𝑛 𝑡(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 ) − 𝑎(𝑥1 + 𝑥2 + 𝑥3 ) − 𝑏(𝑥2 + 𝑥3 ) − 𝑐𝑥3
3.3. Arc Routing with 𝑛 e-nodes

(2)

In a similar manner with 𝑛 e-nodes with required amounts (𝑎1 , 𝑎2 , … , 𝑎𝑛 ) and 𝑛 + 1 paths to return back to
the depot with distances 𝑥0 , 𝑥1 , … . , 𝑥 𝑛 ; the objective function could be written as: (total capacity is 𝑡)
𝑀𝑖𝑛 𝑡(𝑥0 + 𝑥1 + ⋯ + 𝑥𝑛−1 + 𝑥𝑛 ) − 𝑎1 (𝑥1 + ⋯ + 𝑥𝑛 ) − 𝑎2 (𝑥2 + ⋯ + 𝑥𝑛 ) − ⋯ − 𝑎𝑛−1 (𝑥𝑛−1 + 𝑥𝑛 ) − 𝑎𝑛 𝑥𝑛
= 𝑀𝑖𝑛 𝑡 ∑𝑛𝑖=0 𝑥𝑖 − 𝑎1 ∑𝑛𝑖=1 𝑥𝑖 − 𝑎2 ∑𝑛𝑖=2 𝑥𝑖 − ⋯ − 𝑎𝑛−1 ∑𝑛𝑖=𝑛−1 𝑥𝑖 − 𝑎𝑛 𝑥𝑛

Subject to, 𝑡 − 𝑎1 − 𝑎2 − ⋯ − 𝑎𝑛 ≥ 0 and all the variables are non-negative.

(3)

4. A proposed Algorithm
An algorithm has been demonstrated for solving the above arc routing problems by the following steps:
Step 1. Label all the possible 𝑛! routes forming EC with Τ𝑖 , where 𝑖 = 1, 2, … , 𝑛, 𝑛 + 1, … , 𝑛!
Step 2. Take Τ𝑖 and find all the values of (𝑖 + 1) stage distances 𝑥𝑖 for Τ𝑖 . Then solve the linear program
min 𝑇𝐶𝑖 = 𝑐 𝑇 𝑥

Subject to, 𝐴𝑥 = 𝑏

� 𝑎𝑗 ≤ 𝑡;
𝑗

𝑇𝐶∗

𝑗 = 1,2, … , 𝑛

𝑥, 𝑡 ≥ 0

Step 3. Check if 𝑇𝐶𝑖 < 𝑇𝐶𝑖+1 , then take
= 𝑇𝐶𝑖 . Otherwise 𝑇𝐶∗ = 𝑇𝐶𝑖+1 and return to Step 2. If 𝑇𝐶∗ ≤ 𝑇𝐶𝑖 , then
stop; it is the minimized total cost.
Remarks. For the algorithm, we may check the example 1 in section 3.1 which estimates the minimized cost.
5. An Example-Based Scenario Model Concerning Uncertainty
5.1. Problem Definition
Consider a business a company named ‘Olympic Industries’ in Bangladesh. They sell different packaged
food items and some other products in different regions of the country by a central hub in that region from
where they deliver their product to different local selling stores and groceries. Their local hub or Depot at
Barishal city is located at Bazar Road, from where they deliver their products to different places close to it. For
the easiness of the problem formulation, we here consider five places: Natun Bazar, Nathullabadh, Choumatha,
Bangla Bazar, and Rupatoli; where they deliver their products in different local stores. We will count the total
product amount on these five nodes, and places around these nodes will be included with a nearby one.
Normally, they have some sales representative, who collects data one day before product delivery. They use
one motor van for product delivery in these regions. They deliver products twice a week. Here for the scenario,
we will consider one delivery with data collected from the company.
For further easier use of these mentioned e-nodes, we will write 𝑂 for Bazar Road, 𝐴 for Natun Bazar, 𝐵 for
Nathullabadh, 𝐶 for Choumatha, 𝐷 for Bangla Bazar, 𝐸 for Rupatoli; in the following descriptions of this
concept. According to the sales representative in this week, the demand of products (in weight, including no
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return items) in these e-nodes are 100 𝑘𝑔 for 𝐴, 50 𝑘𝑔 for 𝐵, 40 𝑘𝑔 for 𝐷, 60𝑘𝑔 for 𝐸, and a random values of
30𝑘𝑔 or 90𝑘𝑔 for 𝐶. Here the product demand in 𝐶 could be any of the two, depends on some sales store as the
sales representative somehow couldn’t collect the proper information about them (got shuttered). Note that, the
total amount of possible capacity for the delivery van is 300𝑘𝑔. The company doesn’t want to disappoint the
selling stores located at node C since it could permanently damage the sales in those stores.
Following the map, we may conclude the demo figure with the mentioned locations where possible routes are
stained.

Fig. 5. All Possible Routes with demo figure

Also, the distances for these regions are given in the following distance matrix:
Table 1. Distance Matrix (km)
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5.2. Expected solutions
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If the random demand at 𝐶 is not known in advance, it is discovered after the delivery van reaches 𝐶. The
problem of finding the shortest route to visit all clients starting and ending at the depot is known as the TSP
(traveling salesperson problem). In this case, the TSP route is 𝑂𝐴𝐵𝐶𝐸𝐷𝑂 of length 14.2𝑘𝑚 (2 + 2 + 2.1 +
3.1 + 2 + 3). For the expected value solution, we have to forget the uncertainty issues. Then we may observe
the following issues: [1]
• When the delivery van arrives at 𝐶 and demand is 30, it will follow the TSP route. The total demand is
280𝑘𝑔, which is less than the capacity 300𝑘𝑔. And so, the traveled distance is 14.2𝑘𝑚.
• When the delivery van arrives at 𝐶 and demand is 90, it will follow the route 𝑂𝐴𝐵𝐶𝐸𝑂𝐷𝑂. The total
demand is 340𝑘𝑔, which is more than the capacity 300𝑘𝑔. And this results in the traveled distance of
20.2𝑘𝑚 (2 + 2 + 2.1 + 3.1 + 5 + 3 + 3).
• Also, one another route 𝑂𝐶𝐸𝐷𝑂𝐴𝐵𝑂 could be possible considering uncertainty. It requires a traveled
distance of 19.1𝑘𝑚 (3 + 3.1 + 2 + 3 + 2 + 2 + 4).
• If the demand is known before starting the route. The delivery van will follow the TSP route for 30𝑘𝑔
demand at 𝐶. Otherwise, it will follow any probable route 𝑂𝐷𝐸𝐶𝐵𝑂𝐴𝑂 with a traveled distance 18.2𝑘𝑚
(3 + 2 + 3.1 + 2.1 + 4 + 2 + 2).
As first both situations could occur as a possibility of the half, so the expected value is,
1
𝐸𝑉 = (14.2 + 20.2) = 17.2
2
The probably expected length under optimal recourse policy is,
1
𝑅𝑃 = (14.2 + 19.1) = 16.65
2
The wait-and-see solution for known demand is,
1
𝑊𝑆 = (14.2 + 18.2) = 16.2
2
Thus, 𝑊𝑆 ≤ 𝑅𝑃 ≤ 𝐸𝑉.
Remarks. Some other routes could be possible and it may result in varies of the traveled distance.
6. Conclusion
Finding the best way for routing save resources like time, and energy results in minimized cost. In this paper,
we presented a linear programming-based algorithm to solve the CPP type arc routing problem for the
minimized total cost which ticks the minimized one in every step to find the total minimization. The algorithm
doesn’t consider the uncertain issues on its way like a traffic jam, speed imitation, weather, delivery priority,
etc. For future research, this study will be beneficial in considering the uncertain issues in the algorithm for
finding the best lane in all circumstances considered optimization. Stochastic Arc routing is that section to find
the best routes considering some uncertain parameters on its way.
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