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Abstract 

The slow invariant manifold is a unique trajectory of the dynamical system that describes the long-time 
dynamics of the system’s evolution efficiently. Determining such manifolds is of obvious importance. On one 
hand they provide a basic insight into the dynamics of the system, on the other hand they allow a reduction of 
dimension of the system occurs on the invariant manifold only. If the dimension of the invariant manifold is 
sufficiently low, this reduction may result in substantial savings in computational costs. In this paper, 
differential geometry based new developed approach called the flow curvature method is considered to analyse 
the Brusselator model. According to this method, the trajectory curve or flow of any dynamical system of 
dimension  considers as a curve in Euclidean space of dimension . Then the flow curvature or the curvature of 
the trajectory curve may be computed analytically. The set of points where the flow curvature is null or empty 
defines the flow curvature manifold. This manifold connected with the dynamical system of any dimension 
directly describes the analytical equation of the slow invariant manifold incorporated with the same dynamical 
system. In this article, we apply the flow curvature method for the first time on the two-dimensional 
Brusselator model to compute the analytical equation of the slow invariant manifold where we use the Darboux 
theorem to prove the invariance property of the slow manifold. 
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1. Introduction 

 Singularly perturbed systems can have invariant manifolds where the trajectories of the flow move slowly 
and these slow manifolds are invariant with respect to the flow [1, 2, 3]. Several methods have been developed 
to find out the analytical slow manifold equations of the singularly perturbed systems.  In [4, 5, 6, 7, 8, 9, 10, 
11], introduces the geometric singular perturbation technique to establish the existence of the slow manifold 
equation along with the local invariance of the slow manifold for the singularly perturbed system. In the case of 
non-singularly perturbed system like that of Brusselator model this technique fails to provide the slow manifold.  

 The flow curvature method [12, 13, 14, 15, 16] is the new method in recent publications for computing the 
analytical implicit equation of the slow manifold. This method can be applied to any autonomous or non-
autonomous dynamical systems in n dimensions whether it is singularly perturbed or not. Recent applications 
of the flow curvature method of the singularly perturbed systems are FitzHugh-Nagumo model, Van der pol 
model, Chua’s model, etc and the applications of the flow curvature method of the non-singularly perturbed 
systems are Lorenz model, Rikitake model, etc. [17] used the flow curvature method to construct the slow 
invariant manifold of the heartbeat model.  In [18], author developed the slow invariant manifold analytical 
implicit equation of the generalized Lorenz-Krishnamurthy model and conservative generalized Lorenz-
Krishnamurthy model. The most important feature of this method is that, the flow curvature manifold directly 
gives us the analytical equation of the slow manifold. Without using any asymptotic expansions, this method 
allows us to find the flow curvature manifold and hence slow invariant manifold equation. To the best of our 
knowledge, this method is the best to find the analytical equation of the slow invariant manifold for any 
dimensional dynamical system.  

We consider an activator-inhibitor Brusselator model which represents an autocatalytic oscillating chemical 
reaction. In paper [19], authors discussed the asymptotic behaviour of the solutions of the Brusselator model 
numerically. In paper [20], author studied various types of pattern formation of the Brusselator model arising in 
chemical reactions with the numerical investigation. In paper [21, 22], authors investigated periodic traveling 
wave solutions of the Brusselator model using numerical bifurcation analysis. We study the slow invariant 
manifold of the Brusselator model for the first time and this study advances the field from the previous related 
work. So, our goal of the present paper is to analyze the local behaviour of the slow-fast dynamical Brusselator 
model by using the analytical implicit equation of the slow invariant manifold where we use Darboux theory to 
prove the invariance property of the slow manifold of the Brusselator model. To simulate the Brusselator model, 
we use MATHEMATICA as a software tool.   

The remainder part of this paper is organized as follows. In section 2, we describe the nonlinear slow-fast 
Brusselator model. We discuss the flow curvature method based on the differential geometry in section 3. We 
also present the Darboux theorem in this section which represents the invariance condition of the slow manifold 
of a dynamical system. In section 4, we express the slow manifold analytical equation of the Brusselator model. 
Some conclusions are given in section 5. 

2. Brusselator Model    

 The Brusselator system describes the following chemical reactions [23]. 
 
 

 
 

  Since it is important to consider at least a cubic nonlinearity in the rate equations, so the non-dimensional 
form of the Brusselator model (temporal only) is as follows: 
 

, ,
2 3 ,
A U B U V D
D V U U E
→ + → +
+ → →
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             (1) 

                     

 
  where u  and v are the dimensionless concentration called activator and inhibitor and a  and b are the kinetic 
parameters. The equilibrium point for the system (1) is ( ), /a b a . 

3. Flow Curvature Method  

In this part, we briefly discuss the flow curvature method in terms of differential geometry. This method 
uses the properties of curvatures of trajectory curve or flow of the dynamical system. Using this method, one 
can define the flow curvature manifold corresponding to the dynamical system. Any n -dimensional dynamical 
system can have the ( 1)n − dimensional flow curvature manifold that means flow curvature manifold contains 
the information about the flow with highest curvature. 

2.1 Analytical Implicit Equation of the Slow Manifold of the Dynamical System 

Invariant manifold implies a very significant role to explain the stability as well as dynamical behavior of a 
system, especially for a slow-fast dynamical system. Although geometric perturbation technique is well known 
to find the analytical equation of slow manifold, the main difference between geometric perturbation technique 
and the flow curvature method is that it neither uses asymptotic expansions nor eigenvectors. Another 
difference is that this method can be used for any dynamical system which may or may not singularly perturbed. 

 
Proposition 3.1 The set of points where the curvature of the flow of the model (1) vanishes represented by the 
following flow curvature manifold equation of the dynamical system. 

( )( ) det , 0X X Xψ = =
 
 


 

Proof See [13,14] 
 
Note that for any n-dimensional dynamical system, maximum (n-1)th flow curvature is possible.  

 
Proposition 3.2 The flow curvature manifold of the dynamical system (1) directly provides its implicit 
analytical equation of the slow manifold. 
 
Proof  See [13,14] 

2.2 Darboux Invariance Theorem 

According to [24, 25], the concept of the invariant manifold is first introduced by G. Darboux (1878, p. 71). 
We consider the trajectories of the dynamical system (1) is represented by a motion of a point in a two 
dimensional space and the coordinates of the point is ( , )X x y=


and the velocity vector of this point is 

( , )V x y=


  . 

Proposition 3.3 Consider ( )( ) det , 0X X Xψ = =




is a slow manifold of the dynamical system (1) where ψ is a 

first time continuously differentiable function, then this manifold is invariant with respect to the flow of (1) if

( ) 2

2

1 ,

,

dx
a b x x y

dt
dy

bx x y
dt

= − + +

= −
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 there exist a first time continuously differentiable function called cofactor ( )C X


which satisfies the following 
equation: 

( ) ( ) ( ),V X C X Xψ ψ=
  

L  
 

with the Lie derivative defined as the following: 
 

( )V X V d dtψ ψ ψ= ⋅ ∇ =
  

L  
 

Proof  See [13,14] 

4. The Slow Invariant Manifold of the Brusselator model  

According to the flow curvature method, the trajectory curves of any dynamical system which may or may 
not singularly perturbed considered the curves in the Euclidean space. We consider the system model (1) as the 
slow-fast dynamical system.  

We use the parameter values of (1) as mentioned in Table 1 and for the numerical simulation, we consider 
the range of the state variables connected with the dynamical system (1) as the following 
 

min max

min max

[x , x ] = [-.1, 10];
[y , y ] = [0, 20];

 

Table 1. Typical parameter values of (1) for the numerical computations. 

Parameters                            a                   b                           

Values                                   3.0                 14.0               

 
By putting right hand side parts of the dynamical system (1), that is, 
 

     
( ) 2

2

1 0,

0,

a b x x y

bx x y

− + + =

− =
                                                                                                                                     (2) 

 
we obtain two following graphs for the two null-clines of the system (1). 
Thus, we get the following fixed point by solving the system (2)  
 

1 1
14x  = 3; y = .
3

 

We use explicit Runge-Kutta method [26] to solve the model (1) numerically where we use 
0 0( , ) (1,1)x y = as an initial point. Fig.2 shows the phase diagram represented by (1) where t  ranges from 80 

to 100. Also, the purple point in the fig.2 indicate the fixed point of the model (1). 
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(a) (b) 

Fig.1. Nullclines of the model (1). (a) first equation of the system (2), (b) second equation of the system (2). 

      

 
 

Fig.2. Phase plot analysis for the model (1) along with the two nullclines and single fixed point obtained from the same model. 

Now, in order to calculate the flow curvature manifold of the model (1) using the flow curvature method, we 
need the velocity and acceleration because of our 2-dimensional dynamical model. The velocity vector field of 
the model (1) can be represented by the following way. 

 
{ }2 2V= 3 15 ,14x x y x x y− + −


 

 
The Jacobian matrix corresponding to the model (1) may be written as 

 
2

2

15 2
14 2

xy x
J

xy x
 +

=  
− − 
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Now we get the acceleration vector by using the formula A JV=
 

and hence, we obtain 
 

{ }2 2 2 2 2 2(14 ) ( 15 2 )(3 15 ), (14 ) (14 2 )(3 15 )A x x x y xy x x y x x x y xy x x y= − + − + − + − − + − − +


 

 
So, the analytical implicit equation of the slow manifold of the model (1) can be written as 

 

    
3 4 2 3 4 5 3 2 4 2( , , ) 126 630 42 14 18 135 15 3 6 0x y z x x x xy x y x y x y x y x y x yψ = − − + − + − + − + =−                          (3)                                                               

 
In Fig.3(a) shows the graphical representation of the analytical implicit equation of the slow manifold 

represented by the equation (3) and Fig.3(b) represents the slow manifold as well as phase space diagram in the 
same graph. 

 

  
 

(a) (b) 

Fig.3. (a) Graphical representation of the slow manifold analytical equation of the model (1) using flow curvature method, (b) Graphical 
representation of the slow manifold analytical equation along with the phase diagram represented by (1). 

The Lie derivative of the slow manifold function is then evaluated as the following by using the Darboux 
invariance theory to establish the flow curvature invariance of the equation (3). We first find the normal vector 
of the flow curvature manifold and we get 
 

2 3 2 3 4 2 2 3 2

2 3 4 5 3 4

630 126 56 18 270 45 12 5 18 4 ,

18 135 15 3 12 2

x x y xy x y x y x y x y x y

x x x x x x y x y
ψ

 − − + − + − + − − + ∇ =  
− + − + − − +  


 

 
Now according to proposition 3.3, we compute Lie derivative of the slow manifold as follows 
  

2 3 4 5 6

2 3 4 5 6 7 2 2

3 2 4 2 5 2 6 2 4 3 5 3

1890 9450 630 3948 1050 42 14 54

1080 4815 729 624 174 3 72
552 105 24 7 18 4

x x x x x x y

xy x y x y x y x y x y x y x y
x y x y x y x y x y x y

ψ = − + − + − + − − +

− + − + − + − +

− + − − +


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In Fig.4(a) shows the graphical representation of the equation 0ψ =
VL  that means the graphical 

representation of the flow curvature invariance manifold where the rate of change of ( , , )x y zψ  is equal to zero 
and Fig.4(b) shows the combined graph of  the invariance manifold and phase space plot. 

 

  
(a) (b) 

Fig.4. (a) Graphical representation of the invariance equation of the slow manifold analytical equation of the model (1) according to the 
Darboux theorem (b) Graphical representation of the invariance equation of the slow manifold analytical equation along with the phase 
diagram represented by (1). 

5. Conclusion  

Brusselator model exhibits a slow-fast structure where a solution from some arbitrary initial condition 
rapidly relaxes toward some attracting invariant manifold where the dynamics progresses slowly. In this article, 
we applied a method called flow curvature method to the Brusselator model which reflects the applications of 
differential geometry in the dynamical system. Slow invariant manifolds of the Brusselator model are 
calculated to obtain a model reduction. Since this manifold comprises the time derivatives of the velocity 
vector field and hence it receives knowledge about the dynamics of the corresponding system. We used flow 
curvature method to determine the analytical equation of the slow invariant manifold of the model. We 
performed a numerical simulation of the Brusselator model by using explicit Runge-Kutta method. We also 
used Darboux invariance theorem to show the invariance of the slow manifold.  
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